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Preface

Until recently, all but the most trivial computer graphics was the province of
specialised research groups. Now with the introduction of reasonably priced
graphics devices, the subject will reach many more users and its full potential
can be realised. Computer-produced pictures always impress the layman, and the
‘mysterious’ techniques used for drawing them have gained a (false) reputation
for complexity.

This book, as its title implies, is a practical first step in understanding the
methods of computer graphics. After studying the contents and implementing
the examples and exercises, the reader will be ready to attempt most tasks in
graphics, whether these be the production of elementary data graphs, pie charts,
etc., the drawing of patterns or diagrams for books, pamphlets or as teaching
aids (all the diagrams in this book were drawn by computer) or the development
of far more sophisticated design and technical drawing programs used in the
aeronautics, automobile and other industries. Hints on how to tackle some of
these sophisticated programs are also given.

It is assumed that the reader has an elementary knowledge of the Fortran IV
programming language, and of cartesian coordinate geometry. This knowledge
will be used to produce simple diagrams, and to produce the basic programming
tools and routines required for the more ‘complicated’ designs. Then, hopefully,
the reader will be inspired to seek a greater understanding of geometry and also
to read more advanced works on computer graphics and to use the commercially
available packages.

This book was designed to be completely self-contained, therefore no
references are given. The contents reflect what I consider to be the logical
development of the basic concepts in computer graphics, produced independently
of the preconceived ideas of other authors, although standard terminology is used
where appropriate.

The only way to understand any branch of computer science completely is to
study and write a large number of programs; this is why the format of this book
is that of ‘understanding through worked examples’. The chapters are centred
around numerous examples and the ideas that lead from them. Many students
readily understand the theory behind graphics, but they have great difficulty in
implementing the ideas. Hence great empbhasis is placed on the program listings;
over seventy program segments are given — some quite substantial. Total under-
standing will only be achieved by running these programs and experimenting



viii Preface

with them. The programs can be thought of as an embryonic graphics package,
but most importantly they are the means of describing the algorithms required

in the solution of the given problems. They are readily translatable into other
computer graphics languages such as Pascal or Basic. The routines described were
devised for use with both Tektronix Interactive Graphics Consoles and microfilm,
but again théy can be made to run on any graphics system, be they paper plotters,
other ’scopes, etc., with a minimum of thought.

The figures drawn are deliberately kept simple in order that the description of
the detail in scenes should not obscure the new ideas being introduced.
Complexity is left to the reader! No claims are made regarding the efficiency of
the program segments; instead, a balance is maintained between efficiency of
code and clarity of the description of the algorithm. As far as possible the
programs were written in modular form. There are many cases where, by
reorganising the programs, combining routines and perhaps obscuring the code,
redundancy of data variables and statements may be eliminated. This can be
considered a general exercise that runs throughout the book.

The main purpose of this book, which is essentially a third-year degree course
given to undergraduates at Royal Holloway College, University of London, is to
set out the groundwork of computer graphics, but to leave as much as possible
to the imagination of the user — an exciting prospect. As one who found it
‘difficult to draw a straight line with a ruler’, I hope that my excitement in the
discovery of computer graphics and its potential will become apparent in the
following pages. I have been most gratified by the high standard and ingenuity of
design produced by my students. In fact I have used diagrams produced by four
of them: Hilary Green (figure 4.1), Jemma Coombe (figure 11.1), Helen Davies
(figure 11.8) and Paul McLean-Thorne (figure 11.10). They have found that
computer graphics is fun; I hope the reader will make the same discovery and
spend many enjoyable and productive hours in front of a graphics console.

For those wishing to study computer graphics in more detail after reading
this book, I reccommend that they read W. M. Newman and R. F. Sproull,
Principles of Interactive Computer Graphics (McGraw-Hill, 1973). It gives a good
survey of the more complicated and theoretical aspects of the subject as well as
containing an excellent bibliography.

IAN O. ANGELL
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1 An Informal Introduction to
Two-dimensional Graphics

Before rushing into the more formal and mathematical aspects of the study of
two-dimensional graphics it is a good idea for readers to familiarise themselves
with those graphics devices to which they have access. A concise and formal
grounding in the necessary mathematics is essential, but readers should first
make a ‘random walk’ in the subject so that they may discover for themselves
not only the potential of computer graphics but also that it is fun.

Any problem in computer graphics, whether it be two-, three- or multi-
dimensional, reduces to specifying points in two-dimensional space and then
marking individual points in some way, joining them in pairs with straight lines
or filling in the areas bounded by such lines. The real problem lies in how to
specify these points! This problem will be illustrated initially by a number of
elementary examples, and in this way useful techniques and algorithms will be
introduced before going on to the more formal approach in the chapters which
follow.

All the programs in this book are given in Fortran IV, the computer language
most widely used in commercial computer graphics. It is assumed that readers
are reasonably competent in this language; in fact the following course in
computer graphics will hopefully also raise the standard of their Fortran
programming. The plotting routines used are -all Calcomp-like, the necessary
subprograms in the Calcomp library being described when the need arises.

There are obviously a large number of graphics devices commercially available,
and these are of a variety of sizes; this book assumes the use of the standard
Tektronix 4010 ’scope, which has apparent plotting dimensions 22 inches
horizontally and 16.75 inches vertically. (The true dimensions are approximately
74 by 54 in. but the software works in ‘screen inches’.) The corners of the
rectangular screen are initially defined to be (—1.5, —1.0), (20.5, —1.0),
(20.5,15.75) and (—1.5, 15.75), and so the coordinates of the centre of the
screen are (9.5, 7.375). (Note that all these numerical values are in ‘screen
inches’.) It is advisable for all readers to check the dimensions (real and apparent)
of the devices they are using (X—Y paper plotters, microfilm plotters, scopes,
etc.) and then to make the corresponding alterations to the example programs
given in the following pages. See also project 17, p. 137.
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We start by introducing just three routines from the Calcomp library.

(1) START, the routine that prepares the screen for plotting, and defines the
‘screen inch’ and coordinate system; _

(2) ENPLOT, the routine that tidies up the screen after the plot is complete;

(3) PLOT, the routine that moves the plot ‘head’ about the screen and actually
draws the pictures; this obviously requires more discussion.

The use of the PLOT routine is always of the form
CALL PLOT(X, Y, N)

where (X, Y) is a vector pair (or coordinate pair) which gives the two-dimensional
cartesian coordinates of a given point, and N may be called the movement
information. (Here X and Y are REALs and N is an INTEGER with a value #2 or
+3.) If N is =3 then the plot head moves from its ‘present position’ to the point
(X, Y) with the head up. The initial position of the plot head is the screen origin,
and during the plot the present position is the last point accessed. If N is +2 then
the head is down during a move similar to that above, but in this case a straight
line is drawn. When N is negative then a new coordinate system is initiated, with
its origin at (X, Y) of the old coordinate system.

In order to explain these three routines it is essential that they be put into
practice immediately. It is advisable for readers to implement a large number of
the given examples (adding variations whenever and wherever possible), and
attempt solutions to a large proportion of the exercises.

Example 1.1
Draw a square of side 8 inches, centred on the screen (a very simple program
that is none the less very instructive).

CALL START (2>
CHANGE ORIGIN TO CENTRE GF SCREEN (9.5,7.375).
CALL PLOT{8.5+,7.375,-3)
NOW SGQUARE CORNERS ARE (4.0,4.05,(4.0,-4.05,{-4.0,4.C)» (-4.0,-4.0>
MBVE TG FIRST CORNER WITH HEAD UP
CALL PLOT(4.0,4.0,3:
NOW JBIN CORNERS WITH YEAD DOWN
CALL PLOT(4.0,-4.0,2>
CALL PLOT{(-4.0,-4.0,2)
CALL PLOT{-4.0,4.0,2>
CALL PLOAT(4.0+:4.0,2)
C PLOT COMPLETE
CALL ENPLOT

o 00 O

Program 1.1

Of course this is not the only way of drawing a square; in fact it is not even the
most efficient way — the next section of code requires one less call to the PLOT
routine.
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CALL START 2
CHANGE ORIGIN 70 (5.5,3.375)
CALL PLOT{5.5,:3.375,-3)
SQUARE NOW HAS CORNERS (0.0,0.05,¢0.0,8.0),8.0:8.05,8.0+,0.05
HEAD IS ALREADY AT (0.0,0.07
NOW JBIN UP CORNERS
CALL PLOT(0.0:8.0,2)
CALL PLOT(8.0,8.0:,2) *
CALL PLOT(B.0+:0.0,2> %
CALL PLOT(0.0,0.0:25
C SQUARE COMPLETE
CALL ENPLOT

eI e NN e]

Program 1.2

Note that in both these example programs the order in which points are
joined is crucial — for example, if the two statements marked by an asterisk
above are interchanged then instead of producing a square (figure 1.1a) the
shape in figure 1.1b is drawn.

(a) (b)

Figure 1.1

Exercise 1.1

Now draw a triangle, a pentagon and a hexagon with programs similar to those
above. Also draw a picture that contains all of these figures on the same ‘page’
but with the polygons centred at different points.

The program in example 1.1 is such that all the points are explicitly given in
the program. This is a relatively rare event; usually the points are implicitly
calculated as the program progresses, as in the next example.

Example 1.2
Draw a circle, centred on the page, whose radius is a variable read by the program.

In Fortran all INPUT/OUTPUT is dealt with in channels; we assume that all
INPUT uses the READ statement with channel 5 and OUTPUT uses the WRITE
statement with channel 6.

Obviously it is impossible to draw a true curve with the currently defined
PLOT statement: it only draws straight lines. However, we are rescued from this
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dilemma by the inadequacy of the human optical equipment — the failure of our
eyes to resolve very small lines. If a continuous sequence of short lines is drawn,
and this approximates to a curve then, provided the lines are small enough, our
eyes convince our brain that a true curve has been drawn. This reduces the
problem to one of specifying which lines are to be drawn. An arbitrary point on
a circle of radius r and centre (0.0, 0.0) may be represented by the vector pair

(r cos 8, r sin 8), where 0 is the angle that the radius through the point makes
with the ‘positive x-axis’. Hence by incrementing 8 in n equal steps between 0
and 2 radians, n points are produced, and these, if joined as they are calculated,
define an equilateral polygon with #n sides (an n-gon). If n is large enough then
the n-gon approximates to a circle. The following program (which incidently'is
almost a solution to the first part of exercise 1.1) draws a circle (a 100-gon) of
radius R, centred on the page.

READ(5,%) R
CALL START(2)
C MBVE GRIGIN TG CENTRE OF PAGE
CALL PLBT(8.5,7.375,-3)
C MBVE HEAD TG FIRST PGINT OF 100-GON
CALL PLBT(R,0.0,3)
C SET THETA TG 0.0 AND CALCULATE INCREMENT 2*PI,100
THETA=0.0
THINC=0.062831853
C MBVE THRBUGH PBINTS GF THE 100-GON
DA 1 I=1,100
C CALCULATE NEW THETA AND PLBT PBINT BN CIRCUMFERENCE
THETA=THETA+THINC
CALL PLOT (RXCOS (THETA) »RXSIN (THETA) 42>
1 CONTINUE
C 100-GBN (CIRCLE> NBW COMPLETE
CALL ENPLOT
sTeP
END
Program 1.3

The plot produced by this program is shown in figure 1.2a and, as previously
stated, the 100 points are not stored but calculated as the program progresses.
This program may also be used to demonstrate that it is essential to give all
angles in a Fortran program in radians and not in degrees. In fact if the angles
were in degrees — that is, THINC =3.6 (360/100) — then the disastrous figure

1.2b is produced.

O

Figure 1.2
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Exercise 1.2
Now draw an ellipse with a major axis of 6 inches and a minor axis of 4 inches
(screen inches, of course!), centred on the page.

Note that a typical point on this ellipse may be represented as the vector pair
(6 cos 0, 4 sin 8), where 0 <0 < 2m; however, it must be remembered that this
angle is not the angle made by the radius through the point with the positive
x-axis; it is simply a descriptive parameter.

Exercise 1.3
Draw a diagram similar to figure 1.3. Note the optical illusion of two diagonal
‘white’ lines.

Figure 1.3

Example 1.3
Draw a spiral with six turns, which has outer radius 6 inches.

Note that a typical point on a spiral of 7 turns is again of the form
(r cos 8, r sin 6), where now 0 < @ < 2n7 and the radius depends on 6; in example
1.3, 7 =0/2n. Since there are many occasions when we need to draw a spiral about
the coordinate origin, a general subroutine is given which will produce a spiral of
N turns, outer radius R, whose initial direction is not along the positive x-axis
but makes an angle ANG with it.

SUBROUTINE SPIRAL (NsRsANG)
ROUTINE TG DRAW A SPIRAL BF N TURNS , BUTER RADIUS IS R UNITS
ANG IS THE INITIAL DIRECTION BF THE SPIRAL WITH THE X-AXIS
THETA=ANG
INCREMENT=2:P I /100
THINC=0.062831853
MOVE TG CENTRE ‘
CALL PLBT{0.0,0.0,3>
NN=TBTAL NUMBER OF POINTS CALCULATED
NN=Nk100
RAD IS THE RADIUS INCREMENT
RAD=R/FLOAT {NN>
DO 1 I=1,NN
THETA=THETA+THINC
RR=RADKFLBAT I
CALL PLOT(RRKCOAS (THETAY sRRKSINTHETAS 527
1 CONTINUE
RETURN
END

o o o 0O 00

Program 1.4
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In order to complete this example, the following call to the subroutine must
be made
CALL SPIRAL(S6, 6.0, 0.0)

whence figure 1.4 is drawn.

Figure 1.4

Exercise 1.4
Using subroutine SPIRAL, produce another subroutine

TWIST(X, Y, R, THETA)

which will draw diagrams similar to figure 1.5. Now (X, Y) is the centre of the
figure relative to the screen origin, R is the radius of the circle containing the four
spirals and THETA is the initial angle of one of the spirals.

Figure 1.5

It is now time to consider some ‘nicer’ examples, that is, to see how, with
only the relatively few ideas we have used so far, it is still possibie to draw
aesthetically pleasing patterns.

Example 1.4

Produce a general program that places N points (N < 100), equally spaced on
the circumference of a circle of radius 6 inches, and then joins each point to
every other.
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Figure 1.6

Figure 1.6 shows the pattern produced by program 1.5 with N =30. The N
points are required over and over again, and so it is sensible to calculate them
once only, store them in an array and recall them when necessary. The points
are

(Xi, Y;) = (6 cos (2mi/N), 6 sin(2mi/N)) i=1,2,...,N

Also note that if i 2 j then the ith point is not joined to the jth point at this
stage, since the line will have been drawn in the opposite direction.

DIMENSION X (1005 »Y (100)
CALL START (2
C CENTRE PLOT
CALL PLOT(8.5,+7.375,-3
C READ IN N AND CALCULATE THE POINTS
READ (5,% N
THINC=6.283185307/FLOAT (N>
THETA=0.0
DO 1 I=1,N
THETA=THETA+THINC
X (I =6.0%C0OS (THETRA)
Y (I>=§.0*SIN (THETR)
1 CONTINUE
C JOIN POINT I 7O POGINT J FOR ALL I.LT.J AND I.LT.N
NM1=N-1
DB 3 I=1,NM1
IP1=I+1
DO 2 J=IP1sN
CALL PLOTXCI) s YD) »3)
CALL PLOBT(X(D »Y (D »2)
2 CONTINUE
3 CONTINUE
CALL ENPLOT
STEP
END

Program 1.5
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Exercise 1.5

Program 1.5 is not a very efficient way of drawing the pattern; the plot head
goes to and fro across the page and yet half of the time no line is drawn, since
the plot head is just returning to the start point of each line. Write a program
that draws the same diagrams, but is far more efficient than program 1.5.

Exercise 1.6
Draw a diagram similar to figure 1.7.

Figure 1.7

This diagram (another ‘pin-and-cotton picture’ — so called after the child’s
toy) is drawn by first reading in the values of R and N. The program then
calculates the coordinates of 4N points {P(I) |[1=1,2,...,4N } around the edges
of a square of side R. There is one point at each corner and the points are placed
such that the distance between consecutive points is R/N. Then pairs of points
are joined according to the following rule: P(I) is joined to P(J) for all I and J
such that J — I is a Fibonnacci number less than 4N, the subtraction being
carried out modulo 4N. (Note that the sequence of Fibonnacci numbers is the
set of positive integers 1,2, 3, 5,8, 13,21, 34, . . ., where each element is the
sum of the previous two numbers. Because the indices of Fortran arrays always
start at 1, we define modulo n as referring to the residue classes 1,2, . . . , n,
and not the usual 0, 1, ..., n —1.) For example, if N = 10 then the point P(32)
would be joined to P(33), P(34), P(35), P(37), P(40), P(5), P(13) and P(26).

The outer square must also be drawn and thus, for efficiency, there is no need to
join points which lie on the same side of the square.

Example 1.5
Emulate a Spirograph ®, to produce patterns similar to the one given in figure 1.8.
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Figure 1.8

A Spirograph consisis of a cogged disc inside a cogged circle, which is placed
on a blank piece of paper. Let the outer circle have integer radius A and the disc
integer radius B. The disc is always in contact with the circle. There is a small
hole in the disc at a distance D (also an integer) from the centre of the disc,
through which is placed a sharp pencil point. The disc is rotated in an anti-
clockwise manner, but it must always touch the outer circle; the cogs ensure that
there is no slipping. The pencil point traces out a pattern, which is complete
when the pencil returns to its original position.

