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INTRODUCTION

Let me ask the question most frequently asked of owners of
home computers: "What on earth do vou do with it?" Recently, myv
answer has become: "I use it as a learning toy." This book is
based on the premise that the home computer is best used as a
learning device; and if you're not careful, you'll find yourself
spending hours with it, learning again all of those things that
you had forgotten from school years past. The reader and user of
this book will experiment with programs and subroutines that inte-
grate functions, invert matrices, find roots of functions, plot
curves and contours of surfaces, and solve differential equations.
He may find renewed interest and greater understanding of the
mathematics behind some of the widely-used compufter algorithms.

He may learn some new programming techniques, since many demon-
stration programs are followed by suggestions for altering the
main program and/or subroutines to produce customized results.
And he may even find some genuine uses for some of these programs
and subroutines, (as have I).

The book is based upon 25 programs and subroutines, written
in BASIC for the Sinclair ZX81, and TS2068 computers. The programs
and subroutines are presented in 59 demonstration problems. No math-
ematical fluency or ability is required on the part of the reader
to try out any of the demonstration programs: each is presented in
a step-by-step table of operations.

Many of the central programs and subroutines call upon other
subroutines within the central set of 25 programs and subroutines.
In addition, the main programs of each demonstration problem consist
mainly of subroutine calls to central subroutines. In this manner,
much repetition has been spared. For example, ROOTN, the root-
finding program found in chapter 6 calls MXINV, the matrix-inversion
subroutine found in chapter 5.

The central programs and subroutines have compatible line-
numbers, so that they all may be loaded into memory at the same
time. The first subroutine, VINAX, a subroutine to find the min-
imum and maximum of a data-vector, starts at line-number 1000. All
of the demonstration main programs are found between line-numbers
1 and 999. The central programs and subroutines are numbered 2
apart, so that modifications to programs may be easily made.

I have attempted to make the programs and subroutines as gen-
eral as possible. For example, the linear least-squares regression
subroutine, REGRP, found in chapter 6, is designed for any general
sum of fitting functions, (powers of X, exponentials, etc.). Lin-
ear regression is a sub-category of these procedures and it is pre-
sented as a demonstration program only.

The book is organized as follows: Each chapter starts with a
short and corny introduction just to start things off. Next, the
program/subroutine listings are given, followed by a "spec-sheet"”
giving the necessary inputs to the subroutine, an example call, and
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a description of the algorithm, or a line-by-line description of
the subroutine or program. Several problems are then presented in
this form: A statement of the problem, a listing of a main program
to enter, a table of subroutines and programs to enter, a step-by-
step set of instructions to use the demonstration program, a dis-
cussion section to give the user some feedback as to whether his
main program is working or not, and finally a suggestion section to
give the user some motivation to modify the programs or subroutines,
or invent new algorithms.

The last step in each of the demonstration programs is the
theme of the book: to get the reader/user involved in programming
and problem-solving by modifying the programs to his/her need or
desire. There are a large number of infinitely more sophisticated
programs which run faster or more accurately for specific problems
such as those in the demonstration programs. However, the programs
and subroutines in this book are a good collection for general pur-
poses. The reader who needs a faster or a more accurate approach
should turn, (quickly), to the reference section. In addition, I
believe there is enough documentation with each program and sub-
routine to enable the serious user to modify the routines to more
specific purposes. For example, the dgeneral Simpson's Rule Inte-
gration subroutine, INTEG.1, found in chapter 4, might be modified
so that the subroutine returns with an error if the computed
estimated error gets larger than a given amount.

Several appendices are included at the end of the book: One-
line functions, Physical and Mathematical constants, Units con-
versions, and a table of central programs and subroutines.

I own a Sinclair ZX80 computer, upgraded with an 8K ROM, and 16K RAM.
I also own a TS2068. I acquired both of these before TIMEX dropped
out of the home-computer market, but regret neither purchase. The
ZX80 doesn't have a "SLOW" mode for flicker-free graphics. Conse-
quently, none of the programs in this book make use of the "SLOW"
mode found on the ZX81. In addition, the changes needed to get the
programs to run on the TS2068 are minor ones. The color-graphics
and other enhancements available on the TS2068 are not used here,
in an effort to keep the programs and subroutines as compatible as
possible between the ZX81 and TS2068.

It is possible to load into 16K of memory all of the programs
and subroutines in this book, with enough memory left over to write
a main program. This is the most time saving method of using the

book: each demonstration problem requires the user to enter at
least one of the programs or subroutines, and if they are already
in memory, that much time has been spared. In addition, anv of the

other routines may be used in modified main programs.

The Sinclair computers offer a superior BASIC and monitor, in
my opinion; if not in speed, then in style. 1t is possible to
dimension an array by a variable: DIM X(N) is acceptible. This
book takes advantage of the VAL function, which evaluates string
expressions to a floating-point number. This is used here for par-
ameter passing, or in place of defined functions, (which the TS2068



has, FN, but the ZX81 does not). For eXample, the subroutine
MXINV inverts the matrix named in the string X$. If XB="ACI,J)",
q then MXINV will invert the matrix A( , ).

1 The monitor program provides single keyword entrv. I have

; added a full-size kevboard to my ZX80, and have found that, with

k practice, it is possible to touch-type these Keywords in, saving

a lot of time in program entry. Two more very attractive features
of Sinclair BASIC are its syntax-checking and the ability to
CONTINUE a program even after editing program lines.

The central programs and subroutines can be easily translated
to any other BASIC environment, with minor changes. I have trans-
lated the matrix-inversion subroutine MXINV to a Commodore VIC20
with no difficulty. However, some things to watch out for when
translating: On the ZX81 and TS2068, DIMensioning an array sets
all values to 0; VAL on other machines tend to accept only string
expressions involving one floating point number only ‘

.

Beginning programmers might find the chapter on plotting the
most interesting one to start out with. Follow the instructions in
the demonstrations, and then exXxperiment with your own variations on the
theme. Move on to the last chapter and try out some multiple-
precision additions, subtractions, and multiplications. (Try vour
hand at writing a routine for multiple-precision division).
High-school/college students might use the book as a workbook:
to get a better picture of what he is Lrying to learn in Algebra,
Vector-analysis, and Calculus. Use INTEG.2 to numerically inte-
grate those impossible homework problems, (only as a check, of course. )
The person who really needs to find roots to equations, find
best-fit curves, or solve differential ~equations may find the
programs in chapters 6 (Roots and Regression), and 7 (Differential-
equations) adequate, or he/she may want to translate them to
higher-powered machines.

i . ~Alhiie ST L o 4 ST e e

But to all users of this book: Have a good time experimenting
with the programs and subroutines, for it was in that Spirit that
b this book was written. I would like to hear from anvone who has
improvements/additions/suggestions/additions/translations/(and any-
thing else.)

Ny o
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USING THE TAPE

The tape supplied with this book holds two copies of the file
named "DEMOS", which contains all of the demonstration programs and
central subroutines and programs for the TS2068. There is enough
space left on the tape to record your own programs.

To use the tape, type

LOAD "DEMOS" or LOAD "'

and start your recorder. The program takes about 2% minutes to load.
Once the program has loaded, it will start automatically. A Title
page is first displayed for a few seconds, followed by a menu of

all of the demonstrations, (answer "y" to the "scroll?" prompt to

get the entire menu listing). Enter vour choice by typing the number
of the demonstration you want to run. Find the demonstration in the
book, and proceed as shown in the "Run program"” step.

USING THE BEOOK

Each chapter in the book is presented in this format:
1. Introduction
2. Central subroutine(s) or program(s):

a) Listing(s)

b) "Spec-sheet(s)"
3. Demonstrations

The "spec-sheet" lists the properties of a particular subroutine or
program. It has this format:
1. Short description of what the subroutine or program does.
2. A flow-chart of subroutine or program use:
a) For a program:
RUN:
{program name}): List of prompts, and variables changed.
STOP: Expected results.
b) For a subroutine:
CALL: List of variables which must be initialized or
dimensioned before entering subroutine.
{subroutine name}: List of prompts, and variables changed.
RETURN: EXpected results.
3. Description of algorithm or line-by-line description of program
or subroutine.

The demonstrations illustrate the properties of the central
subroutines and programs. To use a demonstration, follow the step-
by-step instructions to enter the main program, central subroutines,
and run the program. The step for running the program has two columns.
The idea is to enter the USER ENTERS item followed by an {enter}, and
wait for the COMPUTER RESPONDS item. Use the "discussion" and
"suggestions" steps for your own programmingexperiments.




Chapter 1 VECTOR OPERATIONS

Just as some of us do and some of us don't have a direction
in 1ife, vectors do and scalars don't have an associated direction.

For the time teing, let's assume we are talking about 2-dim-
ensional vectors. Any general (2-d) vector may be described by
two "coordinates" x, and x_., the X- and v-components of the vector
with respect to somé referénce system, as shown in figure 1-1.
In figure 1-1, the vector is "associated” with the point (a,b).
The vector might represent the instantaneous velocity (speed and
direction) of a neutron, at a particular time when the neutron
is passing through the point (a,b).

The direction of ® in the figure seems to be about NE, (if N
is top). X may also be described by two other numbers: its length
and its angle with respect to the +X-axis, where

2 2
LENGTH(X) = X, T,

ANGLE(RX) = ATN(X,/X,)

Moving up to higher dimensions, it is clear that a set of three
coordinates, Xx X5, Xq describes a certain vector in three dim-
ensions. Its }ength and angles with respect to a given coordinate
system mav also be defined similarly to the 2-d case. But there
are sets of 4,5,...(even ®) numbers which may also be regarded as
vectors in dimensions which can only be imagined.

This chapter presents two subroutines which manipulate the
coordinates of vectors. As in the case of the 2-dimensional vector,
lengths and directions are determined by use of the subroutines.

The subroutine VINAX finds the minimum and the maximum of a
vector's coordinates. This is used in the next chapter by scaling
subroutines, which are, in turn, used by plotting subroutines.

The subroutine VDOTP can be used to perform various summation
operations. The dot-product between two vectors is one such opera-
tion.

Four demonstration problems are given here to demonstrate the
vector operations subroutines. In larger programs, it may be
advantageous to consolidate the subroutines into the main program.
For example, the polynomial regression subroutine, REGRP, found in
chapter 6, could have used many calls to the vector operations sub-
routines; these have been consolidated into one main summation loop.

A LENGTH(X)

-t
————— ANGLH((X)
| |
! |
| |
| [

> R 4 figure 1-1 Vector
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VINAX

This subroutine returns the minimum and maximum element of a
vector named by X$.

CALL: X$ = name of vector, indexed by I

N = Dimension of named vector
VINAX: Changes T M U V
RETURN: U = Maximum element of named vector

\% Minimum element of named vector

1}

Example call:

LET VINAX=1000
LET N=10
DIM Y(N)

LET X$="Y(I)"
GOSUB VINAX

VDOTP

This subroutine returns the dot-product of two named vectors.
It may also be used to compute other types of summations, such as
the sum of the elements of a vector.

CALL: X$ = string naming summation operation with vectors
indexed by 1
N = Dimension of named vectors

VDOTP: Changes 1 V
RETURN: V = Dot-product (or summation)
Example call:

LET VDOTP=1100

LET N=10

DIM X(N)
DIM Y(N)

LET X$="X(I)*xY(I)"
GOSUB VDOTP




Demonstration 1.1

Step 1 (PROBLEM)
vector X=(X(1),

Euclidean norm:

Maximum norm:

Summation norm:
Standard deviation:

for the vector X =

VECTOR NORMS .

Print the values of

LX(N) D .

IIX’He

IR

LR o

max(|[X¢(I)|)
T
N

1]

lx<1>|

these vector norms of a

V"'i(}((l) M) ; where mean: M =

(-1,2,5,3,

Step 2: Enter main program:

1@ :REHM DEMDI.1

1@l LET JIME& 188@8
i@z LET WDOTP=11l0d
183 | =]

184

les

106

187 |

1g2

12

i1i@

111

112
@R Y

113 LET ®&="8BETS ®iI
114 G40 SUE UINAX

115 #RIMWT © A IHUM
1is GQ SUEB ULDOTPR
117 PRIMT “sSUH NDPH
113 LET =%="x (I}
iig E0 SUE ULOTP
12@ LET =il

121 LET Hg="ix (I} -HM
122 oo SUB UDaTFR
123 FRIMT “HMEAH

124 FRINWT “~THHDRFD
“LEAR (UMY

125 =TOPR

HORH

"

MORM =

IS A

=

Step 3: Enter subroutines:

Step 4: Run program:

USER ENTERS:
RUN

EEU;HTI=

= UG

._,
b

i N -

VINAX VDOTP

COMPUTER RESPONDS:
(results printed)

1/N

H>T=

X1



Step 5: Discussion and suggestions:

The norm of a vector can be thought of as its "length", or at
least a characteristic scalar value associated with the vector, by
which it may be compared with other vectors.

Any norm must obey several criteria:

(|1%|| is the norm of the vector X)
> = if and only if X =T
| |

I
-+

>3

1. || ;
2. || | |
3. |1 | I

The four norms in this demonstration each assigned different
numbers to the vector ¥=(-1,2,5,3,-2), but each still obey the above
criteria. - .

Be sure to try some other vectors besides the particular one
given in the demonstration. Try vectors of different dimension
also, by changing lines 103-104 to the appropriate dimension).

In particular, try the zero vector and thereby verify one of the
criteria for vector norms. In fact, try to verify all of the other
criteria, by examples.

One problem with this demonstration is that it is not general:
the vector dimension and vector coordinates are not changeable
wlthout modifving program lines. In the next chapter, a subroutine
is presented for entering data polnts. Using this idea, write a
more general demonstration program.

Find some other vector norms, or invent some, and verify the
criteria for vector norms by examples.
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pemonstration 1.2 SCALAR OFPERATIONS BETWEEN TWO VECTORS

Step 1 (PROBLEM): Print the values of these operations between
vectors X=(X(1),...,X(N)) and ¥=(Y(1),...,Y(N)):

N
Fuclidean dot-product: (X,?) = (X(I)mY(I))
Covariance: cov(%, ™ 'ﬁ' ((X(I>-M Yx(Y(I)- -M,, )

N 1=t

< 1/N§:¥£I)
N

M= 1/N§:Y<I)
y 2:4

Distance between R and ¥: N >
dist(%,9) = §:<§<1>-Y<1>>
:'.'.

Angle between X and ¥ (in degrees):
angle(X,?) = ACS (XD x180/9
Vfﬁ T R)*(Y, %)

where: M

for the vectors X = (-1,2,5,3,-1) and V = (2,5,7,-1,40)

Step 2: Enter main program:

129 REM DEMCO1.=

11 LET UDaTPR=1iG8
1z2 LET p=5

133 DIM i3

134 DIM v (5)

135 LET ==-1

138 LET : =2

137 LET =31 =5

138 LET #id: =3

139 LET =il =-1

14@ LET v (1l1=2

141 LET %i(Z2i =5

142 LET % i3 =7

143 LET Wikl ==1

144 LET (5! =40

145 LET Zg="¥ (I} (I}
148 G0 SUE ULOTE

147 LET =% =u

148 FPRIMNT " (= T o= M
I49 LET =g="«iI:"

188 GO IUE UpoTR

181 LET Mu=UrH

152 LET =g="%i(I1"

1858 G0 SUE UDOTR

154 LET MY =WoH

185 LET =s=" iy {I)l —HE1 &0y {Ti -HY]

-l
FRINT "COW 1k, %) AT
X a UV E UM UTE Y

LET xx=
LET Xg="v (Ii%Y (1"
E0 SUE UCCTFR

ey, ROV 0 V00T 0 O 1) — LR A O
(-0 03N = 0= 0y —-J i
(Y
i

e e S S b b R e e s

LET y¥vw=U
PRINT "AWNGLE (x,%) = ";RC8 |
R iiﬁ&wvll#iEt ‘PI;" DEGREES

168 STOF



Step 3: Enter subroutines: VDOTP

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN (results printed)

Step 5: Discussion and suggestions:

The four operations in this demonstration each assign a
di fferent number to the two vectors X and Y. There are two
"geometrical" operations: dist(X,¥), and angle(X,Y). For two-
dimensional vectors, the geometrical picture is this:

J

angleX 7>
b |

|

Il dist(R,?)

Try different vectors and dimensions. Be sure to try some 2-
and 3-dimensional vectors to look at the "geometrical" operations
for "real-world" vectors.

What do the operations become for 1-dimensional vectors?
For example, the Euclidean dot-product degenerates to multiplication
for vectors with only one coordinate. .

Find some other operations between vectors, or invent some:
there are an infinite number of possibilities). All of these oper-
ations give a scalar result (a real number, as opposed to an
ordered set of real numbers, that is, a vector). There are also
operations, such as vector addition, which give a vector result.
Write your own subroutines to take care of any operations between
two vectors which aren't covered by VINAX or VDOTP.

Finally, the demonstration's main program might be made more
general by the addition of a portion for entering dimensions and
coordinates of vectors. A routine similar to the subroutine
POINT.1, presented in chapter 2, could be added in the place of
lines 132 to 144 of the main program.

11
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Demonstration 1.3 DISCRETE CONVOLUTION

Step 1 (PROBLEM): Plot the discrete convolution of X and ¥:

Y(I) = {0 for I<=0
1 for 0<I1<=60

(Y is a unit step function.)
X(I) = 0 for I<=0
20/1 for 0<I<=60

Step 2: Enter main program:

1730 REH

171 LE

172 LE

175 DI

174¢ oI

175 Fo

178 LE

177 LE

173 ME

17e FO

is@ LE

121 LE RIS N
1 =0

1 FL ¥ FOR
Z L. #%¥% FLOT

1s4 HE o

[
0

X

[}

_|

)
b

Step 3: Enter subroutines: VDOTP
Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN (wailit about 55s8) (results plotted)

Step 5: Discussion:

The discrete convolution given in this demonstration is the
discrete version of analog convolution. Analog convolution can
be described as follows, (the example corresponding to the
demonstration).

Suppose some system gives an output signal when it is presented
with an input signal. The "system" might be an €lectronic circuit
and the "signals" voltage waveforms. If the system is presented
with a unit impulse (a voltage spike in time, with

[- -]
Idt Yet) =4
- 0
that is, unit area), it responds with the output function

X(t) = 20/(t+1)



20
g [ X
Y
system
. J.
t 0] t 0
The function X(t) is called the system's impulse response. If

the system is presented with another sort of input:
Y(t) = unit step function

the system's response will be the step-response of the system. In
general, the output of the system will be the result of convolving
the input signal with the system's impulse response:

>
Convolution(X,Y) = ~fX<S>Y(t~s)ds

-0
So the step-response is given by:
t

jéOds/(s+1) B 20xLNC(Lt+1)
[}
Y e E B | X
system
t 0 t 0

Step 6: Suggestions

It may be possible to generalize this program to accept
functions in the form of strings. See chapter 6 for some hints.

The function X(I) may be varied by changing the constant 20
in line 176 of the main program. See what effect this has on the
results. Try other impulse response functions, X(I), and system
input functions, Y(I).