We assume that, initially, the centres of the disc and circle and also the hole
all lie on the positive x-axis, the centre of the circle being the origin. In order to
emulate the movement of the Spirograph it is essential to specify a general point
on the track of the pencil point. We let 6 be the angle made with the positive
x-axis by the line joining the origin to the point where the circle and disc touch.
The point of contact is therefore (A cos 0, A sin ) and the centre of the disc is
((A — B) cos 8, (A — B) sin 8). If we let —¢ be the angle that the line joining the
hole to the centre of the disc makes with the x-direction (note this angle has the
opposite orientation to 8, hence the minus sign), then the coordinates of the
hole are

((A —B) cos 8 + D cos ¢, (A — B)sin 6 —Dsin ¢)

The point of contact between the disc and circle will have moved through a
distance A9 around the circle, and a distance B¢ around the disc. Since there is
no slipping these distances must be equal and hence we have the equation
¢ = (A/B)d. The pencil returns to its original position when both 6 and ¢ are
integer multiples of 2n. When 6 = 2nw then ¢ = n(A/B)2n; hence the pencil point
returns to its original position for the first time when nA/B becomes an integer
for the first time, that is, when n is B divided by the highest common factor of B
and A. The function ICF given below uses Euclid’s Algorithm to calculate the
h.c.f. of two positive integers.
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FUNCTION ICFII»Jd

C.ovnn FUNCTIGN 7O FIND THE H.C.F. OF TWB POSITIVE INTEGERS II AND JJ
C..... II IS INITIALLY GREATER THAN JJ

I=II

J=JJ

1 M=MBDI,J)
IF(M.EQ.0> GO 70 2
I=J
J=M
GO T0 1

2 ICF=J
RETURN
END

Program 1.6

Program 1.6 is used in a subroutine SPIRO which calculates the value n, and
then varies 8 (THETA) between 0 and 2nw in steps of w/100; for each 6, the
value of ¢ (PHI) is calculated and thence the general track is drawn. Obviously
the number of possible drawings is severely limited if the values of A, B and D
are in (screen) inches, after all the page is only 22 by 16.75 inches. Therefore
one of the parameters of the routine is a scaling factor which will allow us to
use relatively large integers.

SUBROUTINE SPIRB(A,B,D»SCALE>
INTEGER A,B,D
RD=DSCALE
RAB= (A-B) XSCALE
THETA=0.0
THETAD=3. 1415926535%0.02
ABVERB=FLOAT (R /FLOAT (B>
N=B/ICF (A,B>
NO= 100N
CALL PLOTRAB+RD,0.0,35
D@ 1 I=1,NO
THE TA=THE TR+ THE TAD
PHI=THE TA*ABVERB
X=RABXCOS (THETAY +RDKCAS (PHI’
Y=RABSES IN (THETA) —RD¥S IN (PH I’
CALL PLBT(X,Y,2

1 CONTINUE
RE TURN
END

Program 1.7

Figure 1.8 is drawn by making the call
CALL SPIRO(12,7,5,0.4)

Exercise 1.7

Use this subroutine in a program which draws a large number of patterns on
each page; the centres of each individual pattern need not be coincident. Then
extend the subroutine so that the initial alignment of the centres and the hole
need not be along the positive x-axis.



2 An Introduction to Two-dimensional
Geometry

Users of any branch of programming must be fully aware of the underlying
mathematical theory of the subject, in order that they will be less likely to
misuse the various available packages. Also, when they build up their own
library of procedures they will be fully aware of the limitations of these
programs.

We introduce a variety of mathematical techniques: many will not be of
immediate value, but they will immerse readers in the whole concept and
potential of coordinate geometry. This, in turn, will lead to an appreciation of
thefact that there is always more than one way of solving any given problem;
the best solution will of course depend on the nature and context of the problem
itself.

As usual, we work with the x—y rectangular cartesian coordinate system; the
positive x-axis is horizontal and to the right of the coordinate origin, the positive
y-axis is vertical and above the origin. Thence, a typical point in this system is
represented by the coordinate pair (sometimes called a vector pair) (x, y); these
two values are the perpendicular projections of the point on to the respective x
and y-axes. The vector pair may also be given in vector notation p = (x, y). Note
that = means ‘equivalent to’.

Next we look at straight lines; of course a line may be represented in the
familiar form

ay =bx +c

where b/a is the tangent of the angle that the line makes with the positive x-axis,
and c/a (if finite) is the intercept of the line on the y-axis (see figure 2.1). If ¢/a
is infinite then the line is parallel to the y-axis.

A second way of representing a line (which, as we shall see, is more useful in
computer graphics) is arbitrarily to fix two different points on the line p;, =
(x1,y1) and p, = (x5, ¥, ); then the general point p = (x, y) on the line is
given by the vector combination

(1 —wpy +up>
for some real y, that is, by the vector pair (1 — u)x; + uxs, (1 — w)y1 + uya).
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b
tan ! a x-axis

/

\mln y-axis

Figure 2.1

Furthermore, if 0 < u < | then p lies on the line somewhere between p; and p,.
In fact u is given by the ratio

distance of p from p,

distance of p, from p;

where the measure of distance is positive if p is on the same side of p, as p,,
and negative otherwise.

Example 2.1
Draw the pattern shown in figure 2.2a

Figure 2.2

At first sight the figure looks quite sophisticated, but on closer inspection it
is seen to be simply a square, outside a square, outside a square, etc. The squares
are not only getting successively smaller; they are also rotating through a constant
angle. Hence, to draw the diagram all we require is a technique which, when given
a general square, draws a smaller internal square rotated through this fixed angle.
Suppose the general square has four corners with coordinates { xi,ydli=1,2,
3,4 }and the ith side of the square is the line joining (x;, ¥;) to (x;+1, Yi+1)
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(assuming additions of the indices are modulo 4, that is, 4 + 1 = 1). Hence, a
general point on this side (x';, »';) may be represented by

(0= o + pxien, (1 — i +pyivr) 0<p<1

In fact u:(1 — u) is the ratio in which the side is bisected. If u is fixed and the

four points { (x;, yi) | i =1, 2, 3, 4} of the new inner square are calculated in the
above manner, then the sides of this new square make an angle a = tan™! [u/(1 — )]
with the corresponding side of the outer square. Thus, by keeping u fixed for

each new square, the angle between consecutive squares remains the constant a.

In the program below (which produced figure 2.2a) there are 21 squares and
u=0.1, and thus the new corners are

Ox; +x;+1 9yi +,}’i+l>

i, yi) = ( o’ 10

DIMENSION X{4) »Y {4 » XD {4 YD (4

C INITIALISE FIRST SQUARE.
DATA (X(I>»I=1,4 ,/4.0,4.0,—4.0,—4.0/
DATA (Y(I)sI=1,4>,4.0,—4.0,—4.0,4.0/
CALL START (2)
CALL PLBT(8.5,7.375,-3)

C SET MU VALUE AND PRODUCE 20 SGUARES.

SMU=0.1
RMUI=1.0-SM!
DB 3 I=1,21

CALL PLOTX(4 »Y(4),3)
C DRAKW THE SQUARE AND CALCULATE THE COGROINATES OF THE NEXT SGQUARRE.
DO 1 JU=1,4
CALL PLOTIXID » YU 2>
NJ=MBD (J+ 9D +1
XD {J) =RMUXX {J) +SMURX (NJ)
YD (J) =RMUXY {J) +SMUXY (NJ)
1 CONTINUE
C RESET SQUARE COORDINATES.
DO 2 J=1,4
XD =XD D
YD =YD (D
2 CONTINUE
3 CONTINUE
CALL ENPLOT

Program 2.1

There is an unsatisfactory feature of the pattern in figure 2.2a: the inside of
the pattern is ‘untidy’, the sides of the innermost square being neither parallel to
nor at m/4 radians to the corresponding side of the outermost square. This is
corrected simply by changing the value of u so as to facilitate the required
relationship between the innermost and outermost squares. As was previously
noted, with the calculation of each new inner square the corresponding sides are
rotated through tan™" [u/(1 — )] radians. After n + 1 squares are drawn, the
inner square is rotated by n tan~! [u/(1 — )] radians relative to the outer square.
For a satisfactory diagram this angle must be an integer multiple of n/4 (z, say),
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that is, n tan~ ! [u/(1 — u)] = ¢#(n/4), and hence
_ _tan[H(n/4n)]
tan[#(n/4n)] + 1
To produce figure 2.2b, n = 20 and ¢ = 3 are chosen, making u ~ 0.08.

Exercise 2.1
Repeat the previous example but, instead of using squares, use triangles,
pentagons, hexagons, etc.

Exercise 2.2
Draw the pattern shown in figure 2.3. Produce a similar combination using
triangles and hexagons.

Figure 2.3
Obviously the vector interpretation of lines is not necessary if a line is to be
drawn between two points — we simply use
CALLPLOT(X1, Y1, 3)
CALL PLOT(X2, Y2, 2)

However,in later, more complicated uses, we shall want to consider variables on
a line. Then this technique, or a variation of it, will be invaluable, and practice
in its use (even just drawing patterns) will prove its worth.

Example 2.2
Draw a dashed line, with 13 dashes (and hence 12 equidistant spaces) between
the points py =(x1,y1) and p2 =(x2,¥>).
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As we have seen, the general point on a line between these two points is
(1 — wp, + up, for some y; this may be rewritten in an equivalent form
P1 + u(p2 — p1). In this new form, p, is called the base vector and p, — p; the
directional vectors; it is this new formulation that is used to solve example 2.2.
The pen is moved to (x;, y,) with the head up. Then the vector (1/25Xp, — p;)
is successively added to the initial point 25 times, each time moving the head to
the newly calculated point. With each addition the ‘mode’ of the plot is alter-
nated between 3 and 2, so that a dashed line is drawn. In fact (1/25)(x; — x;)
and (1/25)(y, — y1) are stored, and these values are repeatedly added to the
point (xy, 1) in the following subroutine, which draws a dashed line.

SUBRBUTINE DASH {(X1,Y1,X2,Y2)
CALL PLOT{X1,Y1,3)

C MBVE TG FIRST POINT WITH HEAD UP
C NOW CALCULATE X AND Y INCREMENTS
XD= {X2-X1) *0.04
YD=(Y2-Y1) *0.04
C MODE WILL ALTERNATE BETWEEN VALUES 2 AND 3
C ¢ I.E. HEAD DBWN BR HEAD UP )
C INITIALISE VALUES BF X Y AND MBDE
MODE=3
X=X1
Y=Y1
D0 1 I=1,25
C CALCULATE NEW VALUES OF X Y AND MBDE AND MOVE PLOT HEAD TB (X»Y’
X=X+XD
Y=Y+YD
MBDE=5-MBDE
CALL PLOT ¢{X»Y,MBDE>
1 CONTINUE
RETURN
END

Program 2.2

Exercise 2.3

Draw a dashed line between two arbitrary points, so that the dashes are approxi-
mately 0.1 in. long and the spaces between them are about 0.05 in. long. Hint:
the number of steps is no longer 25, but must be calculated by finding the
distance between the two points, dividing this value by 0.05, then finding the
nearest suitable integer to this value (it has to be of the form 3m + 2 because the
dashes are twice as long as the spaces between), and finally using this integer to
calculate the true sizes of the dashes and spaces.

Example 2.3
Calculate the point of intersection p = (x, y) of the two lines joining:

() py =(x1,¥1) to p2 =(x2,y2);and (i) p3 = (x3, y3) to pa = (x4, ya).

A general point on line (i) is (1 — g)p; + up, for some u, and a general point
on line (ii) is (1 — A)p3 + A\p4 for some A. Thus the point of intersection p lies on
both lines and all that is necessary to calculate p is to find the unique values of u
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and A such that

pP=( —wpy +upz =(1 —N)p3 + \pg
that is

(1 —ppxy +pxy =(1 = N)x3 +Axg

and

(I =y +w2=01-Ny3+Aya
Hence

u(xz —x1) + N(x3 — x4) = (x3 — x1)
and

U2 —y1) *My3—ya) =3z —y;)

Thus, we have two equations in two unknowns, which are solvable if the
equations are not linearly dependent, that is, if the lines are not parallel. Thus if

A=(xy —x1)y3 —ya) — (x3 —x4)y2 —y1) #0
then

p=[G3 —x1)¥3 —ya) — (x3 —xa)y3 —y1)l/A

and, having calculated u, we can find p. For example, if p; =(-1, -2),p, =
(1,1),p3 =(4, 5) and p4 = (6, 7) then

A=1+1D)E-7N-@A-6)1+2)=2
and

u=l@+1D)SE-7-@-6)(5+2)]/A=4/2=2
and so

PE(1 -2 +2p, =-1(-1,-2)+2(1,1)=(3,4)

These ideas are incorporated in the following subroutine.

SUBROUTINE INTER(X1,Y1:X2,Y2sX3+Y35sX4,Y4,X»Y)
C SUBROUTINE TO FIND (XsY>» THE INTERSECTIOGN PBINT OF THE TWO L INES
C FROM (X1,Y1) TO (X2,Y2) AND FRBM (X3,Y3) TO (X4:Y4 .
DEL = (X1-X2) ¥ (Y4-Y3) - (Y1-Y2) ¥ (X4-X3)
C IF DEL IS ZERG THEN THE LINES ARE PARALLEL.
IF (ABS (DEL) .LT.0.00001) STOP
C CALCULATE "MJ VALUE" OBF (X»Y> ON FIRST LINE.
C THEN CALCULATE X AND Y.
RMU= ((Y4-Y3) X (X4-X2) — (X4-X3) ¥ (Y4-Y2)) /DEL
X=RMU*X1+ (1.0-RMU) X2
Y=RMUXY1+(1.0-RMU) *Y2
RETURN
END

Program 2.3
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Example 2.4
Find the angle that a line segment from the origin to the point p = (x, y) makes
with the positive x-axis.

This problem, which is very common in all forms of graphics programming,
introduces the trigonometric (SIN, COS, TAN) and inverse trigonometric
functions (ASIN, ACOS, ATAN). SIN, COS and TAN are functions with one
REAL parameter (an angle in radians) and a REAL result, SIN and COS in the
range [—1, +1], and TAN in the range (—oo, +o0), The inverse functions have one
REAL parameter in the above ranges and a REAL result in the so-called principal
ranges: ATAN: [-7n/2, +n/2], ASIN: [—n/2, +n/2]; and ACOS: [0, n]. This
leads us to the following subroutine, which is a solution to example 2.4; here, of
course, the angle must lie in the range [0, 2m). Note that (z, b] means greater
than a and less than or equal to b; [a, b) means greater than or equal to @ and
less than b.

SUBROUTINE ANGLE (XsYsA)
C CALCULATE ANGLE THAT THE LINE FRGM BRIGIN T8 (XsY) MAKES WITH X-AXIS.
PI=3.14153826535
PI2=PI%*0.5
IF (ABS (X .GT.0.000001> GB TO 1
C LINE IS VERTICAL.
A=PI2
IFCY.LT.0.0) A=R+PI
C IF LINE DEGENERATES TB@ A PBINT RETURN ZERG ANGLE.
IF (ABS (" .LT.0.000001) A=0.0
RETURN
C LINE IS NBT VERTICAL SO TANGENT HAS FINITE VALUE.
C IF X.LT.0 THEN ANGLE IS NOT IN PRINCIPAL RANGE - ADD PI.
1 A=ATAN (Y0
IF(X.LT.0.00 A=A+PI
RETURN
END

Program 2.4

This routine will be used many times in the chapters dealing with three-dimen-
sional objects.

Example 2.5
Calculate the acute angle 6 between two lines, both of which pass through the
origin.

This is where the concept of direction cosines of a line in two-dimensional
space is introduced. These are the cosines (naturally!) of the angle that the line
makes with the positive x and y-axes, respectively. If a line has direction cosines
¢x and ¢y — which can be considered as a directional vector ¢ = (cy, ¢;) of the
line — and passes through a point p = (x, y) (a base vector), then p' = p + uc
represents a general point on the line. In fact p' is a distance | u | along the line
from p since c,zc + cf, = 1; this is because, if the line makes an angle a with the
positive x-axis, then ¢y = cos «a and ¢y =sin ¢, and we know that cos 2a+sinfa=1
for all values of a. Note that the symbol | | represents the absolute value, that is,



18 A Practical Introduction to Computer Graphics

the size of the number ignoring the sign. If a line through the origin passes
through the point (x;, y1), then the point (x; /A/(x? + %), y1/M/(x2 +»3)) also
lies on the line, and these new coordinates may be considered to be the direction
cosines of the line. In general, if the line is (1 — u)p; + up,, which in the base/
directional vector form is p; + u(p, — p1), then the direction cosines of this

line are given by the vector ((x — x1)/r, (¥2 — y1)/r) where r =+/[(x2 — x1)* +

02 - »1)°].

Vo = (C, d)

8 Vi = (a, b)

Figure 2.4

Returning to example 2.5, suppose that the two lines through the origin have
direction cosines (g, b) and (c, d); see figure 2.4. Then OV, =+/(a* + b2) =1 and
OV, =+/(c¢* +d*) =1, and by the cosine rule

V1V3 =0V} + 0V3 — 20V,0V; cos 6 = 2(1 — cos 6)
But also
ViV3 =(a—¢)’ +(b —d)* =(a® +b*) +(c* +d*) — 2ac + bd)
=2 — 2(ac + bd)

Thus ac + bd = cos 6. It is possible that ac + bd is negative, and so 6 = cos™ ' (ac +
bd) is greater than n/2; the acute angle is then m — 8 but, because cos(m — 8) =
—cos 8, the acute angle is given immediately by cos™! (l ac + bd |). For example,
if the two lines have direction cosines (v/3/2, 1/2) and (—1/2, —/3/2) then
ac +bd = —/3/2 and thus § = cos™! (; —/3/2;)=cos™" (i+/3/21)=n/6. The
FUNCTION that solves example 2.5 is as follows.

FUNCTIGN ANGLINAB:CsD>

ANGL IN=ACOS (ABS (AXCHBD) /SART  (LAKAHBIKB) % (CHC+DHD) ) )

i

Program 2.5

If the lines do not pass through the origin, that is, if they are of the general
form p; + u(a, b) and p, + A(c, d), then the acute angle between the lines is the
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same as the angle between the lines u(a, b) and A(c, d), both of which have the
origin as their base point; and we can use the above routine to calculate the
angle.

DRAWING A GENERAL CURVE IN TWO-DIMENSIONAL SPACE

We have already shown how to draw certain well-behaved curves, such as circles,
ellipses and spirals, in chapter 1: simply introduce a single variable and express
the x and y-coordinates of a general point on the curve in terms of this variable.
By allowing the variable to move through its complete range in small steps, a
good approximation to the curve is produced. Thus, a circle of radius r is drawn
by introducing the single variable 8, whence the general point on the curve is

(r cos 0, r sin @), where 6 varies between 0 and 27. It may be possible that the
variable is the x or y value itself, for example, when y is a simple function of x,
as in the case y = sin x. By varying x from —8.0 to 8.0 in steps of 0.01, the
corresponding value of y (sin x) is produced, and consecutive points are joined
to give figure 2.5. The axes have also been added and labelled — see project 1,
chapter 11.

2.0

Figure 2.5

Exercise 2.4
Draw the curve y = (sin x)/x; what happens at x = 0?

It is not always possible to use this simple technique, as in the case when the
formulation of the curve is such that for each value of x there is more than one
value of y, and vice versa. Take the simple coordinate form of a circle
x2+y? =72 For each value of x there are two values of y, /(r*> — x2), and vice
versa. To use this interpretation the value of x is varied from +r to —r in small
steps, taking the y value to be the positive root v/(r* — x2). When this sequence
of points is joined, a semicircle is produced. The other semicircle is drawn by
using the negative root as x returns from —r to +r. The program using this
method, which draws figure 2.6, is given below.
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Figure 2.6

C F{XsY)=36.0-X#X-YKY
CALL STARTR2)
X=6.0
CALL PLBT(8.5,7.375,-3)
CALL PLOT(¢6.0,0.0:3>
C GO THROUGH X VALUES FRGM 6.0 T8 6.0 Y POSITIVE
DB 1 I=1,60
X=X—0.2
C ROUNDING ERRBRS MAY CAUSE X:kX TG BE GREATER THAN 36.0
XS=AMIN1 (36. 0 XX
Y=SQART (36.0-XS)
CALL PLOBT(XsYs2)
1 CONTINUE
DB 2 I=1,60
C GB THRBUGH X VALUES FROM -6.0 T8 6.0 Y NEGATIVE
X=X+0.2
XS=AMIN1 (36.0s X*X)
=—S@RT {36.0-XS>
CALL PLBT{X»Ys2)
2 CONTINUE
CALL ENPLOT

Program 2.6

Note that figure 2.6 is a very unsatisfactory diagram, because some of the line
segments that form the ‘circle’ are noticeable as lines and not arcs. This is because,
when x is almost equal to r, a small change in x makes a substantial change in y —
so beware! This technique should therefore never be used to draw a circle on a
high resolution graphics device.

Exercise 2.5

Use the above technique to draw the curve cos® y =sin x. Vary x from —8.0 to
8.0; note that there are an infinity of solutions of the above equations. Produce
three curves, one from each of the ranges [0, 7], [, 0] and [m, 27].

Since we are looking at functions in x and y, this is a good time to introduce
the functional representation of curves. Suppose f(x, y) stands for some
combination of x and y, and perhaps some constants; then we say that the
equation f(x, y) = O represents all the points (x, ») on a curve in two-dimensional
space. For example, f(x, y) =r®> — x* — y? represents a circle of radius r. As we
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have seen, such a curve may be drawn by varying x over a range of values,
calculating a value of y from the equation f(x, y) = 0. If the curve divides space
into two parts then the functional representation tells whether a point (x, y) is
on the curve or, if not, in which part it lies. The two parts of space are defined
by the sign of the function f(x, ). For example, the circle f(x, ) =r* — x? — y?

is such that if

(1) f(x, ¥) =0 then (x, y) lies on the circumference of the circle;
(2)  f(x, ) >0 then (x, y) lies inside the circle;

(3) f(x, ) <O then (x, y) lies outside the circle.

Points (x, y;) and (x2, y2) are on the same side of the curve if and only if
the non-zero sign of f(x;, y,) is equal to the sign of f(x3, y2).

A straight line divides space in two, and thus its functional representation
f(x, yY)=ay — bx — ¢ may also be used in a similar way. Thus if f(x, y) > 0 then
(x, ¥) is on one side the line (call it the positive side), and if f(x, y) <0 then
(x, y) lies on the other (negative) side; naturally, if f(x, ¥) =0 then (x, y) lies on
the line. In the case of the straight line, f(x, ¥) has another very useful property,
namely, | f(x, ¥) | \(@* + b2) is the perpendicular distance from (x, y) to the
line; for example, figure 2.1 shows the case f(x, y) =2y — x + 2 and so the point
(0, 1) is a distance | £(0, 1) | //S = 4/4/5 from the line.

The property of dividing space in two, together with the simple means of
deciding which side of a line is which, enables the definition of a very useful
object, a convex body in two-dimensional space. This is any closed sequence of
line segments such that a line joining any two points inside the body bounded by
the line segments lies totally ‘inside’ the body. More formally, it is a set of lines
formed by joining the points {p,- =(x,y)li=1,2,...,n } in order, that is, the
ith line joins p; to p;+1, where again the addition of subscripts is modulo n. We
normally fix a point of reference inside the body (s, ¢) (say); then, by the convex
property, each radius from (s, #) to any point inside the body will, if extended in
both directions, cut the boundary of the body in two and only two points. The
order of_the points p; is such that the angles made by the positive x-axis with the
radii joining (5, ) to these points form a steadily increasing (or decreasing)
sequence.

Thus the lines bounding the body may be represented by the functions

f;'(xv y)E(X,'+1 _xi)(y_yi)_(yi-ﬂ _yi)(x —xi)a i= 1’2,' .., n

This systematic definition was chosen because f(s, £) has a constant sign for all
i=1,2,...,n,and thus the ‘inside’ of the body is defined to be all points (x, y)
satisfying

{(x, ¥) | the sign of fi(x, ¥) = the sign of f(s, ) foralli=1,2,...,n}
The boundary of the body is the set of points

{(x, ») | the sign of fi(x, y) = the sign of fi(s, £) or O forall i;

also fi(x, y) = O for at least one i }
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Hence the outside of the body is the set of points
{(x, ¥) | there exists at least one i, 1 <i<n, such that
0 # the sign of f;(x, y) # the sign of fi(s, £)}

For example, consider the convex body defined by points (2, 0), (0, —1), (-2, 0)
and (0, 3), with the origin (0, 0) as internal reference point, shown in figure 2.7.

i, N)=0-2)Yy -0~ (-1 -0)}(x—-2)=2y+x—2
[ )=(2-0+1) -0+ 1)x ~0)=-2y —x -2
f3(, y)=0+2)y —0)-(3-0)(x+2)=2y —3x—6
fax, =2 -0}y -3)~(0—-3)x-0)=2y +3x -6

Note that fi(0, 0) is negative fori =1, 2, 3, 4. Also (1, 1) is inside the body

because f1(1, 1) =3, f2(1, 1) = -5, f3(1, 1) = —7 and f4(1, 1) = —1, which are

all negative and thus of the same sign as f;(0, 0) for all i. The point (1, —}) is on

the boundary because f1(1, —3) =0, fo(1, —4) = -2, f3(1, —4) = —10 and

fa(1, —%) = —4, whereas (2, 1) is outside the body because f4(1, 2) = 2 (positive).
This technique is required for project 2, chapter 11, but it is advisable to

attempt the following exercise first.

et
»
o
5
(0,3)
X-axis
(-2,0)\ (2,0)
s
Figure 2.7

Exercise 2.6

Write a program that reads in information on a convex body and a reference
point, and then reads in and prints out the coordinates of other points in space,
together with a statement on whether these points lie inside, outside or on the
boundary of the body.



3 Transformations of Two-dimensional
Space; Matrix Representation

It is now time to consider what happens to an object, be it a point, line or curve,
when the coordinate system is changed. As we have seen in previous chapters,

all computer graphics reduces to specifying and joining points, and so all that is
necessary is to discover what happens to the coordinate representation of points
with a change of coordinate system. Up to now the coordinate origin, axes and
dimensions defined for the two-dimensional space have been identified with the
origin, axes and scale of the screen (the so-called observer coordinate system).
This is not the general case, and so it is necessary to change from the old defined
system to the observer coordinate system of the screen. There need only be three
basic forms of coordinate-system change, that is, translation of origin, change of
scale and rotation of axes; all other changes can be formulated in terms of these
three types. Remember that initially the space is not changed; it is simply the
position, direction and scale of the coordinate system used to define the position
of points in space that are altered.

TRANSLATION OF ORIGIN

In this case, the coordinate axes of the old and new systems are in the same
direction and are of the same scale; however, the new origin is a point (T, Ty)
of the old system. Hence in the new system the old origin is (—7%, —Ty) and the
general point (x, y) of the old system becomes (x — Tx, y — Ty) in the new.

CHANGE OF SCALE

Now the origin and direction of axes are the same in both systems, but the scale
of the axes is different; for example, 1 inch on the old x-axis could become

3 inches on the new x-axis, while the scale of the y-axis remains the same in both
systems. Suppose a unit distance on the original x-axis becomes Sx on the new
x-axis, and a unit distance on the old y-axis becomes Sy on the new. Then a
point (x, y) in the old system has coordinates (x x Sx, ¥ x Sy) in the new; for
example (1, 1) becomes (Sx, Sy).
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ROTATION OF AXES

The old system is shown in figure 3.1 with solid lines, and the new system with
equi-spaced dashed lines; the systems have a common origin and scale. The new
axes are the old ones rotated anticlockwise through an angle 8 (the usual
mathematical way of measuring angles). If the point P in the diagram has
coordinates (x, y) in the old system and (x', ») in the new, then we have the
relationships
x'=0X'=0B'+B'X'= AA’ +P'P
=0Asin8 + AP cos 8 =0B cos 8 + OA sin 8
=xcosf +ysinf
y' =0Y' =A'0—-A'Y =—AP' + AP’
=—APsin 0 + OA cos § =—0OBsin 6 + OA cos 0
=-—xsin@ +ycoséf
Any change of coordinate system between the originally defined system and
the observer coordinate (screen) system will consist of a combination of these

three types of transformation. However, it must be remembered that the order

of their application is critical; transposing two such changes may result in a
totally different system change to the one intended.
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Example 3.1
Suppose the total change of system is achieved by

(1) move the origin to (1, 0);
(2) rotate the axes through /4 radians;
(3) change the x scale by a factor of 2 (that is, Sx = 2).

The combination of these three changes (in order) produces the observer
coordinate system (the screen system). What happens to the line joining the
point (3, 2) to (—1, —1) in the old system?

In all these changes, straight lines transform to straight lines, and so we need
consider what happens to the coordinate representations of the vertices at-the
end of the line. After step 1

(3,2)%9m52,2) and (-1, -1)—(-2,-1)
After step 2
(2,2)— (2 cosf +2sinf,—-2sinf +2cos )

=22 +2V2, —2\V2 + 2[7/2)

=(2v2,0)
and
(=2,-1)——>(—2cos8 — 1sin0,2sin 6 — 1 cos §)
= (22 - 12, 2N2 = 1/2)
=(-3V2, 1\/2)
After step 3

(2v2,0)——(4v/2,0) and (=32, 1/A/2) — (=3v/2, 1]\/2)

Thus on the screen the line is drawn as the line segment joining the two points
(44/2, 0) and (=3+/2, 1/4/2) of the screen coordinate system. To show that the
order in which these transformations are carried out is critical, suppose we
transpose steps 1 and 2. After step 2

(3,2)—— (52, -1/2) and (-1,-1)——(—/2,0)
After step 1
(52, -1N2)—— (52— 1,-1/3/2) and
(—v2,0)—— (-2 - 1,0)
After step 3
N2 =1,-1/2)—> (V2 -2,-17/2) and
(V2 -1,00—>(-24/2-2,0)

which are obviously different from the true screen coordinates above.
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When large numbers of points have to be transformed then the transforma-
tions are stored as matrices using the following technique. The matrices used
are 3 x 3 square, even though the space is only two-dimensional! This is because
the translation of the origin requires a combination of x and y-values together
with a linear distance which is independent of these values. Thus a point in two-
dimensional space is represented by a column vector (x )

y
1
To translate the origin, the matrix operator must operate on this vector to
produce a point in the new system of the form [x — Tx
)
e
This is achieved by the matrix

1 0 -Tx X
(0 1 Ty premultiplying ( y)
0 O 1 1

Similarly the matrix for change of scale is

Sx O 0
(0 Sy 0)
0 0 1

and the matrix for rotation of axes is
cos@ sinf O
(—sin 6 cos@ O
0 0 1
Hence in example 3.1 we have the three matrices

1 0 -1
translation T = (O 1 0

0 O 1

INV2 IN2 0
rotation R = (—1/\/2 1V2 0 )
0

0 1
2 0 0
scaleS={0 1 O

0 0 1

By combining the matrices S x R x T (x denotes matrix multiplication) we
achieve the required change of system (note that the correct order of multiplica-
tion in the example is S x R x T and not T x R x S because the matrices
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premultiply the column vector representing a point)

2 0 0 1NV2 142 0 1 0 -1
SxRxT=(O 0>x(—l/\/2 1/4/2 o)x(o 1 0
0 1 0 0 1 0 0 1
2 0 V2 1IN2 —1V2
= (o 0) x (—1/\/2 1/4/2 1/\/2)
0 1 0 0 1
V2 V2 )
= (—1/\/2 17/2 1/\/2)
0 0 1

O = O O =

Thus

8

becomes

V2 Y 2 3 /2
—12 12 1/\/2) X (2) = ( 0 )
0 0 1 1 1

and
—1
()
1
becomes
V2 V2 -2 —1 —3v/2
(—1/\/2 12 1/\/2) x (—-1) = (1/\/2 )
0 0 1 1 1

which is consistent with the previous calculation.
These three types of matrices can be generated by the following three
subroutines — TRAN2, SCALE2 and ROT?2. In the programs Tx is TX| etc.

SUBROUTINE TRAN2(TX»TYsA)

C CALCULATE 2-D AXES TRANSLATIGBN MATRIX.
DIMENSION A{3,:3)
DB 2 I=1,3
DB 1 J=1,3
AT, =0.0
CONTINUE
AI,I)=1.0
2 CONTINUE

A{1+3)=-TX

A, =-TY

RETURN

END

—

Program 3.1
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SUBROUTINE SCALE2 (SXsSY»RA)

C CALCULARTE 2-D AXES SCAL ING MATRIX.

DIMENSION A(3,3)
DB 2 I=1,3
DO 1 J=1,3
AN =0.0 -
CONTINUE
CONTINUE
A(1,1)=SX
A(2,2) =SY
ARG, =1.0
RETURN

END

Program 3.2
SUBRGUTINE ROT2(THETA,A)

C CALCULATE 2-D AXES ROTATION MATRIX A.

DIMENSION A(3,3)
DO 1 I=1,2
AI«3>=0.0
A3,1)=0.0
CONTINUE
AG,=1.0
C=COS (THETR)
S=SIN(THETR)
A1, 1 =C
A2y =C
A(1:2)=S
A2,1)=-S
RETURN

END

Program 3.3

Of course we need a routine for multiplying matrices in order to combine the
various transformations — subroutine MULT?2.

C 3X3

SUBRBUTINE MULT2{A,:B,C)
MATRIX PRODUCT.
DIMENSION A{3,3),B(3+3,,C(3,3)
DO 3 I=1,3

DO 2 J=1,3

AB=0.0

DB 1 K=1,3

AB=AB+A (I, K B Ky J)
CONTINUE

CIvJ=RB

CONTINUE

CONTINUE

RETURN

END

Program 3.4

Thus example 3.1 can be solved by computer with the following statements
calculating the required points.

DIMENSIBN P (335 +3(3+37sR(3+3)+s5<3+33+»T(3+3)
CALL TRAN2(1.0+0.0,T)

CALL ROT2<(0.7853981643,R>

CALL SCALC2(2.0+1.0+S)

CALL MULT2(Rs TP

CALL MULT2{S,PsQ>

Xi= 3@y 1) + 2%Q (1,25 + 1%Q1,D)

Yi= 3HQ2+1) + 2¥Q(2,2) + 1%Q(2,3)

X2= - PKQ1,1) - 1%@(1,2) + 1%Q(1,3)

Y2= - 1KQ2,1) — 1XQ{2+2) + 1XQ2,3)

Program 3.5
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Example 3.2
Draw an ellipse with centre (XC, YC), major axis A, minor axis B, in which the
major axis makes an angle ¢ (PHI) with the positive x-axis (as in figure 3.2).

\y—axis

x-axis

Figure 3.2

The functional representation of this ellipse is very involved and so the
problem looks extremely complicated. However, by using the techniques defined
in this chapter the problem is greatly simplified. Using the parametric form
{(Acos,Bsin8)|0< <2} itissimple to draw an ellipse centred on the
origin with major and minor axes coincident with the x and y-axes — the original
coordinate system. By changing this system to the observer system using the
procedure

(1) rotate the axes through —¢ (note minus, —PHI);
(2) translate the origin to (—XC, —YC) (note minuses again),

the problem is solved — and the subroutine to draw such an ellipse is as follows.

SUBROUTINE ELLIPSI(XC»YCsA,BsPHI’
ROUTINE TO DRAW AN ELL IPSE WITH MAJBR AXIS A AND MINOR AXIS B,
CENTRED AT (XC»YC:) WITH THE MAJOR AXIS MAKING AN ANGLE PHI WI1H
THE POSITIVE X-DIRECTION.
DIMENSION P<{3,35,Q(3+3)R{3,3)
SETUP THE TOTAL TRANSFORMATION MATRIX R.
CALL ROT2({(-PHI,G
CALL TRAN2 {-XC,-YC,P)
CALL MULT2P»QsR>
C TRANSFOBRM (A,0.07 BY Rs AND MOVE TO THAT POINT < PLOT HEAD UP .
X=RM¥R {1515 +R 1,3
Y=ATR (21 1) +R {2+ 3)
CALL PLOT{XsYs3)
THETA=0.0
TDIF=0.031415926535
C FIND 200 POINTS ON THE ELLIPSE. TRANSFBRM THEM WITH R, AND JOIN
C THEM IN SEGUENCE.
DO 1 I=1,200
THETA=THETA+TDIF
X1=A*COS (THETA)
Y1=B*SINKTHETA)
X=X1#R {1513 +Y1¥R{1,2) 4R (1,35
Y=X1*R (25 1) +Y1¥R(2,2) +R (2,3}
CALL PLOTX»Y»2)
1 CONTINUE
RETURN

END Program 3.6

O 000
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Exercise 3.1

Write a subroutine that draws an astroid (as in figure 3.3) of radius R, centred at
(XC, YC), where one axis of the figure makes an angle PHI with the positive
x-axis. The parametric form of an astroid is {(R cos® 8, Rsin® §) | 0 < <27}.

/( y-axis

x-axis

Figure 3.3
CHANGE OF SPACE
Instead of transforming the axes of a coordinate system we now consider what
happens when the axes are fixed and the whole fabric of space is changed about
them. Again there are three basic types of change.
Linear Transformation
The whole of space is moved by a vector (T, Ty); thus a point (x, y) relative to
the axes is moved to a point (x + Tx, y + Ty). This is exactly equivalent to
keeping space fixed and changing the axes so that the origin of the old axes
becomes (—Tx, —Ty) in the new.
Stretching Space
The origin is fixed and the fabric of space is stretched by a factor Sx in the
positive x-direction (and by the same amount in the opposite direction), and by
a factor Sy in the y-directions. This is equivalent to keeping space fixed and
scaling the x-axis by Sx and the y-axis by Sy.
Rotating Space about the Origin

If the whole of space is rotated by an angle 8 about the origin, then it is
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equivalent to fixing space and rotating the axes through the same amount but in
the opposite orientation, that is, by an angle —0.