13
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" Demonstration 1.4:

GRAM-SCHMIDT ORTHONORMALIZATION

Step 1 (PROBLEM): gind an orthonormal basis for the vectors

;» X, and X, eR

1 (1,1,1,1,1>

o T T
i

(0,1,1,1,1)>

>t
1

(0,0,1,1,1)

Step 2: Enter main program:

e 2 BN B e 1

AT U e e

A iy

ey

-

S5

APTEET T

Ul
in+

VT = 2300 00T T o

BE DON NS EC O oSS 0E
AT VTS, |

Step 3: Enter subroutines: VDOTP

Step 4: Run program:

USER ENTER:
RUN (wait about 10s)

COMPUTER RESPONDS:
(results printed)




Step 5: Discussion:

This demonstration finds a set of basis vectors (E,)}, 5-
dimensional vectors, which have the following properties:

1. Each EI has a Euclidean norm of 1 (see demonstration 1.1).

2. The Euclidean dot-product (EI,EJ)'= 1 if I=J or O if I<>J.
This means that the basis vectors are orthogonal to one another,
the angle between any two is 90 dggrees (see demonstration 1.2).

3. Any vector in the vector-space IR™, the collection of all
5-dimensional vectors, which can be written as a linear sum of
Xl, X., and X. (given in the demonstration), may also be
writtén as a ?inear sum of the basis vectors {EI). That is, if
¢ can be written as the sum:

Y= agX, v ayk, s agky

Then there also exist b's such that ¥ can also be written:

X

Y = blEl + b2E2 + bSEB

Note that, in the print-out section of the main program, lines
215 to 221, the results are truncated (line 218). There still
may be trouble for some other vectors if the truncation error is
less than the actual coordinate value.

In addition, the Gram-Schmidt method requires that the vectors
{X.) be linearly-independent. That is, no one of the X's may be
written as the linear sum of the rest of the X's.

Step 6: Suggestions:

Lines 192 to 199 might be replaced with a routine for entering
any set of vectors from the keyboard.

Analyvze the workings of the program with a flowchart, and note
any difficulties which might occur with the algorithm for certain
cases. For example, what if the number of vectors is greater
than the dimension of the vector-space? This set, of course, would
be a linearly-dependent one. If possible, correct some of the
deficiencies in the program.

as always, try other vectors than those given in the demon-
stration. In particular, let one of the X's be'the zero vector.
(The zero vector can always be written as the linear sum of any
other set of vectors).

15
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Chapter 2 PLOTTING

There comes a time in everyone's life when he or she must
deal with data. The person who wishes to have a picture of what
his data is doing plots it. It is to this person that this chapter
is addressed. In addition, any person who finds watching patterns
a worthwhile activity should listen in.

The subroutine PLOTD plots data points, which are input via the
subroutines POINT.1 or POINT.Z. PLOTD also makes use of SCALE.1 or
SCALE.2 to scale the data vectors so that all of the data points
fit within the plot, PLOTD assumes that the data it is given is
cartesian in nature, (x- and y-coordinate). Once it is called,
it finds an appropriate plotting window via SCALE.1l, or SCALE.Z,
and then plots the data found in vectors X() and Y() in the form
(X(1),Y(I)). The difference between SCALE.1 and SCALE.2 is that
SCALE.1 finds endpoints which may be expressible as an integer times
a power of ten, where SCALE.2 finds the minimum and maxXximum of the
data vector, (X{(), or Y).

Data is supplied to PLOTD via one of two subroutines, POINT.1
and POINT.2. POINT.1 prompts the user (you) for the number of
points and each data point, (in which case you may either respond
or go back to sleep.) POINT.2 prompts the user for an expression
of X for sampling at equal intervals. POINT.2 also asks for how
many points to be gathered, and over what range of X values to
sample.

Demonstrations 2.1, 2.2, and 2.3 illustrate the uses of these
subroutines. In addition, demonstrations in other chapters make
use of some of these subroutines for their particular purposes.

The demonstrations in this chapter plot cartesian data, polar data
and a sampled function.

The program PLOT2 is a program that plots plane-curves which
are described by any of 4 different types of curve descriptions:
cartesian, cartesian parametric, polar, and polar parametric.

The user supplies PLOT2 with an expression or expressions to be used
to generate a plot, the desired plotting window, and for parametric
and polar plots, a range for the parameter to be swept over.

The program PLOT3 generates a picture of the contours of a
three-dimensional surface. The user supplies &n expression in
X and Y, a plotting window, and a parameter called the contour-
spacing-parameter, (C-S-P). The C-8-P determines how far apart
to space the contours.

Example curves and contours are given, for comparison with
results from the demonstrations. There is a lot of room- for experi-
mentation in this chapter. Changing the value of a constant or two
in the expressions of the demonstrations can give very different
results.

Plotting usually takes considerable amounts of time, and vou
may want to do it in conjunction with another activity, such as
writing a letter to your congressman. For example, it took about



13 minutes to plot the contours of the magnitude of the complex
sine function, (on the ZX81). Not all of the plots in the demon-
strations in this chapter take quite that long. However, be patient!
Using a computer to do your plotting is still much faster and easier

than doing it by hand.
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POINT. 1

This subroutine prompts the user for data points. The number
of data points is first entered, then each point is entered into
vectors X() and Y(). W

CALL:

POINT.1 Changes I N X() Y(»
Prompts, in order of appearance:
1. "INPUT NO. PTS."
2. "X(I),¥Y(1)= 7 "

RETURN: XO x-coordinates of each data point
Y() = y-coordinates of each data point
N = dimension of X() and Y() = number of data points

Example call:

LET POINT=2000
GOSUB POINT

Summary of program operatiof:

Lines 2002 to 2008: prompt user for number of points, and dimension

arrays X(N) and Y(N).
Lines 2010 to 2022: prompt user for each point and enter values
into X(I) and Y(I).

19
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POINT. 2

This subroutine prompts the - user for an expression to be sampled
at equally-spaced intervals. The expression is entered in the form
of a string variable, as a function of X; for example Y(X)="Xx2+3/X".
The number of data points is first entered, then the expression is
entered, and then the range of X-values for sampling is entered.
The subroutine then samples the function and enters the x- and y-coord
inates into the vectors X() and Y().

CALL:

POINT.Z2 Changes A B N X() Y() Y$
Prompts, in order of appearance:
1. "INPUT NO. PTS."
2. "INPUT Y EXPRESSION=Y(X)"
3. "INPUT XMIN,XMAX"

RETURN: X() = x-coordinates of each data point
Y() = y-coordinates of each data point
N = dimension of X() and Y() = number of data points
A = Xmin
B = Xmax

Y$ = Y -expression, Y(X)
Example call:

LET POINT=2100
GOSUB POINT

Summary of operation:

Lines 2102 to 2108: prompt user for number of data points, and

dimension X(N) and Y(N).
Lines 2110 to 2118: prompt user for a function of X, and Xmin,Xmax.
Lines 2120 to 2128: sample the function and enter the samples into

X(I> and Y(I).



SCALE. 1

This subroutine finds lower and upper bounds for a vector
named in X$. The lower and upper bounds are each an integer times

a power of ten.

CALL: VINAX = 1000
X$ = Name of wvector to be bounded, indexed by I

N = Dimension of vector

SCALE.1: Changes I M P U V
Calls VINAX

Loweyry bound
Upper bound

RETURN: \%
8]

It

Example call:

LET VINAX=1000
LET SCALE=2200
LET N=10
DIM X(N)

LET X$="X(I)"
GOSUB SCALE

Summary of operation:

Line 2202: determine minimum and maximum values of data vector
named by string X$. For example, if X$="X(I)" then the minimum

and maximum of X() are found.

Lines 2204 to 2212 provide for the case that the minimum and maximum
of the data vector are the same. In this case, the returned

lower and upper bounds are separated by 1.

Lines 2214 to 2228 determine the lower endpoint.

Lines 2230 to 2238 determine the upper endpoint.

21
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SCALE.2

This subroutine finds lower and upper bounds for a vector
named in X$. The lower and upper bounds are the minimum and
maximum values of the data vector.

CALL.: VINAX = 1000
X$ = Name of vector to be bounded, indexed by I.
N = Dimension of vector

SCALE.2: Changes I M U V
Calls VINAX

Lower bound
Upper bound

RETURN: A
8]

1]

Example call:

LET VINAX=1000
LET SCALE=2300
LET N=10
DIM X(N)

LET X$="X(I)"
GOSUB SCALE

Summary of operation:

Line 2302: Determine minimum and maximum values of the data vector

named by string X3.
Lines 2304 to 2312 provide for the case that all values of the
data vector are the same. The returned lower and upper bounds, in

this case, are separated by 1.



This
contains t
each data

X =X

CALL:

PLOTD:

RETURN:

Example ca

LET P
LET V
LET P

PLOTD

subroutine plots data in the vectors X() and Y(). X()
he X-coordinates and Y() contains the y-coordinates of
point. For example, data point number 5 is

(5> ; vy = Y(5)

SCALE = 2200 for SCALE.1 or 2300 for SCALE.Z2
VINAX = 1000

X() = X-coordinates of each data point

Y() = y-coordinates of each data point

N = Number of data points

Changes A BC DG I MNPUUVX() X$ YO
Calls SCALE.1 or SCALE.2 (which call VINAX)

Data plotted
Lower left and upper right endpoints of plotting-window
printed at top of screen

11:
LOTD=2400

INAX=1000
OINT=2000

LET SCALE=2200

GOSUB
GOSUB

Summary of

Lines 2402
Lines 2418
Line 2426:
plotting w

POINT
PLOTD

operation:

to 2416: Determine plotting window.

to 2424: Plot each data point.

print lower left and upper right end-points of the
indow.

23




Demonstration 2.1 PLOT _CARTESIAN DATA

Step 1: Enter main program:

T A

A

-4z

i
TIon

Step 2: Enter subroutines: VINAX POINT.1 SCALE.1 PLOTD

Step 3 (PROBLEM): Plot the cartesian data in the table below:

I.} X(I): i
1 0 0

2 -1 -1.6
3 -.36 -.4
4 .2 .14
5 1 .5
6 1.7 .38
7 2.1 .2
8 3.5 o}

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN INPUT NO. PTS.
8 X€1),Y(1)="

0

o X(2),Y(2)=7

enter data from table in step 3

. 2 . X(8),Y(8)=7

) (results plotted),

24




Step 5: Discussion of results

The data in this example was fabricated. Any resemblance to
actual data is purely coincidental.

Line 231 of the main program selected POINT.1 to fill the
data vectors X() and Y(), so that you could hand enter the data.
SCALE.1 found two endpoints for each data vector so that all of
the data would appear on the plot. Since SCALE.1 was used, the
two endpoints for each axis should be integers times a power of 10.
In this case:

Xmin = -1 : ( = —1*100)
Xmax = 4

Ymin = -2

Ymax = 1

The lower left and upper right endpoints of the plot are
printed above the plot. In this case:

Lower left: (Xmin,Ymin) = (~-1,-2)
Upper right: (Xmax,Ymax) = (4,1)

PLOTTING WINDOW:

x (Xmax,Ymax)

(Xmin,Ymin) ([x

Step 6: Suggestions

Since you have spent some time entering the subroutines and
main program, SAVE them onto a file for future use. You may want
to keep the subroutines in memory for the time being and try demon-
Strations 2.2 and 2.3.

This demonstration can be used to plot any other cartesian
data you may have lying around. Hint: look in a magazine for an
article on the economy. Chapter 6 also contains some tables
of data which are used in the demonstrations there. If vou don't
have any data on hand, make some up and plot it. Generate some
figures in this way.

For a variation on this demonstration, try to write a main
program which makes use of PLOTD, or a similar subroutine, and which
plots one data point at a time. The plotting window would have to
be pre-determined, and SCALE.1 and SCALE.2 subroutines wouldn't be
needed. Since PLOTD calls SCALE automatically, you can get around
this by writing a subroutine SCALE.S3:

25
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2700
2702
2704
2706
2708
2710
2712

REM SCALE.3

LET U={pre-determined value}
LET V={pre-detéermined value}
IF X$="X(I)>" THEN RETURN

LET U={pre-determined value}
LET V={pre-determined value}
RETURN

Oor more simply, edit out some of the lines in PLOTD.
For another variation, try to combine the main program and
subroutines all into one big program.



Demonstration 2.2 PLOT POLAR DATA

Step 1: Enter main program:

arnra

foe
i
i
i
[ -
]
2
=
i
i
!
.-'. i

AT

Step 2: Enter subroutines: VINAX POINT.1 SCALE.2 PLOTD
Step 3 (PROBLEM): Plot the polar data in the table below:

B8(I): R(I):
0° 0

15°
Q57
50°
70°
ik
80° 0

~NO O WN -
FNOOoON

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN INPUT NO. PTS.

7 X(1),Y(1)="?

0

0 X(2),Y(2)=?

enter data from table in step 3

.1 X(7),Y(7)="

0 (results plotted)

27
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Step 5: Discussion:

You should have obtained a plot similar to figure 2-2, below.
This is a plot of the points in the table on polar graph paper.

The demonstration is an example where, after data vectors X()
and Y() have been filled via POINT.1, the data is manipulated
(lines 246 to 250) before it is submitted to PLOTD for plotting.
Thus, in this example, the polar data entered via POINT.1 is
converted to cartesian data, which is the appropriate form for
PLOTD. Note that in line 247, a degree to radian conversion
is made, (see Appendix A).

Line 243 selected SCALE.2 for finding appropriate endpoints
for the X and Y axes. The endpoints should be the minima and maxima
of the data vectors X() and Y().

Figure 2-2 Polar plot

Step 6: Suggestions:

If you have need of a polar data plotting program from time
to time, SAVE the main program and subroutines in this demonstration.
Before you throw away what you have done with a NEW, try plotting
some different polar data. Create some data of your own or use a
function from table 2-1 to generate a few points. You may want to
Keep the subroutines in memory for the next demonstration.

For a variation of this example, alter the main program so
that it plots polar data in the form of radians and radii.

You can insert another type of data manipulation routine
before plotting the results. For example, a derivative-taking sub-
routine, DERIV.1 is found in chapter 4. The demonstration of DERIV.1,
demonstration 4.2 differentiates the data before plotting.

For another variation, combine the program and some or all of
the subroutines into one main program.



Demonstration 2.3

AT

ST I
[

O
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Ny ey

PLOT SAMPLED FUNCTION AS POLAR DATA

Enter main program:

e

0
[T e x|

]
W NE

b=
.

1

=0 P
= =T
Step 2 Enter subroutines: VINAX POINT.2 SCALE.2 PLOTD
Step 3 (PROBLEM): Sample the function below and plot as polar data:

R(8) = COS(8) 5 O0<¢=8<=1
Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN INPUT _NO, PTS,

200 INPUT Y EXPRESSION=Y(X)
COS X INPUT XMIN,XMAX

0

PI (wait about 1m) (results plotted)

Step 5: Discussion and suggestions:

You should have obtained a plot of a unit circle with center at
(.5,0). -

The program PLOTZ2, listed in figure 2-3, can perform the same
function as this demonstration program: plotting a polar function.
However, the use of PLOTD does have the advantage in that after a
function has been sampled, the data may be manipulated before sub-

mitting it to be plotted.

In this example, POINT.2 has been used to sample the function at
equal intervals, and SCALE.2 has been used to give the maximum plotting
resolution (SCALE.1 would have found a somewhat larger plotting !
window) .

You will find more examples of polar functions to sample in
Lable 2-1. Try plotting one or two of them.

For a variation on the theme of this demonstration, look at
demonstration 4.2, where some data has been differentiated before .
sending it off to be plotted.
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PLOT2

This program plots plane curves described by one of the following
representations:

1. Cartesian expression: Y = F(X)
2. Cartesian parametric expressions: X = Fl(T) Y = Fz(T)
3. Polar expression: R = F(T)
4. Polar parametric expressions: R = F1<T) ;8 = FZ(T)
RUN:
PLOTZ2: Changes A BCDEVFMTX XB Y YS Z
Prompts, in order of appearance:
1. "CAR.,CART.PARA.,POLAR,Or POLAR PARA.?"
"INPUT 1,2,3,0R 4"
2. "PLOTTING WINDOW?"
"INPUT XMIN, XMAX,YMIN, YMAX"
3. "PARAMETER/THETA RANGE?"
"INPUT TMIN, TMAX"
4. "X/THETA EXPRESSION?"
"INPUT X(T) OR THETA(T)"
5. "Y/R EXPRESSION?"
"INPUT Y(X) OR Y(T) OR R(T)"
STOP: Curve plotted

Summary of operation:

Lines 2500 to 2546: Prompt user for type of curve, plotting window,
independent variable range, and X/THETA and Y/R expressions.

Line 25350: Compute step-size and limits for sweep of independent
variable, (X or T).

Lines 2552 to 2556: Assign values to X and Y for each value of T.
Lines 2558 to 2564: In the case of polar plots, convert from polar
coordinates to cartesian coordinates.

Lines 2566 to 2573: Limit coordinates to plotting window.

Line 2574: Convert from cartesian coordinates to pixel coordinates,
and PLOT.
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Demonstration 2.4 PLOT SEVERAL CURVES FROM TABLE 2-1

Step 1: Enter program: PLOTZ2

Step 2 (PROBLEM 1): Plot the serpentine with the cartesian form

Y = X/((X/6)%+1/9)

This is shown in figure 2-4

Use the plotting window: (Xmin,Ymin)
(Xmax, Ymax)

Step 3: Run program:

USER ENTERS:

(-10,-10)
(10,10)

CCOMPUTER RESPONDS:

GOTO 2500 CART.,CART.PARA. ,POLAR,OR_POLAR PARA.?
INPUT 1,2,3,0R 4

1 PLOTTING WINDOW?
INPUT XMIN,XMAX,YMIN, YMAX

-10

10

-10

10 Y/R EXPRESSION?

INPUT Y(X) OR ¥(T) OR R(T)

X/ (XxX/36+1/9)
{wait about 20s)

(results plotted)

Step 4 (PROBLEM 2): Plot the Lissajous pattern with the cartesian

parametric form

X
Y

It

SINCT)
SIN(3*xT/4)

for -20<¢=T<=20.
This is shown in figure 2-5

Use the plotting window: (Xmin,Ymin)
(Xmax,Ymax)

Step 5: Run program:

USER _ENTERS:

(-1,-1>
(1,1)

it

COMPUTER RESPONDS:

GOTO 2500 CART.,CART.PAR.,POLAR,OR POLAR PARA.?
INPUT 1,2,3,0R 4
2 PLOTTING WINDOW?