This explains the minus signs and the order of transformations in the solution
of example 3.2.

Exercise 3.2
Note that the translation and rotation of space do not distort figures; however,
scaling may. Experiment with these transformations by considering polygons,
spirals and other shapes already mentioned.

It is important to note that if matrices are read by statements like

READ(S, %)A4
then the matrix is filled by column from the input channel, that is, the data
input is understood to be in the order A(1, 1), 4(2, 1), A(3, 1), A(1, 2),
A(2,2),...,etc.



4 Clipping and Covering

We now have the ability to create graphical objects of arbitrary sizes and
complexities in the observer coordinate system. Unfortunately the available
graphical devices are of fixed sizes (usually rectangular). Thus, parts of an object
that lie outside this boundary rectangle may cause problems. In most devices
these external line segments are ignored; however, on some devices (in particular,
microfilm plotters) these lines are reflected back into view causing (artistic!)
confusion. This effect may be deliberately used to produce some unusual designs;
figure 4.1 is such a diagram, which was drawn by one of my students.

Usually these lines will be suppressed. There are also times when we wish to
draw only the lines lying inside a given rectangle, which is completely contained
in the screen rectangle and thus of smaller size (and then perhaps expand the
scale of the picture so that this new rectangle fills the screen). In both cases the

“\\ i . 4

ff
i

VL i
4 3 1

\'\'\

h

y
Figure 4.1
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requirement is to clip off the line segments outside the specified rectangle. For
example, clipping the line segments external to the outer rectangle in figure 4.2a
will give figure 4.2b.

AN
1
| T\g
\Z\ \ (a)
[T

Figure 4.2

/

A SIMPLE METHOD FOR CLIPPING

The technique now described can be used to draw figure 4.2b, and also far more
complicated diagrams such as figure 4.4. Initially, the problem is simplified by
assuming that the coordinate origin is the centre of the rectangle, and the sides
of the rectangle are horizontal and vertical, that is, if the rectangle is 2DX by
2DY screen inches then the vertices of the rectangle are (DX, +DY). Hence the
problem reduces to that of discovering whether a line segment joining two points
(x1,»1) and (x2, y2) has a subsegment inside the rectangle. The first step in the
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E
L Iy = 0
E-
G
/H’ F’ LT
| |
| |
F : Iy = -1
1
:
Figure 4.3

solution of this problem is to extend the edges of the rectangle, thus dividing
space into nine sectors: see figure 4.3, where a number of line segments have

been added to aid the explanation. Each point in space may now be classified
by two parameters [X and I'Y where:

(1) IX=-1,0o0r+1 depending on whether the x-coordinate value of the point
lies to the left, between or to the right of the vertical edges of the
rectangle;

(2) IY=-1,0or+1 depending on whether the y-coordinate value of the point
lies below, between or above the horizontal edges of the rectangle.

A subroutine to find these parameters for a point (X, Y) follows.

SUBROUTINE MADE (X5 YsDXsDY» IXs IY)
C SUBROGUTINE TG FIND FRAME MBDE OF POINT X\»Y)
C DX*2 AND DY*2 IS THE SIZE BF THE FRAME CENTRED ON THE OBRIGIN.
IX=0
IY=0
IF (ABS OO0 .GT.DX IX=SIGN(1.0:X
IF (ABS (Y .GT.DY) IY=SIGN(1.0sY)
RETURN
END

Program 4.1

If the two points at the end of the line segment — that is, (x;, y;) and

(x2,y2) — have parameters IX1, IY1, and IX2, Y2, respectively, then there are
a number of possibilities to consider.
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(1) IfIX1=1IX2#0orIY1 =1Y2 # 0,then the whole line segment is outside
the rectangle, and hence the line is totally ignored, for example, line AB in
figure 4.3.

(2) IfIX1=1Y1=1X2=1Y2 =0, then the line segment is totally inside the
rectangle, and so the complete line must be drawn, for example, line CD.

(3) The remaining case has to be dealt with in detail. If IX1 # 0 and/or IY1 #0
then the point (x;, y,) lies outside the rectangle, and a point (x', y) must
be calculated. This is the point on the line segment nearer to (x, y;) where
the line cuts the rectangle. If it misses the rectangle, (x|, ) is the point
where the line cuts one of the horizontal edges extended. If IX1 =1Y1 =0
then (xy, y1) = (x},¥1). A point (x3, ¥3) is calculated in a similar manner.
See the algorithm described in program 4.2. The required clipped line
segment is that joining (x, 1) to (x2, ¥2). If the original line misses the
rectangle then the algorithm ensures that (x}, ) = (x2, ¥3) and this new
line segment degenerates into a point and is ignored. For example, EF is
clipped to E'F’, GH is clipped to GH' (G' = G) and 1J degenerates to a
point I'=7J',

Thus the simplified problem is solved by the production of a subroutine
CLIP such that, when given the two end points of the line segment (X1, Y1) and
(X2, Y2) there are three possibilities: (1) exit the routine immediately; (2) a
line is drawn between the two points; or (3) the clipped points (X1D, Y1D) and
(X2D, Y2D) are produced and a line is drawn between them (if they are not
coincident). The routine is then used on every line segment in the diagram to be
clipped. Note that the dimensions of the clipping rectangle are stored in the
COMMON block /OUTER/.

SUBRGUTINE CLIP(X1,Y1,X2,Y2)
ROUTINE TO FIND CLIPPED POINTS (X1D,Y1D) (X2D,Y2D: CORRESPGBNDING TO
POINTS (X1:Y1) (X2:Y2)

COMMON/BUTER/DX,DY

C INITIALLY SET X1D:Y1DsX2DsY2D TO X1:Y1,X2,Y2
X1D=x1
Y1D=Y1
X2D=x2
Y20=Y2

C FIND FRAME MBDES OF (X1D»Y1D) AND (X2D,Y2D)
CALL MODE (X1D,Y1DsDXsDYs IX1,IY1)

CALL MODE (X2D, Y2D+DX:s DY, IX2, IY2)

C IF POINTS ARE IN THE SAME SECTOR BFF-SCREEN THEN RETURN
IF (IX1*XIX2.EG.1.0R.IY1XIY2.EQ.1> RETURN
IF(IX1.EQ.0) GO TO 1

C MBVE POINT 1 T@ NEARER FRAME X—EDGE
XX=DX*¥IX1
Y1D=Y1D+ (Y2D-Y1D) ¥ (XX-X1D) / (X2D-X1D)
X1D=XX
CALL MODE (X1D,Y1D»DXsDY,» IX1,IY1)

1 IF(IY1.EQ.O0GB TB 2

C MBVE PBINT 1 TG NEARER FRAME Y—-EDGE
YY=DYXIY1
X1D=X1D+ (X2D-X1D) ¥ (YY-Y1D) / (Y2D-Y1D}
Y1D=YY

2 IF(IX2.EQ.0)GB 70 3

oo
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C MBVE POINT 2 TGO NEARER FRAME X-EDGE
XX=DX*KIX2
Y2D=Y1D+ (Y2D-Y1D) * (XX-X1D) / (X2D-X1D)
X2D=XX
CALL MODE (X205, Y2DsDXsDYs IX2,5IY2)
3 IF(IY2.EQ.0) GO TO 4
C MBVE POINT 2 TG NEARER FRAME Y-EDGE
YY=DYXIY2
X20=X1D+(X2D-X1D) *(YY-Y1D) / (Y2D~-Y1D)
Ya2D0=YY
C NOW PLOT LINE BETWEEN THE NEW POINTS IF THEY ARE NOT CBINCIDENT
4 IF (ABS (X1D-X2D) .LT7.0.000001.AND.ABS (Y1D-Y20) .LT.0.000001> RETURN
C IF WE NOW WISH TO COVER (SEE LATER) PART OF THE FIGURE THEN
C THE FOLLOWING PLOT CALLS MUST BE REPLACED BY
C CALL COVER(X1DsY1D»X2D,sY2D)
CALL PLOT(X1D»Y1Ds3
CALL PLOT(X2D,Y2D:2)
RETURN
END

Program 4.2

To solve the general problem, namely, when one pair of the rectangle sides
make an angle o with the x-direction and the centre of the rectangle is (XC, YC),
we use the techniques of the previous chapter. First calculate a matrix Q which
translates the origin to (XC, YC), and a matrix P which rotates the axes through
an angle a. Set R = P x 0, and premultiply each point in the diagram by R. The
problem now reduces to the simple case; however, each point has to be
premultiplied by R™'(=07! x P“l) to return the points (including the clipped
points) to their original coordinate form before the line segments are drawn  the
problem is solved! Note that there is no need to calculate the inverse of the
matrices P~ and Q7! directly, since P! represents the transformation of
rotating the axes through —a, and Q™! is the matrix for the transformation of
the origin to (— XC, —YC).

Exercise 4.1
Clip figure 1.6 inside a diamond of side 64/2. (The diamond is a square of side
6+/2 inches rotated through 7/4 radians.)

A SIMPLE COVERING METHOD

Covering is the exact opposite of clipping. Again we have a rectangle (2DX by
2DY inches; DX and DY are now in the COMMON store labelled /INNER/), but
in this case all line segments inside the rectangle are deleted. Figure 4.2c shows
the result of covering figure 4.2b with the inner rectangle. This technique is
normally used when information (such as messages) are to be written over a
complicated diagram. Rather than cause confusion by overwriting part of the
design, part of the diagram is blanked out by covering and the required message
written inside the cover.

As with clipping, the problem is simplified by assuming that the cover has
four corners (+tDX, +DY), and the transformations of chapter 3 can be used to
manipulate the general case into this simple form, exactly as we saw with clipping.
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Again space is divided into nine sectors by extending the edges of the cover.
Each point in space is then given two parameters IX and IY using the routine
MODE (program 4.1). Covering a line segment that joins the points (X1, Y1) to
(X2, Y2) is achieved by

CALL COVER(X1, Y1, X2, Y2)

where the covering subroutine is as follows.

SUBRBUTINE COVER{X1,sY1,X2,Y2)
C ROUTINE TO FIND THE COVER PBINTS (X1D»Y1D> AND (X2D,Y20D’
C CORRESPONDING TO@ (X1,Y1> AND (X2,Y2) RESPECTIVELY.
COMMOBN/INNER/DX,DY
C CALCULATE THE MBDES BF (X1,Y1) AND (X2,Y2)
CALL MODE {(X15Y1,DXsDY,sIX1,IY1)
CALL MODE (X2,Y2,DXsDY, IX2,IY2)
IFCIXIMIX2.NEL1.AND. IYDKIY2.NE. 1) GO T0O 1
C (X1,Y1) AND (X2,Y2) LIE GUTSIDE AND ON THE SAME SIDE AS BNE OF
C THE EXTENDED EDGES OF THE COVER, SO@ DRAW THE COMPLETE SEGMENT.
CALL PLOT(X1,Y1,:3)
CALL PLOT{X2,Y2,2)
RETURN
CALCULATE FOINT 1 s (X1D»YI1D>.
IF (X1,Y1) NOT BETWEEN THE X-EDGES MBVE POINT 1 TG NEARER X-EDGE
ELSE (X1D,Y1D>»=(X1sY1) FGBR THE MOMENT.
1 IF(IX1.EQ.0> GO TO 2
X1D0=DX**IX1
Y1D=Y1+(Y2-Y1) K (X1D—-X1) / (X2-X1)
CALL MBDE (X1DsY1DsDXsDYs IX1,IY1)
GO 70 3
2 X1D=X1
Y1D=Y1
C IF (X1D,»Y1D) NOT BETWEEN THE Y-EDGES MGVE POINT 1 TG NEARER Y-EDGE.
3 IFCIY1.EQ.0> GB TO 4
Y1D=DYKIY]
X1D=X14(X2-X1) K (Y1D-Y1) /(Y2-Y1)
C JBIN (X1,Y1) TB (X1D,Y1D> UNLESS (X1,Y1) ALMOST EQUAL TG (X1D,Y1D>.
4 IF (ABS (X1D—-X1) .LT.0.00001.AND.ABS (Y1D-Y1) .LT.0.00001> GO 10 5
CALL PLOBTX1D»Y1D»3
CALL PLOT(X1,Y1,2)
C REPEAT THE ABOVE PROCESS FOBR POINT 2.
5 IF{IX2.EQ.0) GO TO 6
X2D=DX*IX2
Y2D=Y1+(Y2-Y1) K (X2D-X1) / {X2-X1)
CALL MBDE (X2D»Y2DsDXsDY» IX2, IY2)
GO TO 7
6 X20=X2
Y20=Y2
7 IF(IY2.EQ.0) GO T0O 8
Y2D=DY*XIY2
X20=X1+ (X2-X1) ¥<Y2D-Y1) /{Y2-Y1)
8 IF (ABS (X2-X2D) .LT.0.00001.AND.ABS (Y2-Y2D> .LT.0.00001> RETURN
CALL PLOT{(X2D,»Y2D»3
CALL PLBT(X2,Y2,2)
RETURN
END

o0on

Program 4.3

The subprogram is explained with reference again to figure 4.3. If both of
the points defining the line segment lie on the same side of one pair of rectangle
edges (that is, IX1*IX2 = 1 or [Y1*IY2 = 1) then the line lies completely outside
the rectangle and must be drawn in total, for example, AB. When this is not the
case we calculate (when necessary) the points (X1D, Y1D) corresponding to
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(X1, Y1) and (X2D, Y2D) corresponding to (X2, Y2). If (X1, Y1) lies inside the
rectangle, then (X1D, Y1D) = (X1, Y1); if it is outside, then (X1D, Y1D) is
produced in the same way as in the clipping routine. (X2D, Y2D) is found in an
equivalent way. The routine joins (X1, Y1) to (X1D, Y1D) if the points are not
coincident, and similarly (X2, Y2) to (X2D, Y2D). For example, CD is not drawn
because both C and D lie inside the rectangle; EE' and FF' are drawn, and since
E' = F' these lines combine to give the complete line EF; GG’ and H'H are the
two subsegments drawn from GH; and finally J'J is drawn from IJ.

Exercise 4.2
Draw figures 4.2a, b and c.

Exercise 4.3

Draw figure 4.4, which is figure 1.6 clipped by a square with side 6/2 inches and
covered by a square with side 2 inches. Both squares are centred at the origin —
the centre of the circle of 30 points.

Figure 4.4 |

THE USE OF CURSORS AND PEN SENSORS

Many interactive graphics devices have cursors (moveable crosshairs) and/or pen
sensors (for example, light pens), which enable the user to indicate individual
points on the device screen or surface. By pressing a special button the keyboard
(or other equivalent methods), the coordinates of the point specified by the
cursor can be read by the program. A subroutine call, probably of the form

CALL CURSOR(XC, YO)

will make the program pause until the key is depressed, when the coordinates of
the point specified by the cursor are identified with the values of the variables
XC and YC. Naturally the form of this type of input varies between implementa-
tions — so check!
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Reading in a sequence of points in this way enables us to draw straight-line
diagrams on to the screen, and perhaps store the input information in arrays.
For example

CALL CURSOR (X{1) Y1y
CALL PLBT(X{1) Y1) +3)
D@ 1 I1=2,4

CALL CURSER (X (I YD)
CALL PLOAT XKD YD) +2)

1 CONTINUE
CALL PLOTIX(1) Y1) 52>

Program 4.4

enables us to draw a quadrilateral, and to store the vertices in the arrays X and Y
If the quadrilateral is meant to be a rectangle then the inaccuracies implicit in
moving the cursor about the screen may lead to non-parallel lines in the rectangle.
A simple way to correct this error is to use a grid. We imagine a grid of horizontal
and vertical lines covering the screen, the origin being one of the points of
intersection of these lines. The size of the grid (that is, GRID, the perpendicular
distance between two neighbouring parallel lines) is left to the programmer, and
its value depends on the accuracy required in the program. The coordinates of
the points of intersection of the grid are not stored; they can be calculated
whenever they are required. When a point is specified by a cursor, (XC, YC),
instead of storing these values, we store the coordinates of the grid point nearest
to (XC, YC); thus

CALL CURSOR {XC» YC)

X (I3 =INT (XC/GRID) XGRID
Y {I) =INT(YC/GRID) *GRID

Program 4.5

where INT(R) is the Fortran function which returns the nearest integer to the
REAL number R.

Exercise 4.4
Use the grid method to draw a number of polygons on the screen. Experiment
by changing the GRID value.

If GRID is large then the number of grid points that the screen can
accommodate is necessarily small, and so not many figures can be drawn. If
GRID is small then the implicit errors in cursor movement may reappear.

Some computer configurations have a ‘graphics pad’ and either a pen sensor
or digitising crosshairs linked into a graphics screen. Now the CURSOR call
returns the coordinates of a point on the pad specified by the pen sensor. Thus
coordinates of points on the pad can be stored in a data file and used to draw
diagrams on the screen. In this way a rough sketch (of a mechanical component,
for example) can be placed on the pad, scanned by the pen sensor and ‘cleaned
up’ using the grid method to produce accurate drawings on the screen (and
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hard-copy on microfilm if required). Sophisticated packages based on this very
elementary idea are proving to be of great value in the electronic and engineering
industries.

A variation on this theme is the draw—drag—delete type of program. The idea
is that the program contains a series of subroutines, each of which can draw an
elementary figure (such as a diagrammatic picture of an electronic component)
relative to a reference point. The program can draw any number of these figures
on the screen (and in this way a complete electronic circuit can be designed).
Each figure is placed by the cursor, which fixes the position of the figure’s
reference point. Again the grid method is essential to avoid distortions caused by
non-horizontal and non-vertical lines implied by the cursor movement. Individual
figures may be moved (dragged) about the screen, the change of position also
being specified by the cursor. Finally it may be decided that a figure is
unnecessary — it is pinpointed by the cursor and deleted.

MENUS

When the programmer has decided to draw, drag or delete, the required
information has to be input. Of course it is always possible for the program to
read the information from a keyboard; however, this tends to be tedious and
error-prone, and so another method has been devised — the menu. A list of
possible choices is drawn on the screen (or it may be a permanent fixture on a
pad); each choice has its own box, which must be ‘ticked’ by moving the cursor
(or pen sensor) into this area before the correct alteration can be made to the
diagram. Naturally, all this writing will lead to confusion in the picture but, as
we have seen, the ideal solution is to cover part of the screen and place the list
of alterations with their boxes (the menu) inside the cover. The grid method
should also be used to identify the unique box to be ‘ticked’. (See project 3,
chapter 11.)

This is a good time to describe how strings of characters may be written on
the screen. Thankfully the programmer does not have to draw each individual
character; all graphics packages have a subroutine that draws strings of characters.
The one we describe (SYMBOL) is typical.

CALL SYMBOL(X, Y, HT, ICH, ANGLE, INDEX)

is the form of the subroutine call. There are a number of ways of using this
routine; the uses are specified by the value of INDEX., We describe two uses:
INDEX = —1 and INDEX > 0. In all cases (X, Y) are the coordinates of a point
of reference used in drawing the string of characters, and HT is the height of the
symbols. ANGLE is the angle (for some reason this is often given in degrees!)
that the line of symbols make with the positive x-axis.

If INDEX = —1 then only one character is drawn; this is taken from a
predefined list of symbols: ICH indicates which element in the list. The point of
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reference of the symbol will be either the centre of the symbol or its ‘bottom
left-hand corner’ (check your manual).

IF INDEX > 0 then ICH will be the Hollerith string, of length INDEX, to be
drawn on the screen.

In both cases each individual character is drawn in an imaginary square box.
The following program will draw in the boxes around example output from
SYMBOL in order to demonstrate how the routine works.

C EXAMPLES
CALL
cAaLL
CALL
CALL

C EXAMPLES
CALL
CALL
CALL
CALL

OF POSITIVE INDEX.

SYMBOL (-4.0,-4.0,2.0,3HXYZ,0.0,:3’
SYMBOL (4.0+-4.0,2.0:3HXYZ,90.0,+3>
SYMBOL {4.0,4.0,2.0:3HXYZ,180.0,3>
SYMBOL (-4.0,4.0,2.0+3HXYZ,270.0:3>
BF INDEX = -1.

SYMBOL (-1.0+-1.0+2.0+3,0.0,-17
SYMBOL <1.0,-1.0,2.0:3,45.0,-17
SYMBOL (1.0+1.0:2.0+3,60.0s-1>
SYMBOL <-1.06,1.0,2.0+,3:85.0,-1>

Program 4.6

/
EE)A
X

Figure 4.5



5 The Coordinate Geometry of
Three-dimensional Space

It is now time to enter the real world of three dimensions. In order to introduce
cartesian coordinates we necessarily require three mutually perpendicular axes,
labelled x, y and z-axes, all of which meet at a common point, the coordinate
origin. There are two independent ways of placing these axes, known as left-
handed and right-handed triads of axes. In both types we may place the x and y-
axes as in two-dimensional space, in the planc of the page (or screen) — the
positive x axis placed to the right of the origin and the positive y-axis above the
origin. This just leaves the placement of the z-axis (whence the two classifications
of triads); it may be into the page (left-handed) or out of the page (right-handed).
In this book we always use the left-handed notation.

We specify a general point p in space by the coordinate vector triple (x, y, z),
where the individual coordinate values are the perpendicular projections of the
point on to the respective x, y and z-axes. By projection we mean the unique
point on the specified axis such that the line from that point to p is perpendicular
to that axis.

A line in three-dimensional space passing through two such points p; =
(x1,¥1,z1)and p; =(x2,y2, z2) is the next type of object to be defined. This is
accomplished by describing a general point p = (x, y, z) on the line by the three
equations

(x—x))y2 —y1) = —y1)x2 — x1)
O =-y1)z2—21)=(@ - z1)y2 - y1)

and

(z-z))(x2 —x1)=(x —x1)(z2 — 21)

These equations enable us to calculate two of the coordinates in terms of the
third (see example 5.1).

As with two dimensions, this form is not the only way of representing a line
in three-dimensional space; in fact the second way we introduce is possibly more
useful. The general point on the line is now represented as a vector that is
dependent only on one real number u

PW=E —wpy +up; —o<u<eo
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that is
p() = ((1 — ey +pxa, (1 — )y +uyz, (1 — w)zy +pz2)

This form is equivalent to that described in chapter 2, and in fact the interpreta-
tion of u is exactly analogous.
This form may be rewritten

P(W)=py + (P2 — pr)

Here p is known as the base vector, which, in fact, may be any point on the line,
and p, — p; is called the directional vector. This is the first time we have come
across the dual interpretation of a vector. We have used a vector as a means of
uniquely determining a point in three-dimensional space; but it may also be
considered as a general direction, namely any line parallel to the line joining the
origin to the point vector (as interpreted above). Of course, we move along a
line in one of two possible directions, and so we need to define the sense of a
direction vector, namely that from the origin towards the point vector in space;
the opposite sense is obviously from the point towards the origin. Now we can
define the length (or modulus) of a vector p to be | p |, the distance of the point
vector from the origin. Hence if p = (p,, p2, p3) then

Ip|=V(p} +p3 +p3)

Thus any point on a line p + ud is found by moving to the base vector p and then
travelling along the line through p, which is parallel to the direction vector d, a
distance u | d | in the sense of d if u is positive, or a distance —u | d | in the
opposite sense to d if u is negative. (Note that the sense of —d is the opposite
sense to that of d.)

The coordinates of a directional vectord =(d,, d,, d3) tell us far more than
just the modulus of the vector. Forif 8, 8,, 8, are the angles that such a
directional vector makes with the respective positive x, y and z-axes then the
ratios

dy:dy:d3 = cos 0x:cos 0y:cos 0,

We know from the properties of three-dimensional geometry that

cos? 0 + cos® 0, + cos® 6,=1
Hence if the directional vector has modulus 1, then the coordinates of this
vector must be (cos 0, cos 6, cos 8;); these coordinates are called the direction
cosines of the set of lines generated by the directional vector. In general, if the
direction vector is (d,, d3, d3) then the direction cosines are

4 4 ds
Id|’1d|’|d]|
Example 5.1

Describe the line joining (1, 2, 3) to (-1, 0, 2).
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The general point (x, y, z) on the line satisfies the equations

x-1D0-2)=( —2)-1-1), thatis,—2x+2y=2 (5.1)

O-2)(2-3)=(z-3)0-2), thatis, —y +2z =4 (5.2)
and

(z-3)(-1-1)=(—1)2 —-3), thatis,—2z+x=-5 (5.3)

Note that equation 5.1 is —2 times the sum of equations 5.2 and 5.3. Thus we
need only consider these latter two equations, and we get

y=2z—4 and x=2z-5

whence the general point on the line depends on only one variable, in this case z,
and it is given by (2z — 5, 2z — 4, z). We can check this result by noting that
when z =3 we get (1, 2, 3) and when z = 2 we get (-1, 0, 2).

The line in vector form is

p(w)=(1—u)(1,2,3)+u(-1,0,2)

Again the coordinates depend on just the variable u and, to check the validity of
our line, we note that p(0)=(1, 2, 3) and p(1) = (-1, 0, 2).

Of course the line may be represented in the equivalent base vector and
directional vector form

p(ﬂ) = (la 2’ 3) +“(_2s _2’ ‘1)

with (1, 2, 3) as base vector and (-2, —2, —1) the directional vector with
modulus /(4 + 4 + 1) =+/9 = 3. As was previously stated, any point on the line
can act as a base vector; hence

p'(ﬂ) = (_ls 0> 2) + “(_2: _2a —1)

is another valid representation of the same line. We can change the directional
vector into its direction cosine form (—2/3, —2/3, —1/3) and represent the line

P'(m)=(1,2,3) +u(=2/3,-2/3,-1/3)

Now, of course, the same value of y will give different points on the line, for
example

p(3) = (—5, —47 _1)’ p’(3) = (_7’ _6a —1)7 p"(3) = (—17 0’ 2)

The line through the origin with this directional vector makes angles 131.81° =
cos™' (—2/3),131.81° and 109.47° = cos™! (—1/3) with the x, y and z axes,
respectively.

The next object to consider is naturally the plane. Before doing this we have
to introduce the operator -, the dot product or scalar product. This operates on
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two vectors giving a scalar result, thus

P q=(,p2,p3)" (q1,92,43) = P191 +P2q2 +P3q3

If the two vectors p and ¢ are both in the form of direction cosines, that is,
I[pl=1q]|=1,and y is the angle between the lines defined by them, then

P * q = cos Y. Thus, in general, the angle between two directional vectors p and
¢ (which meet at a point) is

cos™! (29
Ipllql
Obviously if p and ¢ are mutually perpendicular directions thenp - ¢ =0.
The general point x on a plane is given by the vector equation

n-x=k

where k is a scalar and n is the directional vector of the set of lines that are
perpendicular to (or normal to) the plane (see example 5.2). If a is any given
point on the plane then from the above equation we know that

n-a=k
and thus, by replacing k, this equation may be rewritten as
n-x=np+a or n-(x—-a)=0

This latter fact is obvious from the property of the dot product just mentioned,
namely that two mutually perpendicular lines have zero dot product. For any
point x in the plane, x — @ may be conside:ed as a direction vector of a line in
the plane and, since n is normal to the plane and hence normal (that is,
perpendicular) to every line in the plane, thenn - (x —a) =0.

Taking (x, y, z) as the general point on the plane with normal n = (n,, n,, ns3),
we obtain the usual coordinate representation of a’plane

(nlan29”3) : (x! Y, Z)=n1x +”2}’+n3z=k

THE POINT OF INTERSECTION OF A LINE AND A PLANE

Suppose the line is given by b + ud and the plane by n - x =k. Since the point of
intersection is on both the line and plane we have to find the unique value of u
(if one exists) for which

n-(b+ud)=k
that is
_k—n-b
_- n-d

provided n + d # 0.



46 A Practical Introduction to Computer Graphics
THE DISTANCE OF A PLANE FROM THE ORIGIN

To answer this question we first have to ask, ‘what do we mean by the distance
of a plane from a point p; 7 Common sense tells us that this is the distance from
D1 to the nearest point on the plane, p,. Hence the normal from the plane at p,
must pass through p, and the required distance is simply that between p; and
p2.

A line that passes through the origin and is normal to the plane n - x = k may
be thought of as having the origin 0 = (0, 0, 0) as base vector, and directional
vector n (that is, the line is 0 + un).

Hence the nearest point on the plane is

0"_(k—n-O)n_ kn2
n-n |n|

The distance of the origin from this point is k/| n | . Hence if n is given in the
form of a direction cosine vector (that is, if | n | = 1), then k is seen to be the
distance of the plane from the origin.

Example 5.2

Find the point of intersection of the line joining (1, 2, 3) to (1, 0, 1) with the

plane (2, 1,2) - x = 5, and also the distance of the plane from the origin.
b=(1,2,3),d=(1,0,1)—-(1,2,3)=(0,-2,-2),n=(2,1,2)

n‘b=(2x1+1x2+2x3)=10
n-d=2x0+1x-2+2x-2)=-6

hence the point of intersection is
5—10
(1,23 +8=1%0, 2, 2=t 173,473

and the distance of the plane from the origin =5/| n | =5/3.

A program to solve such a problem is given below (program 5.2). Here vectors
are stored as one-dimensional arrays whose indices lie between 1 and 3,
corresponding to the x, y and z-coordinates respectively. The program reads in
the plane information K and N(3), and the line information, base vector B(3)
and directional vector D(3). A function DOT is used to calculate the dot product
of two vectors.

FUNCTION DOTP,Q>
C FUNCTION T8 FIND THE DGT PRODUCT OF TWO VECTBRS P AND Q.
DIMENSIOGN P(3),Q¢3)
DOT=P (1) *Q {1) +P {2) *Q {2 +P (35 *Q (3}
RETURN
END

Program 5.1
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Since we are working with REAL numbers, with all their attendant rounding
error problems, we cannot check whether the dot product is zero, instead we see
whether its value is sufficiently small to be considered zero (and what is meant
by sufficiently small is left to the programmer).

C PROGRAM TB FIND THE POINT OF INTERSECTION PT BF A LINE
C B + RMIXD AND A PLANE N.X = K . ByDsNsXsPT ARE VECTORS.

REAL B (35D {35 sN{35PT{35 4K

READ (5,#) KsNsB,»D

DOT1=DBTN,D;
C IF LINE AND PLANE ARE PARALLEL THEN STOP.

IF {ABS (DBT1) .LT.0.000001> STOP

RMU=(K-DBTN,B)) /D0T1

DB 1 I=1,3

PT L =B (I 4RMUKD (T

1 CONTINUE

Program 5.2
THE POINT OF INTERSECTION OF TWO LINES

Of course the two lines have to be coplanar and non-parallel for there to be a

real point of intersection; however, there is no need to check these facts
independently — ‘it will all come out in the wash’. Suppose the lines are b + ud,
and b, + \d, for all real values of u and A. We have to fix unique values for u and
A such that

by +ud, =b, +2d,

Hence, we have three equations in two unknowns (one equation per coordinate).
Thus, for this problem to make sense, one of the equations must be redundant,
that is, one equation must be a combination of the other two. If this is not the
case, then the lines are not coplanar. If all three are similar, that is, each is a
multiple of every other, then the lines are parallel. Hence the question reduces
to one of finding two non-similar equations (if possible), solving them for u and
A and then checking that this solution also satisfies the remaining equation.

Example 5.3
Find the point of intersection (if any) of

(@ (1,1,1)+u(2,1,3) with (0,0, 1) + (=1, 1, 1)
(b) (2,3,4) +u(1, 1, 1) with (=2, =3, —4) + (1, 2, 3)

In (a) the three equations are

1+2u=0-2 (54)
1+p=0+X (5.5)
1+3u=1+2x (5.6)

From equations 5.4 and 5.5 we get u = —2/3 and A = 1/3, which when substituted
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into equation 5.6 give 1 + 3(—2/3) on the left-hand side and 1 + 1(1/3) on the
right, which are obviously unequal; thus the lines do not intersect.
From (b) we get the equations

2+u=-2+x 5.7
3+pu=-3+2\ (5.8)
4+pu=—-4+3\ (5:9)

From equations 5.7 and 5.8 we get u = —2 and A =2, and these values satisfy
equation 5.9; hence the point of intersection is

2,3,4)+-2(1,1,1)=(-2,-3,-4)+2(1,2,3)=(0, 1, 2)

Exercise 5.1

Program this problem, remembering that we are working with REAL numbers,
so when it is time to check the solution with the remaining equation, we cannot
expect equality; check only that the difference between the left- and right-hand
sides is sufficiently small.

Note that if the two independent equations are

ayutaA=b,

azuta;A=by

then the determinant of this pair of equations D =aya;;, — 3245 will be
non-zero, and we have the solutions

u=(ay2by —ay2b2)/D and X=(ay;by —az2,by)/D

We now introduce a new vector operator, that is, the vector product x , which
operates on two vectors p and g, giving a vector result as follows

pxq=(p1,p2,P3)x(q1,92.493)
=(P2q3 — P392,P391 —P143,DP1492 — P2q1)

If p and q are directional vectors (not parallel) then p x ¢ is the directional
vector perpendicular to both p and q. It should be noted that p x ¢ # ¢ x p;
these two vectors specify the same direction but they are of opposite senses, for
example, (1,0,0)x(0,1,0)=(0,0, 1) but (0, 1,0) x (1, 0, 0) =(0, 0, —1);
while (0, 0, 1) and (0, 0, —1) are both directions parallel to the z-axis, the first
is in the sense of the positive z-direction, and the second in the negative.

A subroutine VECPROD, which produces the vector product R(3) of two
vectors P(3) and Q(3), is given below.



The Coordinate Geometry of Three-dimensional Space 49

SUBROUTINE VECPROD (P5Q,sR5
C ROUTINE TO CALCULATE Rs THE VECTOR PRODUCT OF TWO VECTBRS P AND Q.
DIMENSION P35 ,Q<35 R {3
0B 1 I=1,3
I1=MBD (I3} +1
I2=MOD (I1,3) +1
R{IY =P {I1)¥QI2) ~P12) QI
1 CONTINUE
RETURN
END

Program 5.3

THE PLANE THROUGH THREE GIVEN NON-COLLINEAR POINTS

Suppose the three given points are p,, p, and p3. Then p, — p, and p3 — p;
are vectors which define directions of two different lines in the plane, the lines
being coincident at p,. The first line goes through p, and the second through
P3. We know that the normal to the plane is perpendicular to every line in that
plane, and thus in particular to the lines with directions p, — p; and p3 — p;.
Hence, since the lines are not parallel, p, — p; #p3 — p;, the normal direction
must be (p; — py)x (P3 — p1), and since the plane obviously contains the point
P1, we may take the general equation of this plane to be

@2 —p1)x (3 —P1)) - (x—p1)=0

Example 5.4
Find the plane through points (0, 1, 1), (1, 2, 3) and (-2, 3, —1) in coordinate
form,
This is given by the general point x = (x, y, z)

(((1,2,3) -0, 1, 1)) x ((-2,3,-1) = (0,1, 1)))  ((x, », 2) = (0, 1, 1)) =0
that is

«(1,1,2)x (-2,2,-2)) - (x,y -1,z -1)=0
that is

(-6,-2,4)-(x,y—-1,z—-1)=0

Hence the plane is given by the equation —6x — 2y +4z =2 or in the equivalent
form3x +y —2z=-1.
THE POINT OF INTERSECTION OF THREE PLANES

We assume that the three planes are given by the vector equations 5.10 to 5.12
below. The point of intersection of the three planes must thus lie in each plane
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and hence satisfy all three equations

ny, - x=k (510)
ny *x=ky (511)
ny vx=k3 (5.12)

where ny =(ny1,n12,n13), m2 =(n21, 122, n23) and n3 = (n34, n32, n33).
These three equations can be replaced by the matrix equation

nyy ny2 N3 x ki
Ny My malx|y|=|k
n3; N3y N33 z ki

and so the solution for x is given by the column vector

-1
x nyy  ny2 np3 kj
Y|=|ni1 m2 n23 x| k2
z n3; N3z nas k3

So any program requiring the intersection of three planes necessarily uses the
inverse of a 3 x 3 matrix; we could use a computer package to solve this
problem, but it is much simpler to write our own routine. Subroutine INV uses
the Adjoint method to find NI, the inverse of the REAL 3 x 3 matrix N.