INPUT XMIN,XMAX,YMIN, YMAX

PARAMETER/THETA RANGE?
INPUT TMIN, TMAX

g4
1]

i
1
i

T =

e e S



-20

20 X/THETA EXPRESSION?
INPUT X(T> OR THETA(T)
SIN T Y/R EXPRESSION? -

INPUT Y(X)> OR Y(T) OR R(T)

SIN (.75xT)
{wait about 35s) (results plotted)

Step 6 (PROBLEM 3): Plot the Limagon of Pascal with the polar equation
R = 2xC0O8(8) + i

for -9<=8<¢=9

Use the plotting window: (Xmin,¥Ymin) = (-.5,-2)
(Xmax,Ymax) = (3,2)

Step 7: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 2500 'CART.,CARTuDARA,,POLAR,OR POLAR PARA.?
INPUT 1,2,3,0R 4

3 PLOTTING WINDOW?
[INPUT XMIN, XMAX,YMIN, YMAX

...5 .

3

-2

2 PARAMETER/THETA RANGE?
INPUT TMIN,TMAX

-PI ’

PI Y/R EXPRESSION?
INPUT Y(X) OR Y(T) OR R(T)

2xCO0S T+1

{wait about 45s} (results plotted)

Step 8 (PROBLEM 4): Plot the Rhodonea with polar parametric equations

R
8

cos(T)
T/7

Il

for -M<«=T<=9
Use the plotting window: (Xmin,Ymin)
(Xmax, Ymax)

(-1,-1)
(1, 1)
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Step 9: Run program:

USER _ENTERS: COMPUTER RESPONDS:
GOTO 2500 CART.,CART.PARA. ,POLAR,OR POLAR PARA.?
INPUT 1,2,3,0R 4
4 PLOTTING WINDOW?
INPUT XMIN,XMAX,YMIN, YMAX
-1
1
-1
1 PARAMETER/THETA RANGE?
INPUT TMIN, TMAX
-4 %P1
4xP1 X/THETA EXPRESSION?
INPUT X(T) OR THETA(T)
T/7 Y/R EXPRESSION?
INPUT Y(X) OR Y(T) OR R(T)
COS T
{wait about 30s} (results plotted)

34

Step 10: Discussion:

A serpentine, some lLissajous patterns, a Limacon of Pascal,
and two Rhodoneae are plotted in figures 2-4 and 2-5 . Compare
yvour results, keeping in mind the limited graphics resolution of the
ZX81. Plotting times, which are typically long, have been dgiven
in each problem.

If you followed the demonstration carefully, you should have had
no trouble entering the plotting window. However, when vou begin
to experiment bevond the demonstration, remember to enter XMIN,XMAX,
YMIN,and YMAX in that order (as prompted). Also, remember that
expressions must contain the appropriate independent variable: X in
cartesian expressions, T in polar and parametric expressions.

Values of constants used in expressions may be entered into
variables used in expressions in immediate mode before executing the
program. For example, if vou have already assigned values to the
variables YINT and SLOPE, then the expression

"Y(X)=SLOPE*X+YINT"

is a valid expression to use. (Remember to GOTO 2500, not RUN, when
doing this).

Step 11: Suggestions:

Using PLOTZ2 should become easier the more you use it. So try
some more examples! Use equations and plotting parameters from table
2-1 and figures 2-4 and 2-5 . Keep track of your plotting parameters
for each plot.

There is much room for experimentation in this demonstration.
vary the constants in the function of each problem for different

.




results. "Warp"” the functicns; for example, change a SIN(T) to a
COS(T), or even EXP(T). :

One bothersome thing about PLOT2 is that it takes so darned long
to plot a function. Try experimenting to get faster plots. You
might try plotting fewer points than 200 (line 2550), or leaving out
some of the branching or window clipping (lines 2566-2572), or change
1ine2574 so that the program doesn’'t have to think so hard for each
point.

If you have access to a higher power machine, try to convert
this program over just to see how much faster it will run.

The program may be split up into 4 different programs, each for
a different curve representation. Some savings in time may be
obtained in this wayv also.
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Figure 2-4 Plane curves

Name : Equations of curve: T-range: Plotting window:
a Serpentine Y=X/((X/6)2+1/9]) (-10,-10)>,(10,10)
b Limacon of Pascal R=2C0OS(T)+1 , =T (-9.1 (-1.5,-2),(2,2)
c Rhodonea R=COS{4T> , 8=T (~9.9) (-1,-1),(1, 1)
d Rhodonea R=COS(7T) , ©=T (-1.1) (-1,-1),(1,1)
e Witch of Agnesi Y=2/((X/2)%+1) (-1,00,(1,2)
i Eight curve R=2COS(T)>*x 1+SIN®*(T) (-7,7) (-2,-2>,(2,2)

8=ATN(SIN(T))
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Figure 2-5 Lissajous patterns:
The equations used for these plots all have the form:

X(T)>=SIN(aT+b)
Y(T)>=SIN(T)

where a and b are the constants given in the table below.
The independent variable, T, was varied over the T-range given in the
table, and the plotting window in each case was

(Xmin,Ymin) = (-1,-1)
(Xmax,Ymax) = (1,1)
Section: a: D T-range:
a .25 0 (-20,20)
b .25 M1/16 {-20,20)
c .25 M/10 (-20,20)
d .25 /8 {-20,20]
e .5 8] (-10,10)
f .5 q/12 (~10,10)
g =5 1/6 (-1D,10)
h .5 /4 (-10,10])
i .75 0 (-20,20]
J .75 1/16 (-20,20)
K .75 M/10 (-20,20)
1 .75 m9/8 - (-20,20)
m 1 0 (~4,4)
n 1 m/8 (-4,4)
(o] 1 qM/4 [-4,4)
P 1 qT/2 (-4,4)
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Table 2-1.a Cartesian forms.

a,b,c,d =

arbitrary constants.

Name: Y(XD X-range
Hyperbola a/X (-00,00)
#0
Witch of Agnesi a/((X/a)*xx2+1) (-0, 00)
Serpentine X/ ((X/a)*xx2+bx%x2) (-eg,00)
Quatrix of Hippias X/TAN(axX) (0,9/a)
Trident of Newton a/X-b+cxX+dxX*xx2 (-00,00)
, ‘ ié £0
Polynomial neo an*X*xn (-0, c0)
Normal Error Curve a/EXP(Mx(axX-b)*xx2) (-e0,00)
Catenary COSH(axX)/(2xa) ( -00,00)
Table 2-1.b Cartesian Parametric forms. a,b,c,d = arbitrary constants.
C = COS(T), S = SIN(T)Y, T = TAN(T)
Name : XD YT T-range:
Cross-Curve a/C b/5 (-9,
£0,+7/2
Bullet-Nose axC a/T (-9,
#0
Lemniscate of Bernoulli axC/(sxx2+1) axSxC/ (Sxx2+1) (-9,
Lemniscate of Gerono axC axSxC (-1,
Lissajous Patterns axs b*SIN (c*xT+d)
Eptrochoid ax(bxC-cxCOS(bxTH) ax(bxS-c*SIN(bxT))
Hypotrochoid ax (bxC+c*COS(bxT)) ax(bxS-c*xSIN(bxT))
Trochoid ax(T-bx8) ax(1-bxC) (-00,00)
Pedals of a Parabola axCxx2x (Txx2-D) axSxCx (Txx2-b) (-1/2,
m/2)
Involute of a Circle ax(C+TxS) ax(S-TxC) ( -00, c0)
Table 2-1.c¢ Polar forms. a,b = arbitrary constants.
C = cos(T, = SIN(T), T = TAN(T)
Name : R(TH: T-range:
LimaGon of Pascal ax(C+h) (-1,
Cconchoid of Nichomedes ax(C+h)/C (-9,
F+M/2
Kappa Curve a/T (0, 2x7)
#9
Kampyvle of Eudoxus a/Cxx2 (-9, 9
F+/2
Folia axCx (Sxx2-b)
Folium of Descartes axC*xS/(Cxx3+Sxx3)
Semi-Cubical Parabola axT*xx2/C
Cochleoid axs/T ( - 00, 00)
#0



Table 2-1.d Polar Parametric forms. a,b = arbitrary constants.
c = cos(T, 8 = sIN(T).

Name: R(TY: T : T-range
Rhodonea axC T/b
Nephroid of Freeth. ax(8+.5) 2xT (-1/2,
Mn/2)
Cayley's Sextic axCxx3 3xT (-1/2,
qM1/2)
Tschirnhausen's Cubic a/Cxx3 3xT (-9/2,
MT/2)
Logarithmic Spirals axEXP(T) T/0 (-00,00)
Archimedes Spiral axT T (-00,00)
Hyperbolic Spiral a/T T (-00,00) |
#0 .
Epi Spiral a/C T/b (-1/2, |
' M/2)
Poinsot's Spiral #1 a/CoOSH(T) T/b (-00,0)
Poinsot's Spiral #2 a/SINH(T) T/b (-0, 00)

#0 |
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Figure 2-6

The following plots were made on the ZX81 and TS2068.

The lower resolution plots were made on the ZX81, and the
higher resolution plots were made on the TS2068 using a
program similar to PLOTZ2.
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5~ 00 00 0 e P 0 0 e T

REM PROGRAM FLOTZ (FLOT
1
FRINT "Z ]
FRINT "IMPFi
IMRUT ZT%
PRIMNT “"COMTOUR-SFRACIMG-FRRS

PRINT "IMEUT ORDER OF Ziw.v
INFUT
FRIMT
CPRINT "INMPUT

CINPUT

[X1]

H

=

I

) [y

=
~T3m T

E=(E~-Al v25
Sl, USE ¢ LET
ET F=iL-C1-17
. USE ET
ET M= M1 s
R Uz
M1 &0 S
L

M ol & o R I ey e
—nnc—n—

i wo=
] %=
ET Z=
F INT
FAE, -
WEXET
HEET =
P;.:I:I.*-;rr.1
CERINT e, o oo
ETOR

Contour plotting program



PLOT3

This program plots contours of 3-dimensional surfaces described
by expressions of the form:

Z = F(X,Y)

The edges of the contours trace out plane curves in X and Y where Z
has a particular value. The contours are spaced by the use of a
Contour-Spacing-Parameter, C-S-P. For algebraic expressions, 1f the
C-S-P equals the order of the expression (the highest degree in the
expression), contours should be visible. Spacing may be determined,
also, by the use of figure 2-8.

RUN:
PLOTS3: Changes A BCDEFMIXY Z Z3$
Prompts, in order of appearance:
1. "Z EXPRESSION?"
"INPUT Z(X,Y)"
2. "CONTOUR-SPACING-PARAMETER?"
"INPUT ORDER OF ZX, "
3. "PLOTTING WINDOW?"
"INPUT XMIN,XMAX,YMIN, YMAX"
STOP: Contours plotted

Contour spacing and plotting window printed at top of screen.
Summary of operation:

Lines 2600 to 2624: Prompt user for expression, contour-spacing-
parameter, and plotting window.

Lines 2626 to 2628: Compute step-sizes

Line 2630: Compute units per contour from C-S-P

Lines 2638 to 2640: Plot pixel if it lies on contour band.

Lines 2646 to 2648: Print units per contour and plotting window.
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Contour-Spacing (Units/Contour)

| 0 1 2 3 4

Contour-Spacing-Parameter

; Figure 2-8 Contour spacing vs C-S-P and X-range for program
3 PLOT3
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Demonstration 2.5 PLOT CONTOURS OF SOME SURFACES FROM TABLE 2-2

Step 1: Enter program: PLOT3

Step 2 (PROBLEM 1): Plot contours of the elliptic paraboloid with
equation

Z = X? + Y?® + XY

(-10,-10)>
(10,10

Use the plotting window: (Xmin,Ymin)
(Xmax, Ymax)

Use a Contour-Spacing-Parameter of 2 since the higheg& order terms,
X% and Y? have an exponent of 2: the expression is 2 order. This
gives 20 units per contour, (see figure 2-8).

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:
GOTO 2600 Z EXPRESSION?
INPUT Z(X.,Y)
XxX+YxY+XxY CONTOUR-SPACING-PARAMETER?
INPUT ORDER OF Z(X,Y)
2 PLOTTING WINDOW?
INPUT XMIN,XMAX,YMIN, YMAX
-10
10
-10
10
{wait about 2mi15s) (results plotted)

Step 4 (PROBLEM 2): Plot contours of the elliptic cone with equation

zZ = X® +Y*?

Use the plotting window: (Xmin,Ymin)
(Xmax, Ymax)

(-10,-10>
(10,10)

Use a Contour-Spacing-Parameter of 1, since the Z expression is first
order. This gives 2 units per contour.
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Step 5: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 2600 Z EXPRESSION?
INPUT Z(X,Y)
SQR (XxX+YxY) CONTOUR-SPACING~-PARAMETER?
INPUT ORDER OF Z(X,Y)
1 PLOTTING WINDOW?
INPUT XMIN,XMAX,YMIN, YMAX
-10
10
-10
10
{wait about 6m30s} (results plotted)

Step 6: Discussion:

The resulting plots have alternate zones of black and white, as
shown in figure 2-8. The contours, loci of points having identical
Z-values, are on the edges between these black and white zones.

In step 2, the elliptic paraboloid expression was second order.
You might think of the variables X and Y as having units, say cm.
Then, since Z = X* + Y?® + XY, Z must have units of cm? How about
expressions like

Z = aX + bX? + CX3 ?

In this case, Z is third order, taking the constant ¢ to be dimension-
less. ' '

Selecting the Contour-Spacing-Parameter to be the order of the
expression may or may not give the best plots. To change the spacing,
use figure 2-8.

As you must have noticed, these plots take tremendous amounts
of time. (As long as you aren't paving for computer time, who cares?)
This is because each pixel of the screen must bhe examined to deter-
mine its status as either black or white (lines 2634 to 2644).

Step 7: Suggestions:

Try varying the Z expressions to give different patterns. To
visualize the three-dimensional surfaces, label each contour edge, by
determining the value of Z for one point and counting up using the
contour spacing.

Plot the surfaces using different contour-spacing-parameters.
In some cases, some interesting "interference" effects occur,
especially when the C-S-P is small in relation to the order of the
expression.

A faster algorithm, but more complicated cne, is to start at
a value of (X,Y) that gives a particular Z-value, and then tracing
around the contour until the beginning of the contour, or the edge
of the plotting window is reached.



Table 2-2 Surfaces defined on X_Y plane. a,b,c = arbitrary constants. |

Name: ZX,Y):

Elliptic Cone SQR((a*xX)*x2+ (bxY)*xx2)
Elliptic Paraboloid (axX)*xx2+ (bxY ) xx2+CcxXxY
Hyperbolic Paraboloid (axX)xx2- (bxy)*xx2

| SIN(X+1Y) | SQR((COSH(2*xY)-COS(2xX))/2)
ARG(SINX+iY)) ATN(TANH(Y) /TAN(X))

Plane axX+bxY+c

Family of Cassinian ovals (((X-a)xx2+Y*xx2)x{(X+a)**2+Yxx2))xxb
Family of Horse Fetters (Xxx2+Yx%2) / (4xa) +ax¥xx2/ (Xxx2+Yxx2)

Examples:

a: b: c¢c: C-8-P: Window: Time:
1 1 1 (-10,-10) (10,10) 6m30s
1 1 1 2 (-10,-10) (10,10) 2mlss
1 1 2 (-10,-10) (10,10) 2mlss

. 5 (-5,-3) (5,5) 13m
.5 (-5,-5) (5,5) 12miss
1 1 0 1 (-10,-10)> (10, 10) 1m45s
10 .25 1 (-20,-20) (20,20) Im30s
10 .75 (-20,-20) (20,20) 3miss
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Figure 2-9 The following contour plots were made on the ZX81
and TS2068. Lower resolution plots were done on the
ZX81 and higher resolution plots on the TS2068.
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Chapter 3 SPECIAL FUNCTIONS

There are many occaslions when only complex answers to Simple
questions can be found. For example, here is a simple question:
What is the circumference of a circle with a diameter of one?

The solution, ¥, is a number which is irrational; that is, no
ratio of integers will give its value exactly, (although the
program RATIO, chapter 8, may be used to find an approximate ratio).

Fortunately for us all, the value of v may be determined to
any desired degree of accuracy by the use of any one of a number
of techniques. The general idea is to add up a number of simple
terms to obtain a complex approximation.

The three functions of this chapter are in the same boat with
T : they are all answers to fairly simple questions, but must be
evaluated in complex wavs.

The first function, erfc(x), is the solution of an "improper"
integral (one with limits at +/-00 ):

0 T
erfc(x) = 2/ ﬂ.fEXP(~t2)dt = 1imJﬁ2*EXP(—t2)/ M1 dt
V T - Y
%X A

The integrand is two times the normal error function:
2 2
£Ct) = 1 gxp C(E-m>%/207)
o_/29

with m=0 and ¢=.5

The subroutine ERFCX uses a series expansion to approximate
values of the complementary error function. Demonstration 3.1
plots erfc(x) over 0<=X<(=2,

The gamma function is the solution to another improper integral:

o0
[tx) = J.tx—lEXP(—t)dt ; x>0

[=]
The definition is extended to negative non-integers by the recur-
sion relation which the above formula obeys (see spec-sheet for

GAMAX) .
When x is an integer>0, then:

I?x) = (X-1)! = (X-1)(X-2) ... x2x1
where 0! = 1

The subroutine GAMAX evaluates I%x) using both a series
approxXximation and the recursion relation. Demonstration 3.2 plots
the gamma function and demonstration 3.4 shows how GAMAX may be used
to give values of factorials.

Finally, Bessel's functions are solutions to znd
ential equations of the form:

x2 a2 y + X dv + (x2 —llz)y = 0

dx 2 dx

order differ-



The subroutine BESEX finds approximations to the Bessel's
functions whose values are finite at x=0, (Bessel's functions of
the first kind), and where ) 1in the above equation, (Bessel's
equation), 1s a non-negative integer. Demonstration 3.3 plots Jo(x).
There are many other examples of special functions. The sine
and cosine functions are probably the most commonly encountered
ones. s8in(x) is the solution to:

dy = -y ; y(0) =0

Internal subroutines on the zZX81 and TS2068 evaluate sin(x) by
the use of a series generator.
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ERFCX

This subroutine calculates values of the complementary error
function:

00 -
erfc(x) = Z/J?TMJ.EXP(—tZ)dt . ~00<X< 0O

CALL: X = Ar‘gumenf

ERFCX: Changes I V W()

RETURN: V = erfc(X)

Example call:

LET ERFCX=3000

LET X=.5
GOSUB ERFCX
PRINT "ERFC(";X;") = ";v

Algorithm (see reference (1)):
2, ; \-16 ~
erfc(X) = <1 + EP?IX + error(x) lerror(x)|<=3x10
=)

.0705239784
. 0422820123
. 0092705272
.0001520143
.0002765672
.0000430638

DO PD

OO LNR
ol eoNoNoNoNe

2

87




GAMAX

This subroutine calculates values of the gamma function:

()
Itx - ft(xnl)EXP(—t)dt ;X0
o

I}X) = I}X+1)/X ; ~C0CX<Q00 ; X# non-positive integer
CALL: X = Argument
GAMAX: Changes I M V W()
RETURN: vV = I}X)

Example call:

LET GAMAX=3100

LET X=.5
GOSUB GAMAX
PRINT "GAMMA(";X;") = ";V

Algorithm (see reference (11):

1. Let X fractional part of X
Let m integrjs paft of X >
1

2. I%x&l) = 1 + be + error(x) 2 |error(x)|<=3x10
.577191652 (see Appendix B, Y )

0.988205891

. 897056937

0.918206857

~0.756704078

482199394

.193527818

035868343

1]
[
o

o n
|
O

DNOOEWN -
oo

!

00O

Qj [@aNe e ie e oo e
S

I}x+1) (X—I) ;3 2¢=X
I}x+1) ;o 1<¢=X<2

I%x+1) ;o X«<1

(X+1)
I*o



BESEX
This subroutine calculates values of integer-order Bessel's
functions of the first kKind (finite at 0):
JL;(X) = solution of (Bessel's equation):
X342y + X + (X - Y*=)yy =0 ; Y(X=0) finite
o<t - &

where }= integer »>=0.

CALL: N = Bessel's function order ()) in the above equation)
X = Argument

BESEX: Changes I MUV

RETURN: vV = JN(X>

ExXxample call:

LET BESEX=3200

LET N=0

LET X=.5

GOSUB BESEX

PRINT "J";N;"(";X;") = ";V

Algorithm (see references (1), (2], and (7)):

1. The series representation of JN(X) is:
2I +N

J (XD = (-1} (X/2)
It (N+I)!
I=0

2. For a range of values of X, depending on the value of N, the

series will converge before terms of the séries become on the order
of the machine round-off error. For J_(X), the range of X values
is about 0<¢=X<=15. For larger arguments of X, an asymptotic series

can be used: see reference (1).
3. The convergence test used in BESEX is a chgsk to see if the
current term of the series is less than 10
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Demonstration 3.1 PLOT COMPLEMENTARY ERROR FUNCTION

(]
-
a

T TR

Step 1 Enter main program:
2S00 REM

=281 LET

2E2 FOR

=233 GO =

254 PLOT

=] =

—Ardyar o

[y}
0 el
hi

Step 2: Enter subroutines: ERFCX

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN {wait about 25s) (results plotted)

Step 4: Discussion:
The normal error function is

F(x) = 1 EXP(~(xXx-m)*?*/2 ¢2)
¢;?2ﬂ

The function is shown in the figure below for m=0 and o2*=%

The complementary error function, erfc(x), represents the shaded area
in the figure. 1If f(x) is the probability distribution function of
some random variable X, then erfc(x) is the probability that X won't
take on values inside the range (-x,x). For example, suppose x.

is the value of a particular measurement of a film thickness miﬁus

an assumed mean thickness:

s A tmeasi = tassumed

If X has a distribution like that of figure 3-2, then the probability
that xi has a value either above X or below -xX is given by:
Prob(|X|>|x|) = erfc(x)

Since a normal error function has area of 1, erfc(0) = 1.
The demonstration generated a plot of erfc(x) for 0<=x<=2, and shows
that erfc(x) slowly decreases from 1 to 0, as X increases from O.



Step 5: Suggestions

The error function

1 erfc(x)

erf(x)

represents the unshaded area in figure 3-2.
or subroutine to give values of erf(x) for a plot.
function

Also try the

F(x) 1 erfc(x)/2

which represents the area of the curve in figure 3-2 for -00<=X<=X.
A property of erfc(x) which you may verify by example is:

erfc(-x) merfg(x)

Generate a plot for -2¢=X<=2.

Figure 3-2 Normal error function

Modify the main program
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Demonstration 3.2 PLLOT GAMMA FUNCTION

Step 1. Enter main program:
220 REM

281 LE

o= PO

293 GO

2294 IF

295 IF

Z9E FL

%% FO

#T.5, 0L

297 ME:

=9E 3T

Step 2: Enter subroutines: GAMAX

Step 3: Run program:

USER ENTERS: . COMPUTER RESPONDS:
RUN wait about 2m35s (results plotted)

Step 4: Discussion and suggestions:

Your plot should be similar to figure 3-3. The plot limits are
the same for both plots. The gamma function is discontinuous at non-
positive integers, as can be seen from figure 3-3. In fact, the
function is undefined for non-positive integers.

Try different X-ranges for other plots: the resolution mav

improve for smaller windows.
For large values of X, Stirling's formula approximates I?X):

I?X) ~ (X/e)X 'VZﬂ/X <1+1/12X> i X "lerge"

Modify the demonstration to conmpare this approximation with the
values given by GAMAX. For another variation, modify GAMAX so that
Stirling's formula is used if X is "large" enough. This will save
time in the evaluation of | (X), if X is very large.

Check to see if the subroutine GAMAX obeys the recursion relation
given in the spec-sheet for GAMAX. List out a table of values of
the function for arguments differing by integers.



Figure 3-3

Gamma function

—
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Demonstration 3.3 PLOT BESSEL'S_ FUNCTIONS

Step 1:

ZR@ RFEM

@l LET

202 FRIM

IR =3

a4 =

Z@as = +2
ZRE

@7 BEH
FoE D s S
* 2

s

Qs

Step 2 Enter subroutines: BESEX

Step 3 (PROBLEM): Plot JO(X>, the 0th order Bessel's function of the
first kind, for 0<=X<=15,

Step 4: Run program:

USER ENTERS: COMPUTER RIESPONDS:
RUN INPUT NU=(INTEGER>=0)
0 {wait about 1m15s} (results plotted)

Step 5: Discussion and suggestions:

The resulting plot should be similar to that of figure 3-4.
The oscillatory behavior of the function brings to mind the sine and
cosine functions. Bessel's functions are like two-dimensional
analogues to the sine and cosine functions: A round drum head
vibrates with a radial distortion function that is a Bessel's function
or a sum of Bessel's functions. By contrast, a string vibrates with
a distortion function of a sine function or a sum of sine functions.

The failure of BESEX at large arguments may be handled by an
asymptotic series. This would increase the complexity of BESEX, but
could reduce the evaluation times.

The relation between JO and Jl is:

J. (X)) = -d_ J- (XD
1 dx O
In the next chapter, a subroutine to take derivatives is presented.
Use this subroutine to check out the relationship between JO and Jl.



IPUIN 3SJIIJ 24l JO SuUoIrloung s, [ossod

V-t oxXuoTH

lulx
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Demonstration 3.4 FACTORIALS

—
A

T

AT -Z

DU X ey L e

AT O E

Step 2: Enter subroutines: GAMAX
Step 3 (PROBLEM): Calculate 15! = 15x14x%x13x ... *x2%1

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN INPUT INTEGER>=0
15 (results printed)

Step 5: Discussion and suggestions:
The gamma function is also called the factorial function since:
n! = I}n+1) ; - n = integer »>=0

For this example, 15! = 1,.'35<1012

Find the maximum h for which the demonstration program works.
This may be fairly low. Use Stirling's formula, (see page 62), for
higher values of n.

The gamma function may be used to evaluate non-integer order
Bessel's functions:

ayxy =y nl (x/2)21+¥

e R Y+1+1)

Modify BESEX to take advantage of the above formula.




Chapter 4 CALCULUS

In Calculus, there are two operations performed on functions which
are the inverse of each other. That is, one will "undo" the other
(think of subtraction versus addition). These are integration and
di fferentiation. To perform either one of these operations, the
numerical approach is to sample the function at a finite number of
closely-spaced points, and to assume that between each pair of i
points, the function can be well-approximated by an easily inte-
grated or differentiated function.

The subroutine DERIV.1 performs a general-order differentiation
of a sampled function. DERIV.1 assumes that the function is approx-
imately linear between each pair of points. The first derivative
of the function, at the point between a pair of sampled points, is
given approximately by the slope of the line connecting the pair
of points.

There is room left at line numbers 4100 to 4200 for a "DERIV.2"-
which was never written. This subroutine was to "symbolically" 4
differentiate functions. That is, instead of chopping the function
up and approximating the function by a line segment at each point,
standard rules for differentiation would be used, such as

d x™ =n KNt
dx

The subroutine INTEG.1 integrates sampled functions. INTEG. 1
uses a general Simpson's rule integration technique. Simpson's
rule assumes that between pairs of points, the function can be
approximated by a parabola, which is defined by three successive
points. INTEG.1 may be used to integrate functions which have been
sampled at uneven step-sizes. This feature is useful for the inte-
gration of functions which are rapidly changing in some regions,
but slowly-changing in others., In addition, INTEG.1 calculates
error estimates for both even and uneven sStep-size cases.

INTEG.2 integrates named functions by the use of a 10-point
Gaussian quadrature technique. The subroutine samples the function
ten times, at specific places, and assumes . the function is well-
approximated by a polynomial of degree 19 or less. INTEG.2 is, in
general, faster than INTEG.1, however, no error estimate is
calculated by INTEG.2, which may be necessary for many applications.

The demonstrations in this chapter illustrate the features of
the three subroutines. For particular applications of the sub-
routines, some customization may be in order. For example, INTEG.1
calculates errors based on both even and uneven step-sizes. When
only even step-sizes are used, some integration time may be saved
by the elimination of appropriate program lines.
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DERIV.1

This subroutine calculates a general order derivative of a
sampled function, or a set of data points ((X(I),Y(I);I=1,2,3,...1).
The values of X() are assumed to be ordered from smallest to largest
or largest to smallest, and the derivative at one point, k, is
calculated for a given value of the index I:

¢ v

ax®

where X = X(I+G) + X(I)
2

and the sampled function is: Y(I) = f(X(I)) , I =1,2,3,...
X(L)<X(2)<X(3)<. ..
or
X(1)>X(2)>X(3)>..

CALL: XO

= Arguments of function in ascending order, or
X-~coordinates of data points.
Y() = Function values at corresponding X(I)'s, or
yv-coordinates of data points.
G = Order of derivative to be calculated
I = Index of point where derivative is to be calculated.

DERIV.1: Changes D() J K V

RETURN: v =49 v : X = XI+@) + X(I)
4xC 2

Example call:

LET DERIV=4000
LET G=2

DIM X(100)

DIM Y(100)

LET I=79

GOSUB DERIV
PRINT G;"-ORDER DERIVATIVE OF Y AT ";X(I);" = ":;V
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Algorithm:
1. Define:

(G) _ .G A
Yoy = dl Y »

K.g 2 X(I+K)2+ X(I+J)

ZXXK,J
AN,

2. The general-order derivative is given, in this notation:

A
X

X(I+K)> - X(I+J)

Y(I+K) - Y(I+J)

(G) (G-1) L(G-1)
¥6,0 a= ‘G, 1 Y6-1,0
9{ »

G,1 XG-1,0

3. For approximately equal stepsizes over X(I) to X(I+G):
A A o
Xa,1 = Xa-1,0° Do
G

4. Continuing in this way:

- .
Yé?é:e(ﬂ ZXYG,G~1 . ZxYl,O

ZXXG,G—i [Xxl,o

Ns o Nesr 1 - Negq g N¥-2 .0
A A¥c-1.0
N, 0




INTEG. 1

This subroutine integrates a sampled function, or a set of data
points ((X(I)>,Y(I)»);I1=1,2,3,...,N}. The values of X() are assumed
to be ordered from smallest to largest. A generalized Simpson’'s
rule summation is used to approximate the integral:

X(N)

Y(X)dx
Xu)

Error estimates are calculated for both the cases of equal step-size
and unequal step-size sampling. The trapezoidal rule summation is
also calculated for estimating errors in "noisy" data integrations.

CALL: DERIV = 4000
X() = Arguments of function in ascending order, or

X-coordinates of data points.
Function values at corresponding X(I)'s, or
y-coordinates of data points.
N = Number of data samples. (must be. odd)
= Dimension of X() and Y ()

I

YO

INTEG.1: 'Changes D() D1 D2 D3 D4 G I I1 I2 I3 JKQRG STV

= Simpson's rule summation

= Trapezoidal rule summation

= Equal step-size estimated error

= Unequal step-size estimated error

RETURN :

ol DR )
i

Example call:

LET INTEG=4200

LET DERIV=4000

LET N=21

DIM X(N)

DIM Y(N)

GOSUB INTEG

PRINT "SIMPSON/S RULE SUM = ":8
PRINT "TRAPEZOIDAL RULE SUM = ":T
PRINT "ESTIMATED ERROR = ";Q+R

g




P ——

- R T = TN

—stmrtitoe

'-At-u.&h__' = A

[T,

Algorithm (see reference {(16)):
1. Define:

Axl’o = X(I+1) - X(I)

sz. 0
Ax,

v _ 6 yixcaryn

X(I+2) - X(I)

X(I+2) - X(I+1)

dXK
2. For the interval ZXXZ , a Taylor series about X(I) gives:
X(I+2) P *AX0
S(1) = Y(X)dX = d x(y(m s v DA - v Axe . >
x) o B

3. The generalized Simpson's rule is:
o (1) 5 (2> 3
S(I) = Y sz,o Y sz R A~ (2AX2’1 2 Ax1,0>
21 3

+ errord(l)

3 5

error<D) = Y% DN 0 GAx, . - 2Ax. > o« ¥®. A% o
2,1 1,0

3! 41 40 51

L s/ N — -
N N
Unequal step-size error Equal step-size
error

4. The integral is given by

XN
Y(XHdX == §:$(I) 5 1 =1,3,5,...,N-2
X(1) E2
5. The estimated error is given by
Error(est) = ZZ%rror(I) ; I =1,3,5,...,N-2
I
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INTEG. 2

This program integrates a named function over user specified

limits. The program uses a 10-point Gaussian quadrature algorithm,
which is accurate for integrands which may be closely approximated
by a polynomial of degree 19 or less, over the specified interval.

RUN:

INTEG.2: Changes A B I S W() X() Y3
Prompts, in order of appearance:
1. "INTEGRAND=F(X)"
2. "INPUT LOWER,UPPER LIMITS"

STOP: Integral printed

Algorithm (see reference (1)):
B 5

Y(X)dX = wi[ F(ry) + F(—ri)]

A i]l

F(r) = (B-A)/2 Y[ (B-A)/2 % r « (B+A)/2]

ith

2
. 2 [p' (r.)]
1 ?1“T_?§¥ 10 1

—
]

€
n

positive zero of the Legendre polynomial

i0

(r)
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Demonstration 4.1

PLOT DERIVATIVE

Step 1 (PROBLEM): Plot the 6

Step 2: Enter main program:

HTMMm

I Tl e v
i B i

S

™ 0w e

T sk TR

Enter subroutines:

Step 4:

Run program:

USER ENTERS:

th

derivative of SIN(X).

DERIV. 1

COMPUTER _RESPONDS :

RUN {wait about 2m20s} (results plotted)
Step 5: Discussion and Suggestions:
The 6™ derivative of SIN(X) is -SIN(X).

should be of 4 cycles of the sine and its 6

from O to 87,

- Xmin> = 4
29

n = (Xmax

(see lines 324 and 325).

That

The resulting plot

derivative:

is,

X varies
the number of cycles is

The plot of the derivative is slightly out of phase with the

original SIN(X).

This is because the demonstration assumes that the

calculated derivative is associated with the point (X(I),Y<(I)), but
the subroutine assumes the derivative is associated with the point

Ky, vy

The difference between Q(I)
is very small. Correct for
program or changing DERIV.1
program to handle any order
"shift" problem, which is a

A
where X(I)

itself.
of derivative,

= X{I+G) -
2

X<

1)

and X(I) is small,

since the step-size
this shift either by changing the main
Write a more general main
and take care of the
function of the order of derivative



being taken.
Try different order derivatives of the sine function. To do
this, change line 328 to

328 INPUT "ORDER?".G

Do a number of higher order calculations and get some points for a
time versus derivative order plot. Use some of the subroutines from
chapter 2 to plot these points.

The number of cycles for sampling and plotting may be changed by
altering program lines 325, 330, and 332. It is interesting to note
the effect of choosing a sampling such that only a very few number
of samples are chosen per cycle. Remember that DERIV.1 assumes that
the function is well-approximated by a piece-wise linear function
between sampled points.
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Demonstration 4.2

Step 1: Enter main program:
4 REM DEMOE.

341 LET DERIVS=

Sz LET BOIMT=

343 LET UINAX=S

43 LET SCRLE=

543 LET PLOTLD =

Z4E S0 SUE ROT

47 LET ==1

43 FZR I=1 ToO

249 GO AUE CER

IS8 LET wiIi=u

351 MEXT I

SEE S0 SUE PLOTE

353 3TOF

Step 2: Enter subroutines:
Step 3 (PROBLEM):

-2<¢=X<=2.

Step 4: Run program:

USER ENTERS:

PLOT FIRST DERIVATIVE

DERIV.1 POINT.2 VINAX SCALE.2 PLOTD

Plot the first derivative of cosh(X) for

COMPUTER RESPONDS:

RUN INPUT NO. PTS.

100 INPUT Y EXPRESSION=Y(X)
(EXP X+EXP -X)/2 INPUT XMIN, XMAX

-2 !

2

{wait about 45s}

(results plotted)

Step 5:

The derivative of cosh(X)
("One-1liners"),

In Appendix A,

given,
sinh(X) = (EXP X - EXP -
cosh(X)> = (EXP X + EXP -
cosh(X) is an even function,
cosh(-X) = cosh(X)

while sinh(X>

sinh(-X) = -sinh(X).

The first derivative of a function is the slope of the tangents

Discussion and suggestions:

is sinh(X), shcwn in figure 4-2.

X))/2
X)»/2

which is to say that

is an odd function:

expressions for these functions are
in terms of the built-in functions (ZX81 and TS2068):



to the curve at each point. From figure 4-2, the slopes of the
tangents to cosh(X) for X<0 are negative; the slopes of the tangents
to cosh(X) for X>0 are positive; and the slope of the tangent to
cosh(X) at X=0 is 0. The sinh function indeed shows these properties.
Some other functions are listed in table 2-1. Differentiate
some of these functions by hand and by computer and compare your
results. '
Modify the demonstration to compile some data points for a
prlot of: difference between calculated derivative and actual
derivative at each value of X. One might expect the error to be
greatest for more rapidly-changing regions of the function. Vary
also: the number of samples, and the function itself.

! (10,100)

X —= R
.r'"f \
SINH(X)

(-10,-100)

Figure 3-2 cosh(X) and sinh(X)

77




Demonstration 4.3 SIMPSON'S RULE INTEGRATION (EQUAL_STEP-SIZE)

Step 1: Enter main program:

ZEQ REM
SEl LET F

SE2 LET LD

ZEZ LET Ik

SEd FRIMT 1LE
T BE OLLv
3858 S0 =
SZEE 0 =i
ST PRIMT
S PRIN
ST

[x}
B

Step 2: Enter subroutines: POINT.2 DERIV.1 INTEG.1
Step 3 (PROBLEM): Integrate SIN(X) for O<=X< =9

Step 4: Run program:

USER _ENTERS: COMPUTER RIESPONDS:

RUN NUMBER OF POINTS MUST BE OoDD
' INPUT NO. PTS.