SUBROUTINE INVINsNIJ
C CALCULATE MATRIX NI, THE INVERSE OF MATRIX N BY THE ADJOINT METHOD,
C N IS ASSUMED TO BE A REAL NONSINGULAR MATRIX.
REAL MN{3+35 +NI {343
C FIND DET, THE DETERMINANT BF MATRIX N.
DET=N{1,10 % {NL2+20 N (3,30 -N{2:F)*EN(3.:205 +
+ N{1:20 N2 3 N3, 10 N2 10N (34300 +
+ Ni1s30 R IN{2s 108N {342) =N{2+25 N 30 15
C THE INVERSE IS THE ADJBINT MATRIX DIVIDED BY THE DETERMINANT,
DO 2 I=1,3
I1=MBD{I,3) +1
I2=MBD (11,3’ +1
DB 1 J=1,3
J1=MOD {J+3) +1
J2=MOD {J1+37 +1
NIy TG =N J10 N T2, 020 -N(T14 J25 *N T2 0155 #/DET
1 CONTINUE
2 CONTINUE
RETURN
END

Program 5.4

As usual, vectors are represented in programs by one-dimensional arrays, thus
PT(3) will contain the solution of the equation, x; K(3) will be the column
vector of plane constants. We are given the normals of the planes n,, n, and n5
in the form of a two-dimensional array N(3, 3). So the value of x is found by the
following code.
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C PROBGRAM TO FIND PT, THE POINT OF INTERSECTION OF THE THREE
C PLANES NIy 3 .X = KI) 5 I=1.2 OR 3.
C N{I, » REPRESENTS THE NORMAL TO THE I'TH PLANEs (N{Is15 sNIIe25 oNCTe355 .
REAL N{353) sNI(3+3) K35 ,,PT3)
READ (5, N,K
CALL INVINLNI
C THE COLUMN VECTOR PT IS THE PRODUCT OF THE INVERSE MATRIX NI
C AND THE COLUMN VECTOR K.
bo 2 I=1,3
PTI=0.0
DO 1 J=1,3
PTI=PTIHNI (I J)*K D
1 CONTINUE
PTLI)=PTI
2 CONTINUE

Program 5.5

Obviously if any two of the planes are parallel, then DET, the determinant of
the matrix N, is zero and the inverse does not exist, and incidently our program
would fail.

Example 5.5
Find the point of intersection of the three planes (0,1,1) - x=2,(1,2,3) - x=4
and(1,1,1) - x=0

In the matrix form we have

R ERE

The inverse of

0 1 1
1 2 3
1 1 1

is

R0 20

This soiution is easily checked
0,1,1)+(-2,0,2)=2 (1,2,3)-(~2,0,2)=4and(1,1,1) - (-2,0,2)=0

and thus the point (-2, 0, 2) lies on all three planes and so is their point of
intersection.
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THE LINE COMMON TO TWO PLANES

Let the two planes be
p x=k;y and q°*x=k;

Since we naturally assume that the planes are not parallel p # Ag for all A. The
common line is in the first plane and hence it must be perpendicular to the
normal to that plane, p (p is perpendicular to every line in the plane); it must
also be perpendicular to ¢ for the same reason. But we know that a line
perpendicular to two non-equal directional vectors p and ¢ has direction p x ¢.
Thus the line must be of the form

b+ulpxq)

where b is any point on the line. In order completely to classify the line we must
find one such b. Why not take the point that is the point of intersection of the
two planes with a third which is not parallel to the former? Choosing a plane
with normal p x ¢ will satisfy this condition, and we have already calculated

this vector product! Thus the third plane is in the form (p x ¢) *+ x = k3. Of
course this plane still requires a value for k3; why not assume that the plane
goes through the origin and thus k3 =0, and b is given by the column vector

Py D2 D3 k1
b= q; q2 qs3 x | k2
P293 —P3q2 P39 — D193  Piq2 — P2q1 0

Example 5.6

Find the line common to the planes (0, 1,1) - x=2and (1,2,3) - x =2.

p=(0,1,1)andg¢=(1,2,3),andsopxqg=(1x3-1x2,1x1—0x3,
0x2—1x1)=(1,1, —1). And we require the inverse of

0 1 1
(1 2 3
1 1 -1

that is

: (—5 2 1)
=l 4 -1 1
3\ 4

and hence the point of intersection of the three planes (the required base vector)

is
1 -5 2 1 2 1 —6 -2
s o)) Ce)-()
-1 1 -1 0 0 0

and the line is (=2, 2, 0) + u(1, 1, —1).
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It is easy to check that this line lies in both planes because
0,1,1) - ((—2,2,0) + (1,1, -1))=(0,1,1) - (—2,2,0)
+(0,1,1) - u(1,1,-1)=2

(1,2,3) - ((=2,2,0) +u(1, 1, -1)) =(1, 2, 3) - (=2, 2, 0)
+(1,2,3) - u(1,1,-1)=2

The program to solve this problem is given below, and as we can see it is very
similar to the last program segment.

C
C

@]

a0

oo

PROGRAM TO FIND B + RMEKD , THE LINE COMMON TO TWG PLANES
P.X = K{1) AND Q@.X = K2.
REAL N335 sNI3+35+B<3),D(35sP3),Q(3),K{3)
READ (5, P»Q,sK
Ds THE CIRECTIOGNAL VECTOR OF THE LINE IS THE VECTOR PRODUCT OF P AND Q.
CALL VECPROD(PsQ,sD>
CREATE A NEW PLANE AND PUT NORMALS TO THE THREE PLANES IN MATRIX N.
THE CONSTANT OF THE NEW PLANE IS ZERO.
K{35=0.0
DB 1 I=1,3
N1, I =PI
N2, 1=
N3, I =D{L
1 CONTINUE
Bs THE BASE POINT OF THE LINE IS THE PBINT OF INTERSECTION OF
THE THREE PLANES.
CALL INVINSNIG
DO 3 I=1,3
BI=0.0
DB 2 J=1,3
BI=BI+NI {I,sJ)RKJ)
2 CONTINUE
B{I)=BI
3 CONTINUE

Program 5.6

In the routine to find the inverse of a matrix we had to calculate the

determinant of the matrix, DET. The matrix in the last example is in a very
special form, and so we recalculate DET

DET =p,(p142” - p2q192 +P143” - P39143)
+D2(p293° — P3g293 +P2a1° — P142q1)
+p3(p3q1” - P143q1 +P3q2° — P243q2)

=p12(@:% +43%) +p22(@3° +422) +p32(@:? +@2%) - 2 2 piviaig;
i<j

— 2 2 2 2
=@17 +p2” +p3Nar” 14,7 +q3%) —pi2gqi? - p22aa? - p3test

—2Zpipiqiq1'
i<j
=(p1? +p2® +p3’Na1? +q2° +43%) — (191 +P292 +P3q3)
=@ -p)g-9)—@-q)
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If p and q are direction cosine vectors then p « p and q * ¢ are both equal to 1
and hence the determinant is simply 1 — (p * ¢)?, a much simpler calculation.
This new interpretation of DET is also instructive, since p * ¢ is the cosine of the
angle Y between the two lines, then DET =1 — cos? Y =sin? Y. This shows the
real meaning of the determinant — it is the square of the area of the parallelogram
formed by vectors p and ¢, and in general it is the volume of the solid formed by
the three vectors.

THE FUNCTIONAL REPRESENTATION OF A SURFACE

We have already seen the simplest form of surface, namely a plane
nyx +nyy +n3z— k=0

The function f(x, y, z2)=n;x + nyy + n3z — k, a simple linear polynomial in

x, y and z, can be used to define this surface; it also enables us to divide space
into two parts. For all points (x, y, z) such that f(x, y, z) = 0 lie on the surface,
those with f(x, ¥, z) > 0 lie in one part and those with f(x, y, z) <0 lie in the
other. This fact is true for any surface that divides space into two parts, for
example, f(x, y, z)= rr_x* - y2 — z* defines a sphere with radius r. If

f(x, y, z) > 0 then the point (x, y, z) lies inside the sphere, and f(x, y, z) <0
lies outside the sphere. This fact is very useful because there are many instances
when we wish to know whether two points p=(p,, p2, p3)and ¢=(q1, g2, q3),
say, lie on the same side of a surface or not (especially when considering Hidden
Line Algorithms, chapter 8). All we need to do is to check whether the sign of
f(p1, p2.p3) is the same as (g, q2, q3). If they have opposite signs then all
line segments joining them must intersect the surface.

IS A POINT ON THE SAME SIDE OF A PLANE AS THE ORIGIN?

Suppose that the plane is defined by three points (non-collinear), p;, p, and p3,
and the given point is e; we assume that neither e nor the origin lie in the plane.
We know from earlier theory that the plane is given by

(P2 —P1)x(P3—py)) (x—py)=0
This is in fact the functional representation of the plane, that is
&, y, 2)=f(x) = (P2 — p1) x (P2 — P1)) * (x — 1)
and all we need to do is to compare the value of f(e) with f(0)
Example 5.7

Is (1, 1, 3) on the same side of the plane formed by (0, 1, 1), (1, 2, 3) and
(-2, 3, —1) as the origin (0, 0, 0)?
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From example 5.4 we know that the plane is
(-6,-2,4) - (x—(0,1,1))=0
and hence
fx)=(-6,-2,4) - (x - (0,1, 1))
Thus
f(0,0,0)=—(—6,-2,4)- (0,1,1)=-2
and
f(1,1,3)=(-6,-2,4)- ((1,1,3) - (0, 1,1))=2
Hence (1, 1, 3) is on the opposite side of the plane to the origin.

This, and all the other examples given in this chapter, were taken out of the
context of computer graphics, and hence may seem rather contrived. However,
we shall see that the techniques given in this chapter are invaluable when dealing
with drawing objects in three-dimensional space. Obviously, since we are
restricted to the two dimensions of the graphics screen, we may not draw any
sensible representations of three-dimensional space until we have dealt with
projecting images of objects in three dimensions into the lower dimension. This
is not the only reason that there were no diagrams in the chapter — they were
deliberately left out. It is essential to have confidence in the mathematical
representations of points, lines, planes and surfaces, and so we have relied
totally on the vector notation and refrained from running to diagrams for help.
Only practice will lead to the necessary understanding of manipulating these
three-dimensional objects. It is left to the reader to generate exercises related to
this chapter; after all, it has been shown that it is very easy to check whether
solutions to problems are correct.



6 Matrix Transformation of
Three-dimensional Space; Orthographic
Projections

Before we consider projections of three-dimensional space on to our necessarily
two-dimensional screen, we need to introduce the concepts of transforming
coordinate systems (as we did with two-dimensional space in chapter 3). As in
the two-dimensional case there are three basic transformations: change of origin,
change of scale and rotation of axes. Since we have introduced the idea of matrix
representation of transformations in this lower dimension, we shall move
directly to a similar representation of three-dimensional space. As in the earlier
case, the square matrices representing the transformations will be one dimension
greater than space, that is, 4 x 4, and a general point in space relative to some
coordinate triad (x, y, z) is represented by the column vector

— N xR

We start with our library of routines for three-dimensional transformations. In
the programs Tx is TX, etc.

TRANSLATION OF ORIGIN

If the origin of the new coordinate triad is the point (Tx, Ty, Tz) in the old
system, then the general point (x, y, z) will be transformed to (x — Tx, y — T,
z — Tz) in the new system. Necessarily (Tx, Ty, Tz) becomes (0, 0, 0) in the
new triad of axes. Hence the matrix to represent this transformation (remember-
ing that we premultiply the column vector point by the matrix) is

1 0 0 -Tx
01 0 -Ty
0 0 1 -T2
0 0 O 1

and the routine for producing such a matrix is given by the subroutine TRAN.
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SUBROUTINE TRAN(TX,TY,TZ:A)
C CALCULATE 3-D AXES TRANSLATIBN MATRIX.
DIMENSION R (4,4
DB 2 I=1,4
DB 1 J=1,4
A{I+J>=0.0
1 CONTINUE
A{IsI)=1.0
2 CONTINUE
AR{1,4)=-TX
A2+4) =-TY
A3+4)=-T2
RETURN
END

Program 6.1

CHANGE OF SCALE

If thepoint (1, 1, 1) in the old coordinate system is changed to (Sx, Sy, Sz) in
the new system, then the general point (x, y, z) of the old changes to
(x x Sx, y x Sy, z x Sz) and the matrix to achieve this is

Sx 0 0 0

0 Sy 0 0
0 0 Sz O
0 0 0 1

and the subroutine SCALE is used to obtain this matrix.

SUBROBUTINE SCALE (SX,SY,SZ,A)
C CALCULATE 3-D AXES SCAL ING MATRIX.
DIMENSION R (4,4
D0 2 I=1,4
DO 1 J=1,4
AI,J=0.0
1 CONTINUE
2 CONTINUE
A{1,1)=SX
A{2,2) =SY
A(3,3) =52
A{4,4)=1.0
RETURN
END

Program 6.2

ROTATION OF COORDINATE AXES

Initially we consider the simplest cases, where the axis of rotation is coincident
with one of the coordinate axes; later we shall consider rotation about a general
axis. Thus we have three cases to consider.

Rotation by an Angle @ about the z-axis

Referring to figure 6.1a, the axis of rotation is perpendicular to the page (the
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y X z
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z-axis into page Yy-axis into page x-axis into page

() (b) (c)
Figure 6.1

positive z-axis is into the page), and, since we are using left-handed axes, the
figure shows the case where the remaining axes (x and y) rotate through an angle
0.

We have thus reduced the problem to a rotation in two-dimensional space
and, referring to chapter 3, we see that a point (x, y, z) in the old system
becomes (x', ', z') in the new system, where

x'=xcosf +ysinf
y' =—xsin@ +ycosd
z =z
and hence the required matrix is

cos @ sind 0 O

—sinf cos§ O O
0 0 1 O
0 0 0 1

Rotation by an Angle 8 about the y-axis

Since we are using left-handed axes and the positive y-axis is into the page
(figure 6.1b) then, if the positive z-axis is horizontal and to the right of the
origin, the positive x-axis is vertical and above the origin. (This notation must be
adhered to or we will find that we have inadvertently rotated through an angle
—0 instead of 8.) If (x, y, z) in the old system becomes (x’, ', z') in the new
then

z'=zcosf +xsind

x'=—zsinf +x cos 8

Y=y
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and the matrix is

cosd 0O —sinf O
0 1 0 0
sinf O cos@ O
0 0 0 1

Rotation by an Angle § about the x-axis

In a similar manner we find that if (x, y, z) is transformed to (x', y', z") then

(figure 6.1¢)
y' =ycosf +zsinb
z'=—ysinf +zcos b
x'=x

and the matrix is

0 0
cosf siné

—sinf cos @
0 0

OO O~
- O O O

To produce A4, any one of these three matrices, we describe a subroutine
ROT(M, THETA, 4), where THETA is the angle of rotation (in radians) and M
is an index used to specify the axis of rotation (M = 1 specifies the x-axis, M =2
the y-axis and M = 3 the z-axis).

SUBROUTINE ROT My THETAA)
C CALCULATE 3-D AXES ROTATIGN MATRIX A ABOUT DIRECTIBN M
C M=1 X-AXIS M™M=2 Y-AXIS M=3 Z-RAXIS.

DIMENSIOGN A{4,4)

DB 2 I=1,4

b0 1 J=1,4

AI,J=0.0

1 CONTINUE
2 CONTINUE

A{4,49=1.0

AMM =1.0

M1=MOD {M» 3’ +1

M2=MBD {M1,3) +1

C=C0OS (THETA}

S=SIN(THETA)

A{M1sM1=C

A{M2.M2) =C

AM1,M2) =S

AM2iM1 =-S5

RETURN

END

Program 6.3
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COMBINING TRANSFORMATIONS

As with the two-dimensional case, we shall combine sequences of such trans-
formations and hence require a routine to multiply two matrices 4 and B giving
the product matrix C. Remember that we are premultiplying the matrices and so
the right-hand matrix B refers to the initial transformation, and the left-hand
matrix 4 refers to the second transformation. Also note that matrix multiplica-
tion is non-commutative: 4 x B is not necessarily equal to B x 4.

SUBROUTINE MULTA,B,C)
C 4xX4 MATRIX PROBDUCT.
DIMENSIBN A{4,4 ,B(4:4) ,C{49:4)
DB 1 I=1,4
DB 2 J=1,4
AB=0.0
D@ 3 K=1,4
AB=AB+A (1K) *B (K, J)
3 CONTINUE
CIyJ)=AB
2 CONTINUE
CONTINUE
RETURN
END

—

Program 6.4

INVERSE TRANSFORMATIONS

Naturally, for all three types of transformation (translation, scale and rotation),
there will be an inverse transformation that would restore the axes to their
original position. The matrix form of the inverse transformation of a given
transformation (matrix 4, say) is logically the inverse matrix of 4, A~ (4M,
say). There is no need to calculate directly such an inverse using a subroutine
similar to INV (chapter 5). If 4 is a translation matrix, the 4 and AM are found
by the subroutine calls

CALL TRAN(TX, TY, TZ, 4)

CALL TRAN(-TX, —TY, —-TZ, AM)
Similarly if A4 is a scaling matrix we get

CALL SCALE (SX, SY, SZ, A)

CALL SCALE(1.0/SX, 1.0/SY, 1.0/SZ, AM)
If A is a rotation matrix we have

CALL ROT(M, THETA, 4)

CALL ROT(M, —THETA, 4AM)

If a transformation T is given by a sequence of elementary transformations
Ay, ..., A, (thatis, T=A4, xAn_1 x...xAy;note the order) then the inverse
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transformation T~ is necessarily
-1 —1 — — —
T =A1 XA21X ....... XAnll XAnl

(T~ x T =1, the identity matrix). It cannot be overstressed that the order of
the d;sand 4,7 's(i=1,2,..., n) is important: matrix multiplication is
non-commutative!

TRANSFORMATION OF SPACE

As with the two-dimensional case, some people find it easier to visualise keeping
the axes fixed and moving the whole of space relative to these axes instead.
Again we will see that the result will be equivalent to transformations of axes.

Linear transformation

Space is moved by a vector (Tx, Ty, Tz), so that the general point (x, y, z) is
moved to (x + Tx, y + Tz, z + Tz) relative to the same fixed coordinate triad.
This is the same as keeping space fixed and moving the coordinate origin to the
point (—Tx, —Ty, ~Tz).