21 INPUT ¥ EXPRESSION=Y(X)

SIN X INPUT XMIN,XMAX

0

PI {wait about 25s) (results printed)

Step 5: Discussion and suggestions
;he result should be close to:
JPSIN(X)dX = -COS{Y)> + €08(0) = -(-1) + (+1) = 2
Thi;>is the shaded area in figure 4-3. The ratio of area under the
sine function to the area of the block in the figure is the "fill-

ratio”:

Area under-sine =
Area under block

2 h4%

2
q
The average value of the function between 0 and 9 is

Area_under sine = 2 = .64
ZXX qa

vary the number of sampled points and note the effect of this
on the error calculations. Calculate the actual errors: between
the hand-calculated value of the integral and the numerically inte-




grated values. Compare the actual error with the estimated error.
Try some other functions and find out how well. the error estimation
works for each function. Make a plot of the estimated and actual
errors versus number of sample points, for each function vou inves-
tigate. Table 4-1 gives some results for the functions:

EXP(-X), SIN(X), 18x° and 8/X°.

The error calculation used in this demonstration was for equal
step-sizes. There is also an unequal step-size error calculation,
used in demonstration 4.4. The unequal step-size errors should
be small in this demonstration, since equal step-sizes were used.
Print out this error calculation to see just how small they are.

Figure 4-3 SINX)
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Demonstration 4.4 SIMPSON'S RULE INTEGRATION (UNEQUAL STEP-SIZE)

Step 1 (PROBLEM): Integrate the function
Y = EXP(-X)

for X=0 to the end of 21 steps defined by

X; = t.2xAx,

Step 2: Enter main program:

o=
i
=

Step 3: Enter subroutines: INTEG.1 DERIV.1

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN {wait about 30s} (results printed)

Step 5: Discussion:

The unequal step-size sampling is shown in figure 4-4. More
samples are taken in the region near X=0, where the function is more
rapidly changing, as compared to the region for larger X. (Plot the
function's derivative using DERIV.1).

If enough samples are taken, and from a small enough wvalue of
X to a large value of X, then the result of INTEG.1 should approximate
the value of the (improper) integral:

o0

oo
F(1)=fEXP(—X)dX = -EXP(-X) | = 1
Q
o

Since the sampliling was done with unequal step-sizes, the demonstration
uses the unequal step-size error calculation.



Step 6: Suggestions:

Try this experiment for various functions, including EXP(-X):
For a range of values of p, sample a function with:

(.1)xp

1. Equal step-sizes: ZXXI
(I-1)

2. Unequal step-sizes: ZXXI (.1)xp

To keep the range of integration, R=Xmax-Xmin, relatively constant,
the number of samples, N, must change:

1. Equal step-sizes: NE = INT(LOR/pP)
2. Unequal step-sizes: NU = INT(LN(10R(p-1)>+1)/LN(p))
Some values of NE and NU for R=20 are

p: NE' NU‘

1.01 198 110

1.02 196 81

1.03 194 65

1.04 192 56

1.05 190 49

1.06 188 A

1.07 186 4.0

1.08 185 36

1.09 183 34

1.10 181 31

Now, gather some data for a plot of the absolute values of
estimated and actual errors versus number of samples, N. Do this for
both the equal and unequal step-size cases.

This will illustrate the improvement gained by the use of the
unequal step-size sampling method.

1

el |
Figure 4-4 Unequal sampling of EXP(-X)

0
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Demonstration 4.5 SIMPSON'S RULE INTEGRATION
(ARTIFICIALLY NOISY DATA)

Step 1 (PROBLEM): Sample the function

Y(X) = EXP(-X)
with an equal step-size, for 0<¢=X<=1. Then add "noise" to the
sampled data and submit this noisy data to the integration subroutine
INTEG.1. The "noise" in the example is .5% of the original sampled
data at maximum.

Step 2: Enter main program:

REM

LET =

LET 5]

LET 1

FEIM E FOIMTS MUS
[l

S0 SUE PO

FOR I=1 T

LET HOQIZE LR -
ET Ir=
E

[ R

S
-

EReNE]
REE

-

LU
T

Step 3: Enter subroutines: INTEG.1 DERIV.1 POINT.2

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN NUMBER OF POINTS MUST BE ODD
INPUT NO. PTS.

21 INPUT Y EXPRESSION=Y(X) .

EXP -X INPUT XMIN,XMAX

9]

1

{wait about 25s)}(results printed)

Step 5: Discussion and suggestions:

This demonstration presents an error estimation for integration
of data corrupted by fairly large values of "noise". The "noise" in
a real-world situation could be introduced by measurement inaccuracy,
or fluctuation in the measured quantity. The error estimate
in this demonstration is not a very good estimate of the actual error
but at least gives a "ball-park" number.

Try larger values of "noise" and different functions. Also
try different "noise" calculations, by modifving line 397.

»



Table 4-1 Some results from integrations using INTEG.1. The
functions were sampled N times over the interval (A,B).
H is the step-size. Estimated error and actual errors
are given as well as the ratio of the estimated to actual
error.
Time to Error Error
F(X): N A: B: H: Integrate: (Actual): (Estimated): Ratio:
EXP(-XD) 5 (0] 25 6.2 3s 1.1 .14 . 125
15 1.8 i2s . 040 . 0098 . 242
25 1.0 23s . 0058 . 0023 .401
75 0.34 728 .000071 . 000052 L. 723
SIN(X) 7 0 9 0.52 58 . 00086 .0011 1.26
21 0.16 198 .0000068 .0000070 1.00
35 0.09 33s . 00000081 .00000082 1.00
105 0.03 100s .000000009.000000009 1.00
18X5 9 0 1 0.12 75 .0015 .0016 1.12
27 0.04 258 .000013 .000014 1.06
8/X* 11 1 2 0.10 Ss . 0001 . 000065 .65
33 0.03 31s .00000098 .00000084 .86
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Demonstration 4.6 GAUSSIAN INTEGRATION (POLYNOMIAL)

Step 1: Enter program: INTEG. 2
Step 2 (PROBLEM): Integrate the function
3 2
F(X) = X7 + X% + X + 1
for 0<¢<=X<=10.

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 4300 INPUT INTEGRAND=F(X)

kX kX +XkX+X+1 INPUT LOWER,UPPER LIMITS
0

10 (results printed)

Step 4: Discussion and suggestions:

The function

F(X) = X2 + X2 + X + 1 = (X + 1D(X? + 1)

is a polynomial of degree less than 19, so INTEG.2 gives an accurate
result for its integration, which is:

10
. {e]
fF(X)dx = (X_A + X2+ X%+ X | = 2893.33
Jo 4 3 2 0

Integrate this function over different 1limits, and check the
accuracy for different limits. Try higher degree polynomials.
Use PLOT2, from chapter 2, for a clearer picture of the function and
its integration.



—— ——IeTEREIE e e

Demonstration 4.7 GAUSSIAN INTEGRATION (NON-POLYNOMIAL)

Step 1: Enter program: INTEG.2

Step 2 (PROBLEM): See how well INTEG.Z2 integrates the function
Y(X) = (X-1)/LN(X)

for 0O<=X<=1.

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 4300 INPUT INTEGRAND=F(X)
(X-1)/LN X INPUT LOWER,UPPER LIMITS
5 : =

1 (results printed)

Step 4: Discussion and suggestions:

Even though the function is not a polvnomial, the result is
close to the exact result:

|
./;X (X-1>/LN(X) = .75
=]

Apparently, the function is well approximated by a polynomial
of degree 19 or less, at least in the interval 0¢=X<=1.

Try different limits and compare the results with hand-calculated
values. Try integrating some of the functions in table 2-1.

Reference (1) gives different versions of the Gaussian quadrature
technique. INTEG.2 may be improved if a higher version is used.
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Chapter 5 MATRIX OPERATIONS

To see the forest despite the trees is a virtue well documented.
For example, if we are given a set of equations to solve:

) =
3x1 + sz 5
2x3 + x1 + xz = 7
x2 + X3 = 2

it is possible to think of the problem on a higher level: the
transformation of a vector by an operator matrix:

AR =2

where the matrix

o 3 2 0
A = 1 1 2
0o 1 1

and the vectors

%

1 5

X = x2 and c = 7
" 2

3 [

Matrices and vectors obey general rules, so that without look-
ing too deeply into the details of the problem at hand, certain
conclusions may be drawn. For example, if X's determinant is o0,
the problem may have no unique solutions.

This higher-level approach to the problem is an example of
"chunking", and its advantage in this particular case is that it
gives a method whereby an infinite number of similar problems may
be solved:

1. Call a subroutine to invert A. o
2. Call a subroutine to multiply @ by A's inverse.

The two subroutines in this chapter accomplish these two steps.
MXINV inverts a matrix, and MXMUT multiplies matrices. In both
subroutines, the matrices to be multiplied or inverted are named
in a string before calling the subroutine. This is the same
approach as the vector operations subroutines.

Several bench-mark inversion times are given in FIG- 5-2.
These are relatively long, and the reader may be able to find more
efficient algorithms for matrix-inversion. It would also be a

challenge to write the subroutine in assembly language, for
much higher speeds.
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=
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L, L

1 7o M

1 TO L

1 T2 H

I, KV =0T B +UAL =1

Matrix operations subroutilies:

and matrix nultiplication

Matrix inversion
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MXINV

Thisvsubroutine finds the inverse and determinant of a matrix
named by the string X3. If the matrix is singular, (determinant = 0),

an error message 1s printed.

CALL: N = Dimension of named matrix

X$ = Name of matrix, indexed by I and J
MXINV: Changes I J K L. M U U(,) v(,)
RETURN : Vv(,) = Inverse of named matrix

U = Determinant of named matrix

Example call:
LET MXINV=5000

LET N=3
DIM A(N,N)

LET X3="A(I,J)"
GOSUB MXINV
PRINT "DETERMINANT = ";U
Example of algorithm (Gaussian reduction, see reference (11]):

1. Invert the 2x2 matrix A:

b 4
A = 1 4
3 2

2. Lines 5000-5020: Load the lefp;hand side of the partitioned
matrix U with X and the RHS af U with the 2x2 identity:

v '
U = 1 4 ' 1 O]
3 2.0 1

[}

Initialize the determinant variable:

U =1
()
3. Lines 5024-5034: Find largest element in column 1 of U, and its
index, K:
K =2
L = U(K,1) = 3

4. Lines 5036-5042: Update determinant variable:

U = Ux(-L) = -3



5. Lines 5044-5054: EXchange rows K and 1, then divide each
element of the new first row by L:

o mwe =

1 0

)
Uu=(1 2/3
1 4

0 1/{1

6. Lines 5056-5068: Subtract row 1 elements from row 2 elements,
column by column:

U =[1 2/3 I 0 1/3
0 10/3 : 1 -1/3
7. Lines 5024-5034: Find largest element in column 2 of ﬁ, and its
index, K:
K =2 ,
L = U(K,2) = 10/3

8. Lines 5036-5042: Update determinant variable:
U = UxL = -10
9. Lines 5044-5054: Divide each element of the second row by L:

e
U =11 2/3
0 1

i
1
I
]
]

0 1/3
3/10 -1/10

10. Lines 5056-5068: Subtract 2/3 times row 2 elements from row 1
elements, column by column:

U =1 o | -2/10 4/10
1 | 3/10 ~-1/10

11. Lines 5072-5080: Load V(,) with the RHS of I}:

A 4
V =[-.2 .4
.3 -1

12. The result is
S
det(®) = U
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MXMUT

This subroutine performs matrix multiplication between two
matrices or vectors named in the string variable X$. The result
is put into the

CALL:

MXMUT :

RETURN:

X3 =

N
M

L

matrix U(,).

String containing the names of two arrays or vectors
to be multiplied:
1. Separated by a
left-hand-side matrix or vector is indexed by

2. The

I,J
3. The

J,K
Number
Number
Number
Number

or

J

"
x (1]

right-hand-side matrix or vector is indexed

or
of
of
of
of

J

rows in
columns
rows in
columns

Changes I J K U(,)

u(,

Example call:

LET

LET N=4
LET M=5
LET L=6
M A(N,M)
M B(M,L)

DI
-DI

)

left-hand-side arrayv

in left-hand-side array
right-hand-side array

in right-hand-side array

= result of matrix multiplication
U has dimensions U(N,L)

MXMUT=5100

LET X$="A(I,J)*B(J,K>"

GOSUB MXMUT

Example of algorithm:

1. Calculate the product of matrices A and ﬁ:

¥-% ¥ -

The.
The
The
The

The

number
number
number
number

result

In this case:

of
of
of
of

(1 2) = [3 5

4 6

, [
rows 1n A:

rows in

N
columns in X: M
L

columns in ﬁ:

d

1
2
3

matrix will have dimension U(1,3)



3. Each element of ﬁ is the Euclidean dot-product of the row vector
of X with the column vector of B, (see demonstration 1.2):

UCL,1) = ((1 2),(3 4)) = 1x3 + 2x4 = 11
UC1,2) = ((1 2),(5 6)) = 1x5 + 2x6 = 17
UC1,3) = ((1 2),(7 8)) = 1%x7 + 2x8 = 23

4. The result is

U= (i1 17 29)

T e
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Demonstration 5.1 MATRIX INVERTER

Step 1: Enter main program:

REM DEMDE,
LET MeINU=Soag
FRINT "INFUT CIM'

0

o

H

|

T

128 ¥ =
i o [
4= =

(o T

i~

-

I

=

I

i)}

]

i

4

4

4

4

4

4 :

4 FOR I O

4 Il |:i p o ful

4 REM % OR ZTHES1, USE sz 3
CEOLL

Y BRIMT "R, I, d; =7

<4 IMFUT A(I,

4 F ALT,

4 MEXT o

4 FEM #x% FOR FTes1 SE sz =
CROLL

3

Sz

RO T I s B 1 s o o s oo o

IR ENDE SR E T O SR O~ e £ i s S
T
MMmMIzZ T
I
2
...,.l

S mI
~axin

4 F
& i
H25
32 L AE=TRiT, d1
428 S50 32U HE Ik
4.2 FRIMT “LETERMIMAMT = L
30 FOR I=1 TO ®
435 FoR J=1 TO i
432 PRIMNT “Res-2i;T; ", % =
BN I A A
> LET HM=J+iI-1) &0
IF IMT (HA1S)l 215 i THE =
433
FRIMNT “PRE3S “"EMTER' FiiE

—
o

B P e e O
=
_‘
17

—lrnmr =
[ = R N 1
._|
Dl

=
H

—
o

:"]:l'.
_l

FEIO M- R 0
O 23

F PRI I

(Y]}

Step 2: Enter subroutines: MXINV

Step 3 (PROBLEM 1): Find the inverse of the matrix

o .
A=11 2
0 1

Step 4: Run program:

USER ENTERS.: COMPUTER RESPONDS:
RUN INPUT DIM

INPUT MX ELEMENTS:
AC1,1)="

o

A(1,2)="

A(2,1)="

A(2,2)=7

P‘DbJH

(inverse, determinant

printed)




Step 5 (PROBLEM 2):

Find the inverse of the matrix

X=T1 2 3 4 5
0 1 2 3 4
0 0 1 2 3
0 0 (8] 1 2
0 0 0 0 1
Step 6: Run program:
USER ENTERS: COMPUTER RESPONDS:
RUN INPUT _DIM
5 INPUT MX ELEMENTS:
AC1,1)="
1 A(l1,2)="?
enter matrix elements row by row
0 A(S, B8)="?
1 {wait about 17s) (results printed)
PRESS "ENTER” FOR MORE
{enter}
{wait about 4s) (results printed)
Step 7: Discussion and suggestions:

The matrices in step 3 and step 5 were both invertible:
one of their respective determinants was zero.
constructed so that the diagonal elements {Aa(1,1),
all 1 and the elements below the diagonal were all 0
tees that the matrices can be inverted,
these cases is the product of the diagonal elements,
with various dimensions were inverted,

constructed matrices,

inversion times are plotted in figure 5-2.

neither
The two matrices were
,A(N,N)} were
This guaran-
since the determinant in

or 1. Similarly
and the
The time required for

the inversion of a matrix follows the relationship

tX N

2.07

where N is the dimension of the matrix.
Check the results of this demonstration by muitiplying the

original matrices by their respective inverted matrices.
matrix-multiplication subroutine MXMUT.

Use the
The multiplication should

give the identity matrix of the same dimension as X

T- [1

93 |



94

Find the inverted matrices of some:

1. Symmetric matrices: ACI,J) = A(J, 1)

2. Identity matrices: ACL,J) = 0 if I<¢<>J
1 if I=J

3. Diagonal matrices: A(I,J) = 0 if I<>3J

100 perpreerrrmrme ,
o0 E T e R
80 FEEE i i e
70 e
60 E AL

50 [k

i
M4 I
T

+ Faraars
e
S e n e

LE T

T

40 FEEEEEEE ER I B S

30

20

1
Ul L1 RN

0 R L 3
9 B il i
8 i Eedi
7 CETFFEEIR: il akaz
— 6 S
2 iz : 1 i
L 5 f“ FEEL PR :E: H
= ESE | : I FE TR TR
b 4 i3 FEET
st T
B i { ] ‘h-’ -,:
2 e
FLE EREEHHH R SR

1 2 3 4 5 6 78910
DIM

Inversion times vs dimension for matrices of same
form as those of demonstration 5.1

Figure 5-2



Demonstration 5.2

Step 1 (PROBLEM) :

o U 0.6 1.0 1.4 1.8 2.2
BA= (0.8 1.2 1.6 2.0 2.4
1.0 1.4 1.8 2.2 2.6

MATRIX-MATRIX MULTIPLICATION

Multiply matrix e by matrix ﬁ:

PUOUN=O
= e

; M
; L IH (L
‘ FIOR . TO i
: FoR T
422 LET ] 2+ 4
c - i-.,’}E:.::n
45 LET sl =0-1
452 LET JE1 =1
483 ME=T
454 LET X$="BiI,.n P =R L
485 GO SUE MXHUT
455 I=1 TO ¥
1B =1 TO L
i )

Step 3: Enter subroutines: MXMUT

Step 4: Run program:

USER ENTERS:
RUN

COMPUTER RESPONDS:
(results printed)
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Demonstration 5.3 MATRIX-VECTOR MULTIPLICATION

Step 1 (PROBLEM): Multiply vector X by matrix ﬁ:

. A 0.6 1.0 1.4 1.8 2.2 2
B X = 0.8 1.2 1.6 2.0 2.4 4
1.0 1.4 1.8 2.2 2.6 6
8
10
Step 2: Enter program:
43@ REH OF
451 LET M=
4532 LET M
433 LET ™
484 LET L
435 DIM B
436 DIM =
457 FOR o
4 dR I
4S5 1= =]
La~Tr
491
492
493
194
1395
195
497
L=
Step 3: Enter subroutines: MXMUT
Step 4: Run program:
USER_ENTERS: COMPUTER_ RESPONDS:
RUN {(results printed)
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Demonstration 5.4 TRANSPOSED VECTOR-MATRIX MULTIPLICATION

.-.l.I
Step 1 (PROBLEM) : Multiply the matrix'§ by the transposed vector x?;

T ¥ - (1 1 1) 0.6 1.0 1.4 1.8 2.2

0.8 1.2 1.6 2.0 2.4
1.0 1.4 1.8 2.2 2.6

Step 2 Enter main program:

S0R REM DEMOS, 4

S01 LET MeEmMUT=S18a

ER2 LET p=1

Z03 LET H=32

S04 LET L=5

SOS DIM S, L

SEE DIM il

SBTY FOR I=1

S5 FOR d=i

@8 LET BiI,

1@ ME=T o

=11 LET <11V =si

S12 MEXT I

S13 LET =gz o

514 =0 = ; s ¢ 1

S15 Fi =

S1s FoO =

S17 FR

513 ME

Sl FR N

==l

S21

Step 3: Enter subroutines: MXMUT

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN (results printed)

Step 5: Discussion:

Demonstrations 5.2, 5.3, and 5.4 of the subroutine MXMUT show
how any arbitrarily dimensioned matrix may be multiplied by another,
as long as the number of columns of the left-hand-side matrix is
equal to the number of rows of the right-hand-side matrix. The
two subroutines, MXMUT and MXINV are used in the following two
two chapters to solve a set of linear equations:

AX =2C

=, , ) o . ,
Ehere X is the solution vector, A is a square coefficient-matrix, and
C is a constant vector. The solution is

X = A C
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The implied multiplication is of a vector by a matrix, and X‘l is

the inverse of
For example, the following set of equations:

=L

can be written in matrix form:

i [1 2] [Xl' = [5}
| o 1] |X) 1

The solution is

b )

Step 6: Suggestions:

Demonstrations 3.2, 5.3, and 5.4 can be made more dgeneral by
the addition of a matrix-element entry portion. This might be a
separate subroutine, MXELM, which could also be called by any other
program or subroutine to enter elements into arrays. Once vou
have this working, try multiplying several vectors, X, by the matrix X:

EIIEEEY

If you find a vector X which when multiplied by'X giveé a multiple
of itself:

IR

then you have found an "eigen-vector" of the matrix'ﬁ, and K is its
corresponding "eigen-value."