Stretching space

If space is expanded by a factor Sx in the x-direction, Sy in the y-direction and
Sz in the z-direction (all relative to a fixed origin and axes), this is equivalent to
changing the scale of axes so that the point (1, 1, 1) becomes (Sx, Sy, 5z).

Rotation of Space

If space is rotated about a given axis through the origin by an angle 8, then this
is equivalent to rotating the coordinates axes about the same axis by an angle
—0.

ORTHOGRAPHIC PROJECTIONS

Having introduced a number of ways of manipulating space relative to a triad of
axes (or vice versa), we should now consider how to draw objects in such a
three-dimensional space before giving examples of these transformations.
Obviously we are limited to a two-dimensional graphics screen, and hence have

to consider ways of projecting space (or more precisely objects in space) on to
the screen (or the plane of a microfilm plotter, etc.). We assume that all objects
are defined relative to a fixed triad of axes — the ABSOLUTE triad, whose origin,
x and y-axes are identified with the screen origin and the horizontal and vertical
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directions, respectively. The z-axis is perpendicular to the plane of the screen;
the positive z-axis is behind the plane. The simplest method of projecting objects
defined in this triad on to the screen is simply to ignore the z-coordinates of
every point in space — the z-orthographic projection. Thus a point (x, y, z) in the
ABSOLUTE triad is projected on to the point (x, y) in the screen coordinate
system. The projection of a line (defined by its end points) is the line joining the
corresponding projected points on the screen. Thus a cube with eight corners
(1, +1, +1) will appear on the screen as a square with four corners (1, £1).

A cube need not be in this elementary form; it could be centred at a point
other than the origin, and in a peculiar orientation. We thus have to get the data
for such objects into a program. There are many objects which may be defined
in a very simple form (relative to what we will call the SETUP triad of axes) by a
call to a subroutine SETUP and the use of BLOCK DATA. This enables the
simple form of data to be stored in labelled COMMON stores /VERTS/ and
JLINES/. A cube SETUP is given below.

SUBRBUTINE SETUP
C SETUP THE VERTEX AND LINE INFORMATION FOR A CUBE.
COMMON/VERTS/NBV, X {300’ s Y {3007 »Z {300’ » XP {3C0> s YP {3CC)
COMMON/L INES/NOL s L INV (2,400
NOv=8
NOL=12
RETURN
END

BLOCK DATA CUBE
COMMON/VERTS /NBV, X (303; » Y30C) »2 (322) + XF (200 » YF (20D
COMMON/L INES/NOL s L INV (2,400
C XsYsZ2 COORDINATES OF CUBE OF SIDE
DATA X/1.0,+1.0,1.0,1.0,-1.C»=1.C>»—
DATA Y/1.0+1.0,-1.0,-1.0+1.0+2.0,-1.
DATA £2/1.0,-1.0+1.0,-1.0+1.0>-1.3>»1.
C PAIRS OF VERTEX INDICES WHICH FORM THE END PG'NTS 2
DATA LINV/1:252145413:351:5:6:6:8:8:7,7:5,1.5,2
END

(&N (V]

EC 3N THI BRIGIN.
.
s

Program 6.5

Each vertex of the figure is given a unique index, and the x, y and z-coordinates
of the Ith vertex are stored in X(I), Y(I) and Z(I), respectively. There will be
NOV vertices in total (there is storage space for 300); we do not limit ourselves
to the actual number (eight in the case of the cube) because we wish to make the
programs that follow as general as possible. Thus we may change figures (to a
tetrahedron, cuboctahedron, etc. — see below) with a minimum of disruption.
There is also room for 400 lines; there will be NOL in total (for a cube, NOL =
12), and the Jth line is stored as a pair of integers LINV(1, J) and LINV(2, J),
the indices of the vertices at the end of the Jth line.

To find the ACTUAL coordinates of the figure, that is, the coordinates
relative to an arbitrary but fixed ACTUAL triad, we need to define the relation-
ship between the SETUP and ACTUAL coordinate systems. This is achieved by a
call to a subroutine ACTUAL(P), which returns the matrix P describing the
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transformation between the triads. Hence in the program that follows, if we wish
to use the same SETUP figure but a different ACTUAL coordinate system, all
we need to do is to change the ACTUAL subroutine. (We give a number of such
routines.)

We may then identify the ACTUAL triad with the ABSOLUTE triad of the
graphics screen and produce a z-orthographic projection. Since the z-coordinates
will be ignored by this projection, only the x and y-coordinates of the projected
points are stored — in the XP and YP arrays. These are joined in the correct
order, using the information in the LINV array.

C PROGRAM TG DRAW ORTHOGRAPHIC PROJECTIOGN GF AN BBJECT.
COMMONAVERTS NGBV, X (3000 » Y (300) »Z (300> s XP (300> » YP (300
COMMBNL INESANOL » L INV (2, 400>
DIMENSION P(4:49) »Q(4+49) sR(4:,49)

C SETUP COORDINATES AND LINES WHICH DEFINE THE OBJECT.

CALL SETUP
CALCULATE THE SETUP TO ACTUAL MATRIX P AND THE ACTUAL TO OBSERVER
MATRIX Q. THE SETUP TG BBSERVER MATRIX R IS THUS @ X P .

CALL ACTUAL (P

CALL OBSERVE (@

CALL MULT(@P»R)

C TRANSFBRM THE OBJECT USING R AND STORE THE X AND Y COORDINATES

C IN THE XP AND YP ARRAYS FOR THE ORTHOGRAPHIC PRBJECTION.
DO 1 I=1,NOBV
XPAD=RU XX (DR USD XY D R 1, X2 R {14
YP (D) =R 2y 1) XX +R (2,2 XY () 4R (2+ ) X2 (5 +R (2, D

C NG NEED TO CALCULATE Z-CBORDINATE.

1 CONTINUE
CALL START (2
CALL PLOT(9.5,7.375,-3)

C NOW PLOT THE LINE SEGMENTS OF THE ORTHOGRAPHIC PROJECTION.
DO 2 I=1,NOL
I1=LINVW D
I2=LINV 2y ]}

CALL PLOTOXPID »YPUID » D)
CALL PLOT(XP (I2) s YP(I2) +2)
2 CONTINUE

oo

Program 6.6

Ignore the call to the OBSERVE subroutine; imagine that it returns the
identity matrix. It will be explained later. The following example illustrates
these ideas.

Example 6.1

Draw the z-orthographic projection of a cube (a transparent ‘wire figure’, that is,
all the edges may be seen) whose position in the ACTUAL coordinate system is
equivalent to the following transformations on the SETUP figure with eight
vertices (1, 1, *1) given earlier

(1) rotate the axes by an angle ¢ =0.927295218 radians about the z-axis.
(cos ¢ = 3/5 and sin ¢ = 4/5);

(2) move the origin to (1, 0, 0);

(3) rotate the axes by an angle —¢ about the y-axis.
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The ACTUAL triad is identified with the ABSOLUTE triad and the resulting
projection is drawn in figure 6.2a. A plus sign is also drawn at the ABSOLUTE
origin (using SYMBOL), to show its position and also the ABSOLUTE horizontal
and vertical directions.

Matrix 4, which effects the rotation of axes by the angle ¢ about the z-axis
in the left-hand sense (which incidentally is the matrix necessary for rotating
space through —¢ about the same axis), is given by

3 4 0 0 3 4 0 O
5 5
—4 3 1
A= = 3 0 0 =3 -4 3 0 O
0O 0 1 O 0O 0 5 0
0 0 0 1 0 0 0 5
Matrix B, which moves the origin to (1, 0, 0), is
1 0 0 -1
{0 1 0 0
B 0 0 1 0
0O 0 O 1

Matrix C, which rotates the axes by —¢ about the y-axis (equivalent to the matrix
that rotates space by ¢ about the same axis), is

3 0 4 0

I 0 5 0 O
05—4030
0 0 0 5

and the matrix that does the total transformation is P = C x B x A ; remember
that the order of the matrix multiplication is important!

9 12 20 -15
1

P=—|20 15 o o
B\_12 16 15 20

0 o o 25

The ACTUAL coordinates of the vertices of the cube are found by premultiplying
the column-vector representation of each vertex in the SETUP system by P, and
then changing the resulting column vector back into the standard three-
dimensional form. Thus, the eight corners (1, 1, 1), (1, 1, -1), (1, -1, 1),
1,-1,-1),(-1,1,1),(-1,1, -1),(~1, -1, 1) and (-1, —1, —1) are trans-
formed to (26/25, —1/5, 7/25), (—14/25, —1/5, —23/25), (2/25, =7/5, 39/25),
(—38/25,-17/5,9/25), (8/25, 7/5, 31/25), (-32/25, 7/5, 1/25), (—16/25, 1/5,
63/25) and (—56/25, 1/5, 33/25), respectively. For example, (1, 1, 1) transforms
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Y
o &

b)
(c) (d)

Figure 6.2

to (26/25, —1/5, 7/25) because

9 12 20 -I5 1 26
11-20 15 o0 0 1 1 {-5
251 -12 —16 15 20 )*\1
0 o0 0 25 1

To draw figure 6.2a, the projection of the ‘wire cube’, the z-coordinates of the
above calculation are ignored, and the x and y-values are stored in the arrays XP
and YP, and joined in pairs on the screen using the LINV array.

The ACTUAL subroutine to produce the matrix P for the above example is

as follows.

25

SUBRBUTINE ACTUAL (P>
C ROUTINE TG CALCULATE THE ACTUAL MATRIX P.
DIMENSION A{4:,4) 1B (4,4 ,C{4:4) ,P{4:4),S{4 %
PHI=0.827295218
CALL ROT3sPHIsA)
CALL TRAN(1.0,0.0,0.0,8)
CALL ROT(2,—PHI,C)
CALL MULT(B»A+S
CALL MULT(C,SsP>
RETURN
END

Program 6.7
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ROTATION OF SPACE ABOUT A GENERAL AXIS

We now return to the general problem of rotating space (or equivalently the
coordinate triad) by an angle { about the line p + ud. This is one of the most
natural ways of transforming between SETUP and ACTUAL systems. We break
the task into a sequence of elementary transformations.

(1)

(2)

(3)

(C))

We first move the origin of SETUP space to a point on the line; since we
are given p=(p;, p3, p3) we will use it to produce the matrix F

1 0 o0 —Py
= 0 1 0 —D2
0 0 O 1

After this first step the axis of rotation now passes through the origin and
is of the form ud = u(d,, d,, d3), that is, the base vector of the line is now
the new origin; the directional vector remains d. We now require the axis
of rotation to be along the z-axis; this is achieved by the next two steps.
Now rotate the axes about the z-axis by an angle 8 = tan™!(d,/d, ) given
by the matrix G

dy, d 0 0
_1{t-d d 0 0
G v 0 0 v O
0 0 0 v

where the positive number v is given by v2 =d,? +d,?. Thus the point
(d1, d,, d3) transforms to (v, 0, d3), a point in the x—z plane.

Then rotate the axes about the y-axis by an angle ¢ = tan™! (v/d3) by the
matrix H

d3 0 bt 4 0
H=—1 0 w 0 0
wy v 0 d3 0

0 0 0 w

where the positive number w is given by w? =% +d;3% =4, + dy? +dj3?.
So the point (v, 0, d3) transforms into (0, 0, w), a point on the z-axis.
Since the origin transforms to an origin with both matrices G and H, the
matrix combination H x G transforms any point on the line ud into a point
on the z-axis in the new triad. Furthermore the combination H x G x F
transforms any point on the line p + ud into a point on the new z-axis.

The problem of rotating space about a general axis has thus been reduced
to rotating space about the z-axis. This is achieved by a matrix W, which
rotates space by an angle { about the z-axis, that is, it rotates the triad of
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axes by an angle —y about the z-axis

cos(—y) sin(-y) O O cosy -—siny O O

W=} —sin(—y) cos(—¢) O O }={ siny cosy 0 O
0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1

(5) However, the required rotation is meant to be relative to the original axis
positions. So we move the axes back by premultiplying by H “1 67! and
F~! in order.

Thus the complete matrix sequence to solve the general rotation problem is
given by P =F ' xG ' xH ' xW x H xG x F. In essence, this is as though
the ACTUAL triad is coincident with the SETUP triad although the space has
been rotated about the general axis p + ud.

Naturally some of these matrices may reduce to the identity matrix and so be
ignored. For example if the axis of rotation passes through the origin then both
Fand F~! reduce to the identity matrix.

Example 6.2
Draw figure 6.2b, the cube defined by the SETUP routine in program 6.5, which
has been rotated by —1 radian (in the left-hand sense) about the line (0, 0, 1) +

u(1,1,1).

The ACTUAL subroutine for producing matrix P is given below, and it is used
in conjunction with the Main Program of program 6.6, together with all the other
subroutines, MULT, etc.

SUBROUTINE ACTUAL (P’

C RBUTINE TO CALCULATE THE ACTUAL MARTRIX P NECESSARY TO ROTATE AN OBBJECT
C ABBUT AN AXIS WITH DIRECTIGN <1,1,1> AND WHICH PASSES THROBUGH <0,0,13.
DIMENSION F (4:4) 1+FM{4,49) 4G {414 yGM{4,4) 1H{4+4) yHM{4,4) , L {4: D

DIMENSION A{4+14) +B(4+4) +P (4,4
CALL TRAN{0.0:0.0+1.0+F>
CALL TRAN(0.0»0.0,-1.0sFM
CALL ANGLE (1.0+1.0sTHETR)
CALL RGBT {3+ THETA,G

CALL ROT{3»-THETA,GM
DD=SQRT (2.0>

CALL ANGLE<1.0sDDsPHI)
CALL ROT2sPHIH

CALL ROT2s—PHIHM

CALL ROT3,1.0,

CALL MULTFM,GM,P)

CALL MULTHMs W A)

CALL MULTPsR+B’

CALL MULT(HsGsP)

CALL MULTPsF R

CALL MULTB,AP

RETURN

END

Program 6.8
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THE GENERAL ORTHOGRAPHIC PROJECTION

The z-orthographic projection may be thought of as an observer placed at a
point on the negative z-axis, (0, 0, —1), say, looking towards the origin.
ACTUAL space, that is, space relative to the ACTUAL coordinate system, is
then projected on to the plane whose normal is the line joining the observer to
the origin. A general orthographic projection is simply the case when the observer
is at some general point (EX, EY, EZ) in the ACTUAL system, and is looking
towards the origin, The projective plane now has this line as its normal.

This new projection is achieved by altering the axes once again, to produce an
OBSERVER triad whose origin is coincident with the ACTUAL origin and so
that the observer is on the negative z-axis of this new system. We then identify
the OBSERVER triad with the ABSOLUTE triad and create the z-orthographic
projection as usual.

To obtain the transformation between ACTUAL and OBSERVER systems,
we proceed in a manner similar to (2) and (3) in the last section.

(a) produce a matrix D that changes the observer point from (EX, EY, EZ) to
(r, 0, EZ), where r is the positive solution to 72 = EX? + EY?, by rotating
the axes about the axes by an angle 8 = tan™! (EY/EX); thus the observer
now lies in the x—z plane (y = 0) of the latest triad

EX EY 0 O

D= 1f-EY EX 0 O
r 0 0 r O
0 0 0 r

(b) then (r, 0, EZ) is transformed by a matrix £ to (0, 0, —s) on the negative
z-axis by rotating the axes by an angle ¢ +m, ¢ = tan~' (r/EZ); s is the
positive solution to s? =,? + EZ2 = EX? + EY? + EZ?

—-EZ O r 0

1 0 s 0 0
s \=r 0 —EZ O
0 0 0 s

We rotate by ¢ + 7 because by rotating by ¢ would put the observer on the
positive z-axis, and a z-orthographic projection would produce a mirror image of
the required projection.

Thus the matrix Q = E x D transforms the ACTUAL triad into the OBSERVER
triad, in any program the matrix Q is produced by a call to the OBSERVE
subroutine. This explains the entry in program 6.6 when it was used in example
6.1. It was assumed that the observer was already on the negative z-axis and thus
Q was the identity matrix.

The total transformation, that is, between SETUP and OBSERVER (=
ABSOLUTE) triads is achieved by the matrix R = Q x P. Note it is the direction
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of view that is important in the general orthographic projection, the precise
position of the observer is not important. Thus the direction cosines of the line
joining the origin to the observer (which has the opposite sense to the line of
view) will be adequate to produce the ACTUAL-OBSERVER matrix Q.

Example 6.3
Produce figure 6.2c, the general orthographic projection of the ACTUAL space
defined in example 6.1 when viewed from the point (1/2, —1/2, 1/4/2).

1 -1 0 0

D=—1 1 1 0 0
V2o 0 V2 0
0 0 0 V2
and

-1 0 1 0
E=—-l 0 V2 0 0
V2 -1 0 -1 0
0 0 0 V2

and thus .

1 1 4200

_ _1{v2 V2 0.0
Q=ExD=>\"{ "1 _\»2 o
0 o0 0 2

and the eight projected points (ignoring the z-coordinates) from the example
become in order

(—31+7\/2 21\/2) (18—46\/2 -19\/2> (-37 +39/2 —33\/2>

50 50 50’ 50 50 50
(3 +9v2 —732\ (27 +31v2 43v2\ [67 +/2 3\/2>
50 > s0 ) 50 *s50 )°’\ 50 °50)
(21 +63v2 —113/2\ (61 4332 —513/2 )
50 ° s0 ) 50 50

In figure 6.2c¢, the origin, vertical and horizontal are implied by a plus sign.

A POSTSCRIPT TO THE GENERAL ORTHOGRAPHIC PROJECTION

When the OBSERVER triad was created, no mention was made regarding the
positions of the x and y-axes; only the origin and the z-axis were considered.
The x and y-directions in the OBSERVER space are those created by transform-
ing the x and y-directions of ACTUAL space by Q. Further rotation of axes
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about the newly created z-axis will still leave the observer on the negative z-axis,
and so orthographic projections after such further rotations will not change the
shape of the projection; all that changes is the orientation. Which orientation do
we choose? Are we satisfied with the axes produced by Q, or should we
standardise the orientation in some way? One very popular standard form, which
can be used provided the obscrver is not at a point on the ACTUAL y-axis, is
one where a vertical (parallel to the y-axis) line in the ACTUAL system remains
vertical in the OBSERVER system. This is known as ‘maintaining the vertical’, a
form that will be used for the remainder of this book.