Chapter 6 ROOTS/REGRESSION

This chapter contains three programs and subroutines to solve
two common numelical analysis problems. The first problem is to
find a solution of a set of equations which are not necessarily
linear. The second is to find an equation to "fit" a set of data &
points. The three programs and subroutines, ROOTN, REGRP, and REGRN
are included together in this chapter, because their structures
are similar to one another, and they all make intrinsic use of the
subroutines MXINV and MXMUT, from chapter 5.

The program ROOTN solves a general set of equations:

fo(x »Xy? = 0
f
N(x,, ’XN) =0
The user must first supply an initial estimate of the solution §
vector (X ..,X), and the program iterates until a (not necessarily}

unique so%ution) is found.

The subroutines REGRP and REGRN find a set of parameters
{w. 3} for an equation to fit a set of data points: {(xX.,....X.,¥)}.
Thg resulting choice of parameters minimizes the error between the
fitting-function and the data. In both subroutines, the form of
the fitting equations must be known beforehand:

In REGRP: f(X,W) = W, fl(xl,..,,xE) + ... o+ W, fo(x ”“"XE)

where the basis functions fl,...,fN aré simply functions of
xl,...,xE, such as exp(x, + X_).
In REGRN: f(X,wW) ="any General function of X.,...,X. and

paraneters {w._}. 1 E

REGRP cafculates the parameters {(w_.)} without any iteration,
while REGRN requires both a user-supplied initial guess for the
parameters, as well as several iterations to give the solution.

The reader and user of ROOTN, REGRP, and REGRN should have no k
trouble in finding real-world problems which can be solved by one
or more of these programs and subroutines. This is their best test,
and many improvements to the routines may be found in this way.
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Figure 6-1 Root finding program
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ROOTN

This program finds a solution vector, not necessarily unique,
to a system of equations

F1<X1‘X2""’XN) = 0

FN(XI’X2’°°"XN) = 0
The program uses a general Newton's algorithm. The user supplies an,
initial guess for the solution vector, (X_.,...,X,), and the programﬁ;
iterates to a solution. The number of equations is equal to the
number if independent variables, {(X.}. At each iteration, the

current value of the solution vector is printed. A root is found
when the set of function values evaluated at the root is zero.,

RUN:

ROOTN : INITIALIZATION:
Prompts, in order of appearance:
1. "INPUT NO. EQNS./VARS."

2. "INPUT FI(K(1),...,X(N))"
3. "INPUT INITIAL X(I)"
(where I = 1,...,N)

-t}

PRINT OUT X(1),...,X(N) and Fl,...,FN
--__.-'-"-'b"——-_.

PROMPT :

"CONTINUE?"

WYH

"N"

1

NEWTON ALGORITHM

STOP:



Algorithm (General Newton):

Given a current (Ith) iteration estimate for the solution

of the set of equations

1 e _
: Fl(X) = 0
’1 h—y
FN(X) = 0
the new estimate, X , 1s
_ I+1
i « 1-17T T
A X OF, (X OF X F (X))
{‘ Rier = X - 0%: a}_{l
: 3F1<R‘N>_ OFy(X}> Fy(Xp)
0 Xy 0 Xy [ ]

- 102




Demonstration 6.1 SYSTEM OF LINEAR EQUATIONS

Step 1: Enter program and subroutines: ROOTN MXINV MXMUT

Step 2 (PROBLEM): Find the solution vector to the following system
of linear equations

1 2 3 4 K1) 30
o 1 2 3 X(2) =| 16
o o0 1 2 X(3) 7
0O 0 0 1 X(42 2

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 6000 INPUT NO. EQNS./VARS.

4 INPUT F1(X(1),...,X(N))

X(1)+2xX(2)+3*xX(3)+4%xX(4)-30 INPUT INITIAL X(1)

1 INPUT F2(X{(1),...,X(N))

X(2)+2*xX(3)+3xX(4)-16 INPUT INITIAL X(2)

1 INPUT F3(X(1),....X(N)Y)

X(3)+2%xX(4)-7 INPUT INITIAL X(3)

1 INPUT F4(X(1),...,X{(N))

X(4)-2 INPUT INITIAL X<d{4)

1 (iteration O printed)
CONTINUE?

{enter} (iteration 1 printed)
CONTINUE?

{enter} (iteration 2 printed)
CONTINUE?

N (program stops)

Step 3: Discussion and suggestions:

The system of linear equations problem is easily solved by the
Newton algorithm in one or two iterations. This is because the
algorithm essentially linearizes the set of equations at each
iteration. For example, when there is only one independent variable,
a general problem might look like that of figure 6-2, where the root
of F(X) is to be found. In the figure, the current estimate is
XI° The program finds the next iteration estimate, XI+1 by :

1. Find the tangent to F(X) at X..

2 XI+1 = X-intercept of the tandent line.

Find the number of iterations needed for various sizes of the
coefficient matrix. Try some matrices that have elements with very
large and very small values, to see if more than 2 iterations are
required to find the solution.

Draw a picture of the general 2-dimensional root finding
problem and compare it with the 1-d case shown in figure 6-2.
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Figure 6-2 Root finding problem for one independent variable
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Figure 6-3 Root of demonstration 6.2
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Demonstration 6.2 SYSTEM OF NON-LINEAR EQUATIONS

Step 1: Enter program and subroutines: ROOTN MXINV MXMUT

Step 2 (PROBLEM): Find a solution of the following system of
non-linear equations:

EXP(XZ) = 1
Xl
X1 + X2 = 2
with initial guess: X1 = X2 =1
Step 3: Run program:
USER _ENTERS: COMPUTER RESPONDS:
GOTO 6000 INPUT NO. EQNS./VARS.
2 INPUT Fi(X(1),...,X(N))
EXP X(2)/X(1)-1 INPUT INITIAL X(1)
1 INPUT F2(X(1),...,X(N))
XC1)+X(2)>)-2 INPUT INITIAL X{2)
1 (iteration 0 printed)
CONTINUE? '
{enter} (lteration 1 princed)
CONTINUE?
Keep iterating!
{enter} (iteration 7 printed)
CONTINUE?
N (program stops)

Step 4: Discussion and suggestions:

In this problem, the common zero of the two surfaces F1 and F2

is found. From F2 = X1 + X2 - 2, the zero must lie on the line

X, = 2 - X

2 1
From F1 = EXP(XZ)/X1 - 1, the zero must also lie on the curve:
X2 = LN(Xl)

The common zero is the intersection of these two curves, shown in
figure 6-3.

Try different initial guesses, some from each quadrant of the
Xl—X coordinate system, shown in figure 6-3. Find out which values
converge most rapidly to a solution, and which, if any, never converge;
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Demonstration 6.3 NON-LINEAR EQUATION

Step 1: Enter program and subroutines: ROOTN MXINV MXMUT

Step 2 (PROBLEM): Find a solution of the following non-linear
equation

COS(X) = X
with initial guess: X =1

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 6000 INPUT NO. EQNS./VARS.

1 INPUT F1(X(1>,...,X(N))

COS X(1)-X(1) INPUT INITIAL X(1)

1 (iteration O printed)
CONTINUE?

{enter) (iteration 1 printed)
CONTINUE?

Keep iterating!

{enter} (iteration 4 printed)
CONTINUE?
N (program _stops)

Step 4: Discussion and suggestions:

The one-dimensional problem in step 2 is shown in figure 6-4.
From the figure, there are many "local minima” in the function
COS(X) - X. That is, the value of the function at a local minimum
is less than the values of the function in the immediate vicinity.
This may cause trouble for ROOTN, since the algorithm requires
the X-intercept of a tangent line at X_ be closer to the root than
X.. However, as long as the initial giuess is within some range
c{ose to the root, the requirement is met in this problem.
Determine the range of values of initial guess which give a
successful convergence of the program.

There are also problems where more than one zero exists. In
this case, the initial guess is also critical to the cutcome of the
program. Try some problems with many zeros, such as F(X) = COS(X).
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Figure 6-4 Root of COS(X)-X
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Figure 6-5 Linear least-squares regression subroutine
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REGRP

This subroutine performs a linear least-squares regression of
a Set of data points

X, .00, X sY. ), ., (X, ..., X2 :Y D))
11 E1 1 1p EP P
to a function which is the linear sum of "basis functions"”, {FI)
F(®) = W, F R o+ s wy FNGt)
where X = (Xl,,,b,XE)
For example, a suitable basis function is Fl(X X ) = 1+ X1 + 2X2,
The weights wl,. .,wﬁ are found, such that thé efror

Error = \/E;}F(XI) - YI]2

is minimized.

Nuﬁber of data points

CALL: P

E = Number of independent variables: X ,,.Q,XE

N = Number of basis functions: F ,...,%

) 1 N
= Number of weights: w s s Wi ‘ .

X(,) = Array of independent variable values of data points |

YO = Array of dependent variable values of data points '
REGRP: Changes G()> T J K LMU U(,) V(,) WO X3 Z({)
RETURN ; W(>) = Array of weights for each basis function

Algorithm (linear least-squares regression):

Given P data points

{(Xl,Yl),,..,(XP,YP)} 3 XI = (Xll,.,.,XEI)
and N basis functions, {F (ﬁﬁ}; the parameters, {wI), for the
regression function with %he least error

-t o -
F(X) = w, FI(X) e Wy FN(X)

are given by

-1
wl <F1,F1> <lE i <F1,FN> <Y,F1>

WN <FN,F1> <FN,FN) (Y,FN>

- ; » *F (X.) :
where <FJ,FK> ziFJ<XI)*FK(XI) ; <Y,FJ> EEYI* J( I 1
T=| I=y ]




t Demonstration 6.4 GENERAL POLYNOMIAL REGRESSION

E Step 1: Enter main program:
! 5380 REM DEMOS, 4
! S31 LET REGRFP=S130

LET HMXIMU=S005

EE} MAHUT =5 186

NT “IMPUT HO. CATS PTS

_ S35 INFUT P~ W« DATA PTE,
i pﬁrIj* "IHPUT MO, ERSTS FUMO
| TINPUT w
! T.UHptEéEEEHLHFUT MO. IMDEFPEMDEM

=59 IMPUT

M, 58]
Sd4l DIM XiE,R)
Sd2 IM S8
sS4 OF =1 TGO ¢
sS4 I s

L
T

P s T T
BNOZH-—-1T1

f—
S

i
[

IME

R EEITE I S ]
LT DT G T

OV O o

O£ e f fon

OF I=1 To @
= J=1 To E
@ PRIMT "IHPUT TGN
L IMFUT =i, T3 B o
E52 MEXT '
EE3 PRIk L
S54 PRI F L0, L
SS5 INFP Y
SEE CLS
SET HEW
S5 G0 _ZUE REGRF
S55 PRINT “d: COEFF (1" TEs 1=
PUE T SETELLITAR 12
Eﬁ? FOR J=1 TO
S81 FRIMT BT .0 J;TAE =it T
FE 12;F5i(.0) SooiTRE S "
SE2 MEXT J
SE3 PRIMT
S84 PRINT “I: %I(I):":TAE 18 ";mr
Ly Ty o T -
SES FOR I=1 ToO F
SS5 LET M=@
S67 FOR =1 TO M
SES LET H=M+LUAL Fgid 2l
89 ME=ET o T T TTE
3 FRIMT I;TAas = CIN,TRE 18
MEXT T o
=T

Step 2: Enter subroutines: REGRP MXINV MXMUT

‘Step 3 (PROBLEM 1): Given the data in the table below, find the
coefficients {W(I)>} of the least-squares fit to the function

F(X_,X,) = W(1) + W(Z)*EXP(—XI) + W(Bj*EXP(—Xz) + W(A)*EXP(—XIXXZ)
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I: Xl(I). XZ(I). Y(I):

1 1 1.00 6.2

2 1 1.25 6.0

3 1 1.50 5.8

4 1 1.75 5.6

5 2 1.00 5.3

6 2 1.25 5.1

7 2 1.50 4.9

8 2 1.75 4.8

Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN INPUT NO. DATA PTS.

8 INPUT NO. BASIS FUNCTIONS
4 INPUT NO. INDEPENDENT VARS.
2 INPUT F1(X(1,I)>,...,X(N,I))
1 INPUT F2(X(1,I),...,X(N,I1))
EXP -X(1,1) INPUT F3(X(1,I),...,X(N,I))
EXP -X(2,1) INPUT F4(X{1,I>,...,X(N,I1))
EXP (-X(1,I)*xX(2,1)) INPUT X1(1)

1 INPUT X2(1)

1.00 INPUT Y(1)

6.2 INPUT X1(2)

enter data from table in step 3

1.75 INPUT Y(8)
4.8 {wait about 33s) (results printed)

Step 5 (PROBLEM 2): Fit the data in the table below to a third-
degree polynomial

F(X) = wy o+ w2X + w3X2 + w4X3

I: X(I): Y(I):

1 .01 1.02

2 .05 1.11

3 .10 1.23

4 3.2 169

5 7.9 2180

6 1.1 12.2

7 2.0 49

8 5.2 655
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Step 6: Run program:

USER ENTERS: COMPUTER RESPONDS :
RUN INPUT NO. DATA PTS.

8 INPUT NO. BASIS FUNCTIONS
4 INPFUT NO. INDEPENDENT VARS.
1 INPUT F1(X(1,1),.. . X(N. 1))
1 INPUT F2(X(1,1),... X(N,I))
X(1,1) INPUT F3(X(1,1),...,X(N,I))
X(1,1)*x2 INPUT F4(X(1,1),...,X(N,1))
X(1,I)*xx3 INPUT X1(1)

.01 INPUT_Y (1)

1.02 INPUT X1(2)

enter data from table in step 5

5.2 INPUT Y (&)

655 {wait about 50s) (results printed)

T

Step 7: Discussion:

The mean-s uared error

N ~ 2
Error = Z (Zw F (XI) YI )

is minimized by REGRP The choice of basis functions is, of course,
critical to the regre3510n problem. For example, a regression to
one basis function, 1, could be done in problems 1 and 2. A
solution will be founé but the total error will be large even
though it has been minimized. Therefore, a choice of basis functions
should reflect the nature of the data, or an expected result. Since
the data in problems 1 and 2 was fabricated, the choice of basis
functions was simply those used to construct the data points.

The number of data points in both problems was rather small.
For some regressions, this may be a problem especially when the
number of independent variables is large or the number of basis
functions is large relative to the number of points.

Step 8: Suggestions:

Record some data. For example, take your pulse before, during,
and after some stressful activity, (like a viewing of the 6:00 news) .
It might look like figure 6-6. Choose a number of basis functions
which reflect the nature of the data, a displaced "hump", centered

_at time tX

F,o= 1
F, = (t - t_)
2 - T ox,
Fy = (t - t)



PULSE RATE

Use REGRP to find a regression curve, and plot it using PLOTZ2.
If these basis functions don't work, choose some other set. . You
may want to regress part  of the curve at a time. For exXample, the
initial rise is much different from the final fall in figure 6-6. A
better choice for the basis functions might be a set of exponentials.!

STRESS ON t, OFF

Figure 6-6 Pulse rate response to stress
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Demonstration 6.5 LINEAR REGRESSION WITH PLOT

Enter main program:

>
7
‘—f
D
ke
[

.S,
SO0 REM LEMOS.S -
S8l LET REGRP=51@R
582 LET MXIMNU=S0g0
533 LET MXMUT=S1i@0
§84 LET POIMT =280
S85 LET PLOTD=24G0
585 LET WINAX=1200
S87 LET SCRLE=238a
EEE GO0 SUE POIMT
S E0 SUE FLOTE
530 LET Pon —o1 ¢
S91 LET h=Z
592 DIM F& (i
S23 LET Fs ¢
S94 LET Fhi I
i 595 GO0 EUE
i S9€ FRINT - = UiE)
5 S37 PRINMT = L
: 593 FoR STEE (B-fi . loa
S83 LET L
. _500 IF ¥ G THEW 50 TO &g
| TE@L PLAT
1 -1 D Tj
1 %% PLOT
ﬂ :fag-c}“
@2 MHEAT
i S@s =SToOR
| x
!
3
{ Step 2: Enter subroutines: VINAX POINT.1 SCALE.2 PLOTD MXINV
] MXMUT REGRP
3
! Step 3 (PROBLEM): Find the slope and y-intercept of the least-
; squares fitted line for the data in the table below:
)
4 I: X(I): Y(I)
1 2.0 o
2 3.0 0
3 3.2 0
4 4.0 1.1
5 4.2 4.0
6 4.5 4.5
7 6.2 6.0
8 6.5 6.1
9 6.8 S.1
10 7.0 10




Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:
RUN INPUT NO. PTS.

10 X(1),Y(1)>="2

2.0

0 X(2),Y(2)=?
enter data from table

.1 X(10),Y(10)>=7
.0
o] {wait about 15s) (results printed, plotted)

9
Z
1

Step 5: Discussion and suggestions:

The linear-regression problem, as opposed to the problems of
demonstration 6.4, have the two basis functions

F, =1
1
F2 = X

The regression curve is a straight line:

F(X) = w1 + WZ*X
and w., is the y-intercept and w_. is the slope.

éxponential and power seriés regressions may be done simply by
entering the appropriate basis functions into lines 593 and 594,
Use different basis functions to regress the data in step 3.
Compute the error for each set of basis functions, (see spec-sheet
for REGRP), and see which choice best fits the data.

Find some real-world data for a linear regression, or an
exXponential regression. The regression line or curve may be used
to make a prediction, given the past set of data points.

>
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2@ PRIMT "IMPUT IMITIRL FEEL'";

IHFUT WiJd:
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Figure 6-7 Non-linear least-squares regression

subroutine



REGRN

This subroutine performs a non-linear least-squares regression
of a set of data points

;Y D))

(X, ,...,X p

, B Y (K L

1 1 P P
to a function containing N parameters wl,...,w§
For example, F(X_.,X.) = w. X. + w. X_ + w, X contains 3
parameters. 1= ol 272 37172 '
The weights wl,...,wN are found, such that the error
|
Error = [F(XI) - YI]2
I

is minimized.

An initial guess for the parameter values is entered, and the
subroutine iterates to a solution. At each iteration, the current
parameter values are printed. Convergence is indicated by non-
changing parameter values.

CaLL: Number of data points

Number of independent variables: Xl""’XE
Number of parameters: w s Wy
Regression function: F%X P G 7 N VD

$=

(,) = Array of independent va%iable vValues of gata points
(

(

= Array of dependent variable values of data points
= Array to be returned from REGRP with parameter
values. Must be dimensioned .
DIM W(N)

E<XXTYZMT

N -

REGRN: INITIALIZATION:
Prompt:
"INPUT INITIAL PAR(I)"
(where 1 = 1,...,N)
L]
PRINT OUT W(1),...,W(N)

PROMPT:
"CONTINUE?"
"N"

"Y 11

r
INLLS ALGORITHM |

RETURN W() = Regression coefficients
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Algorithm (non-linear least-squares, thanks to Anant K. Agarwal):

Given:
1. P data points
E {(Xl,Yl),...,(XP,YP)} : XI = (Xll, ,XEI)
S 2. An approximation function
-h b b
F(X,w) s w = (wl,o--,wN)

3. A current (Lth) iteration estimate for the parameter vector: WL

The new estimate, W , is
L+1

! |'<aF,aF>...<6F,(9F >‘-1'<Y—F,aF >
; L+1 "L d“’l v, dv, Ovy 0w,

<aF ,aF > ... <_a_1;“_,_(j_lj?___> : <Y—1;“,aF' >

| Jwy 0%, 0 “n O0%x | i J ¥y

dF (X , OF(XD

b
b

=
1l
+

‘|

| =

% 9% 0%  £.9%, d vk

ﬂ Y-F 5 OF 5 = (Y, - FXp ) QE(X::)
J dwy - 0%

:
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Demonstration 6.6 GENERAL NON-LINEAR LEAST-SQUARES REGRESSION

Step 1: Enter main program:

Sl REM LEHOS. s
1l LET REGRM=GSzpa
212 LET MXINU=5083
E%: EET‘$MH%T=ELQQ
214 Ik CIMPUT MNO. DRTS FTZ,
515 INPUT p T
JSL18 PRINT "IMPUT wO. esmsMETERS
E17
sls IMOEREMDES
T _UAR St SNBSS
2139
520 i
521 Y
22 >
823 ; A
(E, I 1, e
524 ‘U7 Fa
825 FOR I=1 ToO g
BE28 CL3
c27 FOR J=1 To =
P PRINT "INPUT ¥v; . ooy
2 IMFUT =i, T ’
ME=ET
FRINT
FRIMT “IMNEUT T T
IHPL S L

o

L e

=l

Step 2: Enter subroutines: MXINV MXMUT REGRN
Step 3 (PROBLEM 1): Fit the data in the table below to the function

F(X) = (1 « w1x>wz

I: X(I): Y(I):
1 .20 1.02
2 .40 1.05
3 .60 1.07
4 .80 1.09
5 1.0 1.11
6 1.2 1.12
7 1.4 1.14
8 1.6 1.16

assume initially w1 = w, = 1
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Step 4: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN INPUT NO. DATA PTS.

8 INPUT NO. PARAMETERS

2 INPUT NO. INDEPENDENT VARIABLES

1 INPUT FCXC1,1), ..., XCE,I);W(1), ..., ,W(N))
(1+W (1) xX(1,I))*x*xW(2) INPUT X1(1)

.2 INPUT Y (1)

1.02 INPUT X1(2)

enter data from table in step 3

1.6 INPUT Y (&)
1.16 INPUT INITIAL PAR(1)
1 INPUT INITIAL PAR(2)
1 (iteration 0O printed)
CONTINUE?
{enter} (iteration 1 printed)
CONTINUE?
keep iterating!
! {enter) (iteration 8 printed)
{ CONTINUE? '
{ N (program stops)
i

Step 5 (PROBLEM 2): Fit the data in the table below to the function

F(XI’XZ) = Wy (X1 - W2) X2

] 1 + W3 Xl + W4 X2

'—l
N

.3E-6
.6E-6
.9E~-6
.3E-5
.6E-5
.0E-6
.6E-5
JAE-5
.1E-5
.9E-5

QOO RO OO W,
LWWUNREFR~=ONW| <

PO ~NOOEFEWNR|
GO oOauNPDNDNDN xS
[Py [

NONONNO~NON| M

OCOCOOoOuUVUUOUO UM

8]

€
il
o
[
€
i
=
€
1
-
<
it
@]
[

Assume initially:

=
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Step 6: Run program:

USER _ENTERS: COMPUTER RESPONDS:

RUN INPUT NO. DATA PTS.

10 INPUT NO. PARAMETERS

4 INPUT NO. INDEPENDENT VARIABLES a
2 INPUT F(X(1,I), ... , X(E,I):;W(1), ... , WN))HR

WL *(X(1, 1) -W(2))*X(2, 1) /(1+W(3)*xX (1, 1) +W(4)*X(2,1))
INPUT X1(1)

2.5 INPUT X2(1)
2.5 INPUT Y(1)
3.3E-6 INPUT X1(2)
enter data from table in step 5
12.5 INPUT Y(10)
3.9E-5 INPUT INITIAL PAR(1)
.01 INPUT INITIAL PAR(2)
.1 INPUT INITIAL PAR(3)
.1 INPUT INITIAL PARC(4)
.01 (iteration 0 printed)
CONTINUE?
{ENTER} (iteration 1 printed)
CONTINUE?
keep iterating! ;
p
{enter} (iteration 7 printed)
' CONTINUE? . L
N (program stops)

Step 7: Discussion and suggestions:

The non-linear least squares problem usually requires many
iterations before a solutlon is found. There are many cases when
convergence does not occur or when the parameters get set to
unrealistic values. That is, it is trickier to use REGRN than
REGRP. On the other hand, if a theoretical formula is to be
applied to a set of data points and approximate values of the
fitting parameters are already known, then REGRN may give good
"optimized" values for the parameters. In this problem, as in
the root-finding problem solved by ROOTN, the choice of initial
values for the parameters is very critical: the results from one
initial guess may differ radically from the results obtained
starting with another initial guess.

The demonstration might be improved by limiting the values
of the calculated parameters. For example, if the "realistic"
values that might be taken on by a parameter w, are between 0 and 2
then the subroutine would limit the value of wI to between 0 and 2
at each iteration.

Use some different data, plot it using PLOT2, (Chapter 2), and
try to fit it with various functions using REGRN.

ey
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Demonstration 6.7

Step 1 (PROBLEM):

EXPONENTIAL REGRESSION WITH PLOT

Given the data in the table below, find the

parameters w, and W, of the least-squares fit to the function

F(X) = wl EXP(w2 XD
I: X(I): Y(I):
1 .01 2
2 .22 4
3 .35 6
4 . B3 12
5 .76 20
6 .81 23
7 .96 36
8 .98 38
Step 2 Enter main program:
4R REH
S41 LET 5]
E42 LET ]
&4 LET 5]
S4d LET @
242 LET 5
Z42 LET
7 LET
?
E—. [

TR0

Step 3:

Enter subroutines:

VINAX SCALE PLOTD POINT MXINV MXMUT
REGRN



BRI Sy g+ vy o -

i i

-l ot i s g T IR

Step 4: Run program:

USER ENTERS: COMPUTER RESPFONDS:
RUN INPUT NO. PTS.

8 X(1),Y(1)="

.01

2 X(2),Y(2)=?

enter data from table in step 1

36 X(8),Y(8B)="?

.98

38 INPUT INITIAL PAR(1)

15 INPUT INITIAL PAR(2)

2.5 (iteration O printed)
CONTINUE?

{enter} (iteration 1 printed)
CONTINUE?

keep iterating!

{enter} (iteration 5 printed)
CONTINUE?
N (program stops)

Step 5: Discussion and suggestions:

This demonstration makes use of 7 subroutines, making for a
short main program. Since the form of the fitting function is
predetermined, fewer prompts are required than demonstration 6.6.
After the parameters are found, a plot of the fitting function is
done, along with the input points.

Try different initial guesses to determine if more than one
set of "optimal" parameters exists.
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Chapter 7 DIFFERENTIAL EQUATIONS

We all possess sone ability to predict the future. When we
do this, we synthesize our knowledge of the state of the universe
at the present time with our knowledge of how it is likely to
change, or how it has already been changing in the recent past,
Thus, we solve a sort of boundary wvalue problem when we perform
such a prediction.

with the change of a variable or variables in time or Space, or
with respect to some other set of parameters. The solution to
Such a problem is called a "trajectory": the predicted "path" in
sSpace, time, or some other barameter, taken by the variable. The
boundary value problem consists of:

1. Knowledge of the present sState of the "universe”": The initial
conditions. That is, ‘the value of the variable at t=0 or
X=0, or

2. Knowledge of the way the "universe" has been changing: The
differential-equation(s) describing the mechanics of the
problem.

The subroutine RKUTT solves a system of 135 order differential
equations, with initial conditions, using the 4° order Runge-Kutta
algorithm. RKUTT can deal with a vector of output variables,
changing with respect to one input parameter. Differential
equations involving higher ordered derivatives may be resolved
; t : i \ .
into a system of 1 order differential equations. An example is
given in demonstration 7.1, problem 2.
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FEEQ REM REUTT 4TH ORDER RURNGE-
hUTTRJ
LET M=
CIM g
LIM K
I

=4
=
=
v}

[
=
C SO0 £ D& ) O £ 036 03T RO 0O = N

FOR
LET b

GO SUE 7R45

LET a=h+HxE

LET =g="Uid, I +r (J,K=-1) s2"
GO 5UE TR4&S

S0 SUE Ta4S

LET x=x+H/2

LET Mg="l0iJ,T1 4K (Jd,31"

=0 3u A4S

LOLOORDEESRREEREEEE G
ok i LOLAA LA N Y T ] K ey S S S Y o o

Lt IS S L A A
+hl!.fJJsu

g e Bt R L P T R PR P Y P B PN I (NG Oy ooy

f-

h
TH+ e 4f U.l
=
.

I1 ]

K.

B42 I
F@dd MEXT i
Tode RETURH b
F@4E FOR Jd=1 TO E I
TEE@ LET Y sURL ¥
TOE2 MEXT
@54 FOR J=1 TO E
TREE LET rLthl—hwUHL Ffld:

TOES MEX "

TRED L:T E=H+1

.I
|

SEEZ RETURM

Figure 7-1 Differential equation solving subroutine
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REKUTT

This subroutine numerically solves first-order vector differ-
ential equations of the form

[ay, x> [ LY GO, LY (R0
dx
dYN(X) FN(X,YI(X),O,,,YN(X))
dx
over the interval: X. <=X<=X i The values of the solution vector

are specified at the_%ower end-point of the interval:

It <

Yl(XL) al

YN(XL) aN

ol - - -

The subroutine uses a fourth-order Runge-Kutta algorithm.
Values for the solution vector are calculated at each step in the

independent variable

= (I-1)*H ; = - .
xI XL + ) I 15 g miesavi INT((XU XL)/H) + 1

where H is the user-supplied step-size for the integration.

CALL: E = Number of variables: {YI}
= Number of equations: {YI'= FI}
A = Lower end-point: XL
B = Upper end-point: XU
H = Step-size
F$() = Array of functions: {FI)
Y() = Values of YI at X=XL
RKUTT: Changes I J K K(,> N V(,) X X$
RETURN: N = Number of steps

vV, Solution at all steps:

VI, 1) = YJ(XL + (I-1)xH)
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Algorithm (Ath—order Runge-Kutta):

Given the solution point.at a particular step
(X;Yl,....YE)

the calculated solution point at the next step is

&« Axsy, o« Avaooovg - Avp

where
Yy o= 1/6 [K () v 2Ky(0) v 2K, () + K, (D]
K, = Ax FyOuY LYy
Ky = Ax Fy(Xed AXGY +3K (1), ..., Y +3K (E))
Ky = Ax FJ(X+%AX;Y1+%K2(1),...,YE+%K2(E))
K,(D = AX F (x+ Ax:y + Kg(1), ... Y+ K (ED)
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Demonstration 7.1

PLOT COMPUTED SOLUTIONS TO SEVERAL

SYSTEMS OF DIFFERENTIAL EQUATIONS

Step 1: Enter main program:
570 REM C
§71 LET R
72 FRINT
573 INFUT
574 FRIMT
IMIT=E"
S57S IrF!
ETE IHF
EFY PRI -ZITS
ETE IMF
&79 DIM
EZ@ DIM
851 FOR
532 PRI i+
wowoa g IR
=223 IMF
234 FREI % =T =
YA
BSE TMREUT v ()
S& CLS
T OME=T J
52 SUE
LET C=1
LET D=
FOR =1
FOR I=1
LET E=U
IF ¥ LET
i LET

- —r
Py

-
-

| TR

PIU OO 20 P 0 7T

H

ach
R e 0|

s I'T! (=

T84 PRIMT &7 .8 "FROH (e
—..u} T PR . o L 1]

Step 2: Enter subroutines: RKUTT

Step 3 (PROBLEM 1):
differential equations:
& B ~

3 .
le(X) —4Y1+Y2 Yl(O)
dX =
dYZ(X) —EXP(2X)*Yl Y2(O)
dX J L 1L
over the interval: O<¢=X<=1

Plot the solution to the

Second-order system of



Step 4: Run program:

USER _ENTERS: COMPUTER RESPONDS:

RUN INPUT NO. EQNS.

2 INPUT LOWER, UPPER LIMITS
0

1 INPUT STEP-SIZE

.02 INPUT F1(X,Y(1),...,Y(N))
~4xY(1)+Y(2)*xx3 INPUT Y(1) AT X=0

1 INPUT F2(X,Y(1),...,Y(N))
~EXP (2*xX)xY (1) INPUT Y(2) AT X=0

1 {wait about 1m50s} (results plotted)

Step 5 (PROBLEM 2):

Plot the computed solution to Bessel's equation

X? dPY(X) + X d¥(X) + (X? N2)Y = 0
dx? dX
for N = 0, over the interval 0<X<=5
To do this, let }
Y1 = Y
Y, = dy |
2 dx
This gives the system of 1St—0rder differential equations
le _oay Y.
dX = dx 2
dy
2 _  dry day 2 _ Nz 2 =
ax = ax 2 [X ax + (X - N )Y] /X = —Y2/X Y1
Y., 1s the solution to the original differential equation. Using
tﬁe initialtﬁonditions Y (0) =1 ; Y_(0) = 0, the solution will
be the zero " -order Bessél's functioh of the first kind, JO, (gge

chapter 3). Also, si

nce J_' = - J

Y, will be the inverted 1

2

-order

Bessel's function of the first kiné.

Step 6: Run program:

USER ENTERS:

COMPUTER RESPONDS:

RUN INPUT NO. EQNS.

2 INPUT LOWER, UPPER LIMITS
1E-7

5 INPUT STEP-SIZE

.05 INPUT F1(X,Y(1),...,Y(N))
Y(2) INPUT Y(1) AT X=1E-7

1 INPUT F2(X,Y(1),...,Y(N))
“Y(2)/X-Y(1) INPUT Y(2) AT X=1E-7

0] {wait about 2m20

s} (resu

lts plotted)
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Step 7: Discussion and suggestions:

Problem 1 and problem 2 were both second-order problems.
Problem 2 showed how a differential equation involving both first
and second order derivatives may be resolved into two equations
involving only the first derivative. Differential equations
involving higher order derivatives may also be resolved into a
system of first-order differential equations in this way.

There are a number of algorithms which are used to numerically
solve differential equations. The Runge-Kutta method integrates the

functions F,,...,F, at each step in the independent variable, X,
using a rulé similar to Simpson's rule, (see chapter 4), starting
from the initial valuessgf the dependent variables Y_,...,Y..

For example, the 1 order problem is: 1 N

dy(X) _ : .

ax - F(X,Y) ; Y(A) = YA
Integrating: ' A+ AR A+2AX X

Y(X) = Y, + F(X,9ak + [FR,¥Hak + ... + [FEX,DHak

o A A+Ax : At T oX

where ¥ is the value of Y in the small interval. Each integral is

calculated using a rule. The integrations are continued in this way
until X reaches its upper limit, B. .

Use RKUTT to solve some other differential equations. Try some
higher order systems of differential equations, and some differ-
ential equations involving higher 0£gers of derivatives.

SEhe general resolution of an N "-order problem into a system
of 1° ~-order differential equations is:

1. Or&ginal equation:

1
E G; (%) d YU : P& =10
dx

I:0
2. The N first-order equations are:

le = Y2

dx

Yo - Yy

dx

: N -

. G X
vy, F(X) =+ E 'FL;%T'_ YN
—_ & (A

ax UN(X) e N

i?ﬂ by the NP _order derivatives
v )

The initial conditions are specif
A

of the function Y at A: YN(A) .



Demonstration 7.2

Step 1: Enter main

REM [
LET R

=
10 = 128

-
]
-

6 =300 LR 4= L i
]
..l

B b b b e s s

R R DY B T B B Py gy

Step 2: Enter subro

Step 3 (PROBLEM 1):

dy = -Xy ;
dx

PLOT COMPUTED SOLUTIONS TO SEVERAL
FIRST-ORDER DIFFERENTIAL EQUATIONS

program:

utines: RKUTT VINAX SCALE.1 PLOTD
Plot the computed solution to

Y(-5) = EXP(-12.5) . -5¢=X<=5

Step 4: Run program:

USER ENTERS:

COMPUTER RESPONDS:

RUN INPUT INTEGRAND=F(X,Y (1))
- XxY (1) INPUT LOWER, UPPER LIMITS
-5

5 INPUT Y(1) AT X=-5

EXP -12.5 {wait ab

out 50s} (results plotted)

Step 5 (PROBLEM 2):

dyY = -Xy?

—— »

d

Y

»

Plot the computed solution to

(1) = 2 s I=X<¢=2
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Step 6: Run program:

USER _ENTERS: COMPUTER RESPONDS:

RUN INPUT INTEGRAND=F(X,Y(1))
-XxY (1)*xx2 INPUT LOWER, UPPER LIMITS
1

2 INPUT Y(1) AT X=1

2 {wait about 1ml5s) (results plotted)

Step 7 (PROBLEM 3): Plot the computed solution to

day = -X/Y i Y(0) = -1 ; 0<=X<=1
dX

Step 8: Run program:

USER ENTERS: COMPUTER RESPONDS:

RUN INPUT INTEGRAND=F(X,Y(1))
X/Y(1) INPUT LOWER, UPPER LIMITS
(0]

1 INPUT _Y(1) AT X=0

-1 {wait about 50s} (results plotted)

Step 9: Discussion and suggestions:

The last demonstration main program could also have been used
to plot out the computed solutions to these problems. However,
less prompts are required for this demonstration, since the order
of the system of equations is pre-determined.

The problems in this demonstration may be solved by simple
analyvtical methods, such as separation of variables. Compare the
numerical results with the analytical results. Use different step-
sizes, and observe the effect of varying the step-size on the

accuracy of the computed results.



Chapter 8 NUMBER REPRESENTATIONS

There are many ways to symbolically represent a number.
The ZX81 and TS2068 use this internal representation for "floating-
point" numbers:

8 bits 1 bit 31 bits
EXPONENT SIGN FRACTION
where a "bit" is either 0 or a 1. To get back to scientific

notation, assuming EXPONENT, SIGN, and FRACTION are all integers
in base 2 notation:

‘32+2_1)sz(EXPONENTlo—lzs)

number = <—1)T(SIGNlo)x(FRACTIONloxz
where the subscripts "10" indicate base 10 notation corresponding
to the base 2 integers.

This chapter presents a few other ways to represent numbers,
including ratios of integers, 9's complement notation, and different
base notations.

RATIO is a program that finds two integers whose ratio is
close to or equal to the value of a given number. The real number
system is composed of both rational andirrational numbers. The
rational numbers are those whose values are given exactly by a
ratio of integers. Since all numbers are represented by the
ZX81 and TS2068 with only up to nine digits (base 10), all of
the numbers which are represented on the computer are essentially
rational: for example,

- 123456789 = 123,456,789/1,000, 000, 000

RATIO, hoggver, looks for the smallest integers whose ratio is
within 10 of the given number.

The subroutine OPERA extends the accuracy of the computer for
multiplications, additions, and subtractions. Operations with
very large decimal-place accuracy take much longer than the usual
9-digit accuracy operations, (since the program is in BASIC, rather
than in assembly language). The subroutine uses a similar rep-
resentation of each number to the ZX81/TS2068 internal representation.
However, base 10 notation is used rather than base 2. OPERA is
used in demonstration 8.2, a reverse-polish notation calculator,
with user-defined precision.

The program BASER changes the representation of a number in one
base to another base. Both integers and fractions are handled by
BASER, and fractions are truncated to the same accuracy as the
original representation. .

Finally, ZXCAL turns the ZX81/TS2068 into a scientific notation
calculator, with successive results scrolled onto the screen.
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Q88 REM PROSRAM RATIC
CIMPUT

FRIMNT
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LET
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IF A

o
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rm
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Ratio-finding program



RATIO

This program finds a ratio of two positive integers which
approximates a user-supplied positive real number:

-6

- E <= 10

A
B

where A and B are integers, and E is the user-supplied real number.

RUN:
RATIO: Prompt:
"INPUT NUMBER"
STOP: E = Input number
A = Numerator
B = Denominator

E A B and A/B printed
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Demonstration 8.1 FIND RATIOS FOR SEVERAL IRRATIONAL NUMBERS,
ACCURATE TO 6_DECIMAL PLACES

Step 1: Enter program: RATIO
Step 2 (PROBLEM 1): Find a ratio for 7.

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:
GOTQ 8000 INPUT NUMBER
PI {wait about 45s} (results printed)

Step 4 (PROBLEM 2): Find a ratio for e.

Step 5: Run program?

USER ENTERS: COMPUTER RESPONDS:
GOTO 8000 : INPUT NUMBER
EXP 1 {wait about 5m45s} (results printed)

Step 6 (PROBLEM 3): Find a ratio for 1}3/2.

Step 7: Run program:

USER ENTERS: COMPUTER RESPONDS:
GOTO 8000 INPUT NUMBER

SQR 3/2 {wait about 3mi5s) (results printed)

Step 8: Discussion and suggestions:

It's interesting that the ratio of two fairly small integers
gives a close approximation to the value of 9. It takes about 7
times longer to find a ratio for e. There are, of course, many
more irrational numbers which may be subjected to RATIO. In fact,
the set of real numbers might be described as the set of irrational
numbers with a few rational ones thrown in. However, as these
examples show, given any irrational number, a rational number may
be found which is arbitrarily close to it. This is fortunate, since
computers cannot yet dgrasp the concept of the irrational number.

Try RATIO on an integer, a number with a repeating digit, such as

.0033333333... oOr .457457457...

and other numbers which may or may not be rational.
Find ratios with less accuracy than 10ppm by changing line
8014 of the program RATIO. Print out all results which are within

a certain range of accuracy.
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OPERA

This subroutine performs multiple-precision multiplication, =
addition and subtraction of floating-point numbers. The precision
is caller-defined. The subroutine is designed to be used in a
Reverse-Polish Notation (RPN) calculator, as shown in demonstration
8.2.

CALL: N = Precision: number of decimal places = Nx8
Z(,) = Register array. Must be dlimensioned
DIM Z(8xN+2,2)

X$ = Number in scientific notation
Y$ = operation:
">" for ENTER : Put number in accumulator i
"+" for addition : Add number to accumulator n
"~" for subtraction : Subtract number from
accumulator
"x" for multiplication : Multiply number by
accumulator
OPERA: Changes A AS BCDEVFGHTI JXO YO zZ(,)
RETURN: Operation performed. Result is put in accumulator.
Accumulator printed.
Summary of subroutine operation:
The register array has this format:
Register name: Variable: Format :
Accumulator Z(*x,1) .‘F FF ... FF F|S|E |
X Z(x,2) AFFF ... FF FISIE ]
h . -

~
8N places

Where .FFF...FFF is the fractional part of the number, S is the sign
of the number (:1) and E is the exponent of the number. The frac-
tional part of the number is adjusted so the first number after the
decimal point is non-zero.

Multiplication (MULTX):

Lines 8200 to 8214: Multiply all digits of accumulator with all
digits of X and store result in Y().

Lines 8216 to 8226: Transfer portion of Y() that is greater than 9
to next digit, etc.

Lines 8228 to 8234: Look for first non-zero digit in Y.

Lines 8236 to 8244: Transfer Y() to accumulator such that first
digit after decimal-point is non-zero.

Lines 8236 to 8248: Adjust sign and exponent.
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Addition/Subtraction (ADSUB):

LLine 8302: 1f operation' is subtraction, then change sign of X

and proceed with addition.

Lines 8304 to 8310: Depending upon difference in exponents of X and
accumulator, determine the register to be shifted (H), and by how
many places (F). Call shifting subroutine, (SHIFT).

Lines 8312-8324: Convert to ten's complement if sign of accumulator
or X is negative.

LLines 8326 to 8336: Add X to accumulator.

Lines 8338 to 8342: Ten's complement accumulator if result is
negative.

Lines 8344 to 8354: Left-shift accumulator to give a non-zero digit
after the decimal point.

Line 8356: Adjust sign:
"0" = "+" and "9" = Pl_" to ll+1" - N+N and 99_1" - n_n



Demonstration 8.2

Step 1: Enter main program:
REHM LREMIOS.Z2
LET OFrERA=Z1a:
ERINT "IMPUT FEECISION
IMFEUT
LT X
PRIk
TrHPI
FRIk
IHEL
=

S

L.

Dy

Step 2:

Enter subroutines:

Step 3 (PROBLEM 1):
24 decimal places.

radians/degree

N/180
Step 4: Run program:

USER ENTERS:
RUN

REVERSE-

Find the number of radians in one degree,

POLISH CALCULATOR

OPERA

to

9 *x 0.00555 |

COMPUTER RESPONDS:
INPUT PRECISION

3

INPUT NUMBER

3.14159265358979322384626473

INPUT OPERATION

bd

(number is printed)
INPUT NUMBER

.00555555555555553555555555

INPUT OPERATION

X

(result is printed)

Step 5 (PROBLEM 2): Using 15
S =1+ X + X% + X3 X4
for X = .005

place accuracy,

X5

compute the sum

+

X(X(X(X(X+1)+1)+1)+1)+1
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Step 6: Run program:

USER ENTERS:
RUN

COMPUTER RESPON

DS:

INPUT PRECISION

INPUT NUMBER

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INFPUT OPERATION

(accumulator 1s
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is
INPUT NUMBER

printed)

INPUT OPERATION

(accumulator is

printed)

Step 7:

Discussion and suggestions

Problem 1 and problem 2 Keep all of the interesting digits

that are usually lost in computer calculations.

Many multiple

precision calculations are amazingly symmetrical: for example, those
involving 9's.

Appendices B and C give some phvsical and mathematical constants
and conversion factors with many decimal places. (The value for
¢ has been calculated to many more pages of decimal places than is
shown in appendix B.) Many calculations can result in the amplifi-
cation of round-off errors, and in these calculations. the larger
the number of decimal places, the better.

Tryv writing a division subroutine for OPERA. Of course, multiple
subtractions might be done. but this would take much time to perform.
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BASER

This program converts a number in one base notation to another
base notation. The number may contain an integer part and a
' fraction part. Fractions are rounded off to the equivalent number
of places in the new base notation to the old base notation.

RUN:
BASER: Prompts, in order of appearance:
1. "INPUT BASE(TO)"
2. "INPUT BASE(FROM)>"
3. "INPUT NUMBER IN BASE B"
(where B is the old 'base)
STOP: Number priﬁted old base and in new base

Example of algorithm:

1. Convert 12.34 to bése 2 notation.
10
2. Integer part:

rtet 12 = a2° + b2l +« 22 + 423 -

Successive divisions of the integer part by 2 gives:

6 = b20 + c21 + d22 + ... ; remainder a = 0
0 1 ' .

3 = ¢c2° + d2° + ... ; remainder b = O

j_ 1= d20 + Wi a : remainder c = 1

0 = ... ; remainder d4 = 1

Hence, successive divisions by the new base gives remainders equal
to the digits of the number in the new base, starting with the

least-significant digit.
3. Fraction part:

Let .34 = a2 Y + p272 4+ c273 4 qa2™% .

Successive multiplications of the fraction part by 2 gives:
1 -2 -3

0.68 = a + b2 =~ + c2 + d2 + ... ; linteger part a = O

1.36 = b + c2™ + d27% + ... ; integer part b = 1

0.72 = ¢ + d2”t « ... ; integer part c = O

1.44 = d + ... ; integer part d = 1
4. From parts 2 and 3: 12.3410 = 1100.01012
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Demonstration 8.3 CONVERT SEVERAL NUMBERS FROM

Step 1:

ONE _BASE TO ANOTHER BASE

Enter program; BASER

Step 2 (PROBLEM 1): Convert F.AlOC1 to base 10 notation.

Step 3:

USER ENTE

6

Run program:

RS: COMPUTER RESPONDS:

GOTO 8600 INPUT BASE(TO)

10 INPUT BASE(FROM)

16 INPUT NUMBER IN BASE 16
F.A1l0C (results printed)

Step 4 (PROBLEM 2): -Convert 101100001112 to base 10 notation.
Step 5: Run program:

USER ENTERS: ' COMPUTER RESPONDS :

GOTO 8600 INPUT BASE(TO)

10 INPUT BASE(FROM)

2 INPUT NUMBER IN BASE 2
10110.00111 (results printed)

Step 6 (PROBLEM 3): Find the base 16 representation of 1.
Step 7: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 8600 INPUT BASE(TO)

16 INPUT BASE(FROM)

10 INPUT NUMBER IN BASE 10
3.141592638979323846 (results printed)

Step 8 (PROBLEM 4): Find the base 2 representation of 9.
Step 9: Run program:

USER ENTERS: COMPUTER RESPONDS:

GOTO 8600 INPUT BASE(TO)

2 INPUT BASE(FROM)

10 INPUT NUMBER IN BASE 10
3.141592638979323846 (results printed)
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Step 10: Discussion and suggestions:

Most of us are flueht only with base 10 representations of
numbers. However, there are at least three other commonly used
number representations: base 2 (Binary), base 8 (Octal), and
base 16 (Hexadecimal). These bases are all powers of 2, and since
all information in a digital computer exists, at least on some level,
in a binary form, the binary, octal, and hexadecimal number systems
are convenient representations to use. To change base notation
within these powers-of-two representations is simple. For example,
the change from base 2 to base 16:

base 2 number : ... 1011 0110 . 0101 0101
base 16 number : : % B 6 ; 5] 5

the algorithm is to group four of the base 2 digits together, without
overlapping the radixX-point, and writing the base 16 digit corresponding
to each group.

Note that an appropriate number of places is chosen in the new
base notation by BASER. . This corresponds to the same accuracy as the
representation of the number in the old base.

It is highly recommended to view the representation of PI in
base 32. Note that letters take the place of numbers after vou reach
base 9, (any base larger than 10). If vyou get higher than Z, then
other symbols corresponding to character codes will be used.
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ZXCAL

This program makes the ZX81 or TS2068 emulate a scientific
calculator with the functions:

+ - x / LN EXP SIN COS TAN ACS ASN ATN SQR

The "ENTER" Key is equivalent to the "=" key on a scientific
calculator. Successive results are scrolled onto the display.
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Demonstration 8.4 SCIENTIFIC CALCULATOR

Step 1: Enter program: ZXCAL
Step 2 (PROBLEM): Use ZXCAL to calculate
EXP((355/113)*%LN(3.2+6.8))

Step 3: Run program:

USER ENTERS: COMPUTER RESPONDS:
GOTO 8800 (waits for input)
3.2 ({enter) 3:2

+6.8 {enter) 10

LN {enter} 2.3025851
*355/113 {enter} 7.2337851

EXP {enter) 1385.4567

Step 4: Discussion and suggestions:

It is hoped that this book has shown that the computer is
orders of magnitude more powerful than a hand-calculator. Hand-
calculators are appreciated for their portability, but the computer
can always take over when necessary, as ZXCAL shows.

ZXCAL may be included in other programs for a convenient
calculator for stray calculations. If vou have a printer, modify
ZXCAL so that it prints out the successive results.
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Appendix A ONE-LINERS

Table A-1 lists some mathematical functions not found on the
7X81 and TS2068, but that may be implemented in one program line,
as shown in the "Implement"” column. The center column gives a
range of values for the arguments, for those who like to stretch

the limits of their machines.

Notes:

1. If the intent is: Y=min(X,Y), then this function may be more
efficiently implemented by

IF X<Y THEN LET-Y=X

2. The MOD function gives the value of the argument in a particular
MOD. For example, counting in MOD 5 goes like this:

01234012340123



Table A-1 One-liners

o= 4x10722, N = 1x10
INTENT: CAREFUL. ¢
Z=loglo(x) H<XCKN
Z=cosh(X) -88¢X<88
Z=sinh(X) -88<¢X<(88
Z=tanh(X) ~-N/10<X<44
z=cosh™ 1 (x) 1<=X<VG;
z=sinh 1 (xX) —10—7<X<\/;:

z=tanh™ ! (x) -1<X<1
(D) z=min(x,v>
@ Z=max(X,Y)
® Z=mod,, (X> X,Y integers
Z=remainder(xX/y)
Z=db conversion(x) H<X<N
Z=deg to rad(X)

Z=rad to deg(X)

Y

Z=X X may be <0

Z=truncation to Y plcs. (X)

38

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

LET

IMPLEMENT :

Z=LN X/LN 10
Z=.5x(EXP X+EXP -X)
Z=.5x(FXP X-EXP -X)
Z=(EXP (2xX)-1)/(EXP (2xX)+1)
Z=LN (X+SQR (X*X-1))
Z=LN (X+SQR (Xx*xX+1))
Z=.5*%LN ((1+X)/(1-X))
Z=(Y<X)*Y+ (Y >=X)*xX
Z=(Y>X)*Y+(Y<=X)*X
Z=X-INT (X/Y)xY
Z=X-INT (X/Y)xY
Z=20xLN X/LN 10
Z=X*P1/180

Z=X*180/PI

Z=SGN X*ABS XxxY

Z=SGN X*INT (ABS X*x10xxY)/10xxY
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Appendix B PHYSICAL AND MATHEMATICAL CONSTANTS

Values of some of the more or less fundamental constants are
shown in table B-1. The physical constants are from reference (22).
Uncertainties are given in parts per million (ppm) of the main
number. For example, the uncertainty in the value of the speed of
light is:

1(2.99792458X108)X(.004X10_6) m/s £ x1.2m/s

‘The mathematical constants are from references (1) and (3).
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Appendix C UNIT CONVERSIONS

The following series of conversion charts give conversion
factors within and between metric and U.S8. Customary systems of
units. All conversion factors are exXact except those noted, in
which case the exact expression is found in the footnote. The
charts show the units in their relative sizes on a logarithmic
axis, with the smallest at bottom and the largest at top. For
example, on the Length chart, there are 100 centimeters (cm) in
a meter (m), so the label for the cm is spaced 2 units below the
label for m, since 2 = log, _100.

To obtain a conversion factor between any two units on a chart:

1. Locate the two units, UNIT1 and UNIT2,and find a path between them.

2. Let F=1
Move along the path between UNIT1 and UNITZ2:
If moving in direction of arrow, then let F=F/NUMBER ON PATH
If moving in opposition to arrow, then let F=FxNUMBER ON PATH
At end of path, check: If UNIT2 is lower than UNIT1l, then F

should be greater than 1.
3. F has units of UNIT2/UNITL:
If converting X UNIT1's to Y UNIT2's, then let Y=XxF
If converting Y UNIT2's to X UNIT1's, then let X=Y/F
4. Example: Convert 15.23 meters to inches.

From the Length chart:

Starting at meters (m) and moving toward inches along the dotted
path:

F=1x10%/2.54 1in/m

15.23m = 15.23%F in = 599.61 in

conversion Charts notes:

1. 6336/3937 4. (5659/8640)x1.9
2. (3937/6336)2%x6.4 5. 175/144
3. .67200625x%x1.6387064
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Appendix D SUMMARY OF CENTRAL SUBROUTINES AND PROGRAMS

Tables D-1 and D-2 list the properties of the central sub-
routines and programs from chapter 1 through chapter 8. The column
labeled "User-supplied variables" lists the variables which a
sSubroutine or program prompts the user for. The column labeled
"Caller-supplied variables” lists the variables which are supplied
by a calling main program or subroutine. The column labeled
"Output variables” lists the variables which a central subroutine
returns to the calling main program or subroutine. The column
labeled "Variables changed” lists all variables changed by the
central program or subroutine, as well as those changed by any
subroutines which are called by that central subroutine or program.
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Please use the following page to send in any comments, suggestions
interesting results, new programs, etc,. If you find any glaring
errors in the book, please correct me. If vyou have succeeded in
translating any of these programs to different computers, please
tell me how you did it, and what problems you had in doing it.
If there is a second printing, I may include an extra chapter of
programs sent in by readers.
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