Since origin is transformed to origin by a rotation, we only need consider
what happens to the point (0, 1, 0) of the ACTUAL triad; if it is transformed
into a point with zero x-coordinate then the vertical is maintained. After
transforming by Q = £ x D, (0, 1, 0) becomes (Q(1, 2), @(2,2),0(3,2)) =
(p, q, r), say. Note that since both E and D are rotations then Q(1,4) =Q(2,4) =
0(3, 4) =0, and so they are not included in the values of p, g and r. If the axes
are rotated about the z-axis through an angle —tan™! (p/q) by a matrix ¥ then
the vertical is maintained

g -p 0 0

_1lp q 0 O

4 t\0 0 ¢ O

0 0 0 ¢

where positive 7 satisfies > = p? + g2, and

4 qg -» 0 O p 0
g)-1f{p q 0 O q\_|?
A U Bl U TP Ll I e
1 0 0 0 ¢ 1 1

which demonstrates the validity of this extra method. Hence we redefine the
ACTUAL—-OBSERVER matrix Q tobe Q = V x E x D, and we incorporate these
ideas in the OBSERVE subroutine.

SUBROBUTINE BBSERVE (@)
C ROUTINE T8O CALCULATE THE OBSERVATION MATRIX @
C (THE VERTICAL IS MAINTAINED) .
DIMENSION Q(4:9) s V(4,9 +D (4,9 +E(4:9 »U (4,9
WRITE(G» 1)
1 FORMAT(X TYPE IN COORDINATES OF OBBSERVATION POINTX)
READ (5, EXHEYSEZ
CALL ANGLE (EXSEY, THETR)
CALL ROT(3:THETA,D)
DD=SORT (EXFEXHEYREY)
CALL ANGLE (EZ+DDsPHD
PHI=PHI+3. 1415926535
CALL ROT(2yPHIE
CALL MULT(ED»W
CALL ANGLE (U(2+2) s»U(1:+2) 4+PSD
CALL ROT(3,-PSIV)
CALL MULT(VsU@®
RETURN
END
Program 6.9
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Example 6.4
Draw figure 6.2d, which is the same as figure 6.2c but with the vertical

maintained.

This is achieved by a program containing the program segments of programs
6.6, 6.7 and 6.9, as well as the transformation routines, and subroutine ANGLE
from chapter 2.

Exercise 6.1

It is essential to practise the techniques of this chapter, initially on simple
geometrical solids (the Platonic solids — tetrahedra, etc. — and other symmetrical
objects — cuboctahedra, etc.).

The choice of these objects has been kept simple so that the understanding of
the transformation techniques is not confused by complexity in SETUP. The
choice of transformations and observation points is endless, and they are left to
the reader. To help practise we give the BLOCK DATA statements for a number
of solids; the NOV and NOL in the subroutine SETUP must also be changed.

(2) (b) (c)

Figure 6.3
Tetrahedron

In this case (figure 6.3a), NOV =4 and NOL = 6.

BLOCK DATA TETRA
C VERTEX AND LINE INFORMATION FOR A TETRAHEDRON.
COMMON/VERTS./NOV, X (300’ » Y (3005 » 2 (300> » XP (300> » YP (300>
COMMON/L INES/NOL » L INV (2, 400)
DATA X1.0+1.0+-1.0,-1.0/
DATA Y/1.0+-1.0+1.0,-1.0/
DATA 2/1.0+-1.0+-1.0+1.0/
g:gﬂ LINV/112+1+3+1+14+:2+3+2+:4+:3,4/

Program 6.10
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Cuboctahedron

In this case (figure 6.3b), NOV =12 and NOL = 24.

BLOCK DATA CUBOBCT

C VERTEX AND LINE INFORMATIGN FOR A CUBBCTAHEDRON.
COMMBNAVERTS/NOV, X (300 s Y (3005 5 2 (300> » XP {300’ » YP (300>
COMMBN/L INESNOL s L INV (24400
DATA X0.0,1.0,1.0,0.0,1.0,-1.0+0.0,-1.0+1.0+0.0,-1.0,-1.0/
DATA Y/1.0,0.0,1.0,-1.0,0.0,1.0,1.0,0.0,-1.0,-1.0,0.0,-1.0/
DATA 2/1.0,1.0,0.0,1.0,-1.0,0.0,-1.0+1.0+0.0,-1.0,-1.0+0.0/
DATA LINV/1+3+33757+63651:2131315:519:9+2+1:2:21454:818+1:5:7»7
+ 11,11,10,10,5+%4,9,9,10,10,12,12,4,6:8,8,12,12,11,11,6/
END

Program 6.11
Icosahedron

In this case (figure 6.3c) NOV = 12 and NOL = 30.

BLOCK DATA ICBSA

C VERTEX AND LINE INFORMATIOGN FOR AN ICOSAHEDRON.
COMMONAVERTS NGBV, X (300 » Y (300> »Z (300> s XP {300’ » YP (300>
COMMONL INESANOGL s L INV (2, 400)
DATA X0.0,2.0,1.0,0.0,2.0,-1.0,0.0,-2.0+1.0,0.0,-2.0,-1.0/
DATA Y,1.0,0.0,2.0,-1.0,0.0,2.0+1.0,0.0,-2.0,-1.0,0.0,-2.0/
DATA 2.2.0,1.0,0.0,2.0,-1.0,0.0,-2.0,1.0,0.0,-2.0,-1.0,0.0/
DATA LINV/1+25153+1149:1+6+1+18+1213121412+15+1219+13+15+13:6+:3+:7:4+8,

+ 4,854,1215+171519+15110+16+7+16+8+16+11+7,10,7,11+8+11,
+ 8,12,9,10,9,12,10+11,10512+511,12/
END

Program 6.12

The above values are strictly incorrect; every value of the form 2.0 should be 7
(T in the program), where 7 is the irrational number (1 ++/5)/2. The next
program segment is the SETUP routine to give the elementary icosahedron by
making the changes from 2.0 to 7. The program was written this way because it
would be tedious and error-prone to type in the value of 7 for every entry in the
BLOCK DATA.

SUBROUTINE SETUP
C SETUP AN ICOSAHEDRON.
COMMBNVERTS.ANBV, X (3005 » Y (300 » 2 <3003 » XP {3007 » YP {3005
COMMBN/L INES/NGL » L INV (2,400
NOvV=12
NOL =30
C REPLACE EVERY BCCURRENCE OF 2.0 IN THE DATA BY T.
={1.0+SGRT (5.0’ *0.5
DO 1 I=1,NOV
IF (ABS (X{I>) .GT.1.5) X{I) =SIGN(T»X<IJ)
IF (ABS Y KIY) .GT.1.5) YXI)=SIGN (T, Y(I))
IFABS(Z(I)) .GT.1.5) 2 (1) =SIGNKT,Z {155
1 CONTINUE
RETURN
END

Program 6.13
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More complicated SETUPs will be discussed in chapter 9. Again note that the
modular design of these routines means that SETUP, ACTUAL and OBSERVE
can be changed independently to give a straightforward flexibility in the
construction of diagrams.

Exercise 6.2
Produce the SETUP and BLOCK DATA statements for a pyramid, and
incorporate them in a program to produce a variety of views of the object.



7 Perspective and Stereoscopic Views

We have seen how the orthographic projection is a valid and useful technique for
displaying three-dimensional figures. However, it does not take into account the
perspective phenomena of the real world: parallel lines appear to meet on the
horizon; an object appears smaller as it recedes into the distance. Techniques for
drawing such real situations have been devised by artists over the centuries, but
these methods are of little value in computer graphics. Luckily the knowledge of
three-dimensional coordinate geometry makes the drawing of objects in
perspective relatively straightforward.

PERSPECTIVE VIEWS

To solve the problem we introduce a simplistic idea of what is meant by ‘vision’:
specifically, that every visible point in space is seen because of a ‘ray’ coming
from that point into the eye. Naturally the eye cannot see all of space; it is
limited to a cone of rays that fall on the retina, the so-called ‘cone of vision’,
which is outlined by the dashed lines in figure 7.1. To form a perspective view of
space we place a ‘perspective plane’ perpendicular to the axis of the cone of
vision — the ‘straight-ahead’ ray — and mark the points where each visible ray
cuts this plane. This is quite a tall order, since there is an infinity of such points
to consider. Actually the problem is not that great because we are dealing with
points, lines and planes in three-dimensional space, and we shall see that we need
only make a perspective projection of the important points, that is, the ends of
line segments; of course, all plane segments are bounded by lines. The final view
is formed by joining up pairs of projected points (if they are joined in three-
dimensional space) or by labelling the points in some way.

Figure 7.1 shows a cube observed by an eye and projected on to two planes —
the whole scene is also drawn in perspective! Two example rays are shown: the
first is from the eye to A, one of the near corners of the cube, and the second to
B, one of the far corners of the cube (far relative to the eye). The perspective
projections of these points on to the near plane are A’ and B', and on to the far
plane A” and B". Note that the projections are the same shape and orientation,
but they are of different sizes.

For simplicity in calculating the perspective projection of any object, we
initially assume that the origin is the eye, and the ‘straight-ahead ray’ is the
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N —1

Figure 7.1

positive z-axis. If the perspective plane is a distance d (the variable PPD in later
programs) from the eye, then we wish to calculate the coordinates in the z =d
plane of the points where the important rays cut the plane. In other words we
wish to find the coordinates of P' = (x', ', d), the projection point of P =

(x, v, z). Let us consider the y-coordinates by referring to figure 7.2. By similar
triangles we see that y'/d = y/z, that is, y' = y(d/z); and similarly, x" = x(d/z) and
hence P’ = (x(d/z), y(d/z), d). We can then identify the x and y-coordinates on
the z = d plane with the x and y-coordinates of the ABSOLUTE screen system,
to produce the perspective view. The z-coordinate will be ignored because it is
always equal to d.

Figure 7.2
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Example 7.1

Calculate the perspective projection of a cube with eight vertices (0, 0, 4) +

(%1, £1, 1) on to the perspective plane z = 4, the eye being at the origin and the
‘straight-ahead ray’ being the positive z-axis.

This space is in the simple form described in the last paragraph, and thus the
point (1, 1, 3) is transformed to (1 x 4/3, 1 x 4/3,4)=(1},14,4) andsoina
similar way we get the eight transformed points

(1’ 1,3)—9(1%’ 1%)’ (11—1!3)_)(1%’—1%)
(—1a1s3)——)(—1%7 1%)1 (_1’_1r3)——)(_1%:_1%)

and the resulting diagram is shown in figure 7.3a.

2 a
-,—1 -
ol s
]
S >
x-axis (Y| . ... TIXIT .. x-axis
(a) (b)

Figure 7.3

PROPERTIES OF A PERSPECTIVE TRANSFORMATION

(1) The perspective transformation of a straight line is a straight line. This is
implicitly obvious because the origin (the eye) and the line form a plane in
three-dimensional space. (If the line enters the eye, the plane degenerates
into a line.) Naturally this plane cuts the perspective plane in a line (or
degenerates to a point) and the statement is proved. Therefore it is
important to note that a line does not become curved after projection.

(2) The perspective transformation of a facet (a closed sequence of coplanar
line segments) is a facet in the perspective plane. If the facet is an area
bounded by » coplanar line segments then the transform of this facet is
naturally an area in the z = d plane bounded by the transforms of the n
line segments. Again it is important to note that no curves are introduced;
if they were, the task of producing perspective pictures would be much
more complicated.
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All infinitely long parallel lines appear to meet at one point — the vanishing
point. If we take a general line from a set of parallel lines with direction

vector A
pruh=(xp,yp,2p) t MXn, Yn,2Zr)
where z,, > 0, then the perspective transform of a general point on this
line is
((xp +uxn)d (Vp +uyn)d>
(zp +uzn) ° (2p +uzn)

which can be rewritten as

((x;. +xp/wd (vn +yp/u)d)
(zn +zplw) * (zn +2p/p)

As we move along the line towards large z-coordinates, that is, u = °°, then
the line moves towards the vanishing point

*ud ynd
zp  Zn

This vanishing point is independent of p, the base point of the line, and
hence all lines parallel to the direction & have the same vanishing point. Of
course the case when z;, < 0 is ignored, because the line would disappear
outside the cone of vision as yu — °°.

The vanishing points of all lines in parallel planes are collinear. Suppose
that the set of parallel planes have a common normal direction n =

(X,1> Yn>Zn). If a general line in one of these planes has direction k, then A is
perpendicular to n (all lines in these planes are perpendicular to n). Thus

n - h =0, that is, x,xp + ypyn +znzp = 0, and dividing by zj gives

Xh Yh _
Xp —+yn—+2,=0

Zp Zp
and so the vanishing point of these lines (x,d/z}, ynd/z,) lies on the straight
line x,,x + ¥,y +z,d = 0; and the statement is proved.

Example 7.2
Find the vanishing points of the edges of the cube in example 7.1, and of the
diagonals of its top and bottom planes.

The twelve edges of the cube are divided into three sets of four edges; each set

is parallel to the x, y and z-axis, respectively, and so the sets have directional
vectors (1,0, 0), (0, 1, 0) and (0, 0, 1). The first two sets have zero z-values, and
so their extended edges disappear outside the cone of vision, and are ignored.
The third direction has vanishing point (4 x 0/1, 4 x 0/1) =(0, 0) in two-
dimensional space.
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The diagonals have directions (1, 0, 1), the major diagonal, and (-1, 0, 1),
the minor diagonal. The major diagonal on the top plane is (—1, 1, 3) + u(1, 0, 1),
and so the vanishing point is (4 x 1/1, 4 x 0/1) = (4, 0). The minor diagonal on
the top plane is (1, 1, 3) + u(—1, 0, 1) and this vanishing point is (4 x —1/1,
4 x 0/1) = (-4, 0). The vanishing points of the lines on the lower plane are also
(4, 0) and (—4, 0). The relevant edges and diagonals are extended to their
vanishing points to give figure 7.3b. Note that all the lines mentioned lie in the
two parallel planes (the top and bottom of the cube), and so the vanishing points
should be collinear; they are, because (4, 0), (0, 0) and (—4, 0) all lie on the
X-axis.

Exercise 7.1
Draw a perspective view of a tetrahedron, and also produce the vanishing points
for some lines on the figure.

We now consider the program which draws perspective views. The first step is
to produce the SETUP—ACTUAL—OBSERVER matrix R in the same way as
with the orthographic projection program. The matrix R is used to transform
each point in SETUP space into the OBSERVER space, but now these
transformed values are used to overwrite the arrays X, Y and Z stored in
/VERTS/. The eye (the observer) is placed at the point (EX, EY, EZ) of
ACTUAL space (these values are read into the OBSERVE routine) and are
transformed to the point (0, 0, —DIST) on the negative z-axis of OBSERVER
space; DIST? =EX2 + EY? + EZ2. Unlike the orthographic projections, where
only the direction of view mattered, the absolute position of the eye is essential
when calculating a perspective view. If the perspective plane is a distance PPD
from the eye, then we have all the information we need to do the calculations.
In our theory the eye is the origin, but in OBSERVER space the eye is
(0, 0, —DIST), so in the programs the value DIST must be added to every z-value
in OBSERVER space in order to create the correct perspective view. Each point
(X1, YI, ZI) relative to the OBSERVER triad is transformed to the point
(XI*PPD/(ZI + DIST), YI+PPD/(ZI + DIST), PPD—DIST) on the perspective
plane. We may ignore the z-value; the x and y-values are stored in the XP and
YP arrays in /VERTS]/. These points are joined, using the information in the
LINV arrays exactly as we did in the orthographic projection. The OBSERVE
routine must be extended to calculate DIST and to store its value in Blank
COMMON alongside PPD. It must be noted that ‘maintaining the vertical’ now
only refers to keeping the y axis of ACTUAL space vertical after transformation;
lines parallel to this axis in ACTUAL and OBSERVER spaces need not be parallel
after the perspective transformation.

C PROGRAM TO DRAW PERSPECTIVE PROJECTION OF A CUBE.
COMMON/VERTS/NBV, X (300) s Y (3003 » 2 (300) » XP (300 » YP (300)
COMMON/L INES/NOL s L INV (25 400)

COMMON DIST,PPD
DIMENSIGN P(4:49) sQ(4:4 sR(4) 4
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C SETUP COOGRDINATES OF THE CUBE.
CALL SETUP
CALCULATE ACTUAL TRANSFBRMATION MATRIX P AND THE BBSERVATIGN
MATRIX G, THEN FOGRM THEIR PRODUCT R.
CALL RCTUAL (P
CALL OBSERVE (@)
CALL MULT@sPsR>
WRITE (65 1)
1 FORMAT X TYPE IN DISTANCE OF EYE FROM PERSPECTIVE PLANEX)
READ (5, %) PPD
C TRANSFOBRM THE CUBE COORDINATES USING MATRIX R.
DB 2 I=1,NBV
XI=R {1515 XX(I) +#R (1,2) XY () +R (13 X2 (I +R (1,4
YI=R (21 1) XX (D) +R{2,2) XY I +R (2 3) X2 (I) 4R (2, 4
ZI=R (34 1) KX (D) 4R {3+ 2) XY {I) +R 3,3 X2 (I +R (34
XI5y =XI
Y =yYI
Z2{I) =21
C PERSPECTIVE TRANSFORM.
DD=ZI+DIST
XP {I) =XI*PPD/DD
YP (I) =YI*PPD/DD
2 CONTINUE
C NOW PLOBT THE LINE SEGMENTS.
CALL START (2)
CALL PLOT(9.5,7.375,-3)
DB 3 I=1,NOL
T1=LINV, DD
I2=LINV2, 1)
CALL PLOTO®P (I »YP(I15,3)
CALL PLOT(XP (I2) »YPI2)+2)
3 CONTINUE

o0

Program 7.1

Example 7.3

This program draws figure 7.4, the perspective view of a cube from the observer
point (5, 10, 15), where the perspective plane is a distance of 33 (screen) inches
from the eye. ACTUAL space is identical to the usual SETUP space for a cube.
(Thus, the ACTUAL routine returns the identity matrix.) Naturally the same
program will also draw the perspective view of any other object, or set of objects,
provided their data description fits into the COMMON stores, /[VERTS/, etc.

The image shown in figure 7.4 was produced on microfilm, which was then
used as a photographic negative; naturally the size of the picture depends on the

i |I§N|
Figure 7.4
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printing of the film. Hence a line with a length of 1 screen inch is drawn in this,
and most of the following perspective views, to show the correct scale of the
picture. So as to get a correct view of figure 7.4, it should be viewed at a distance
of 33 times this screen inch, that is about 9 (true) inches.

Exercise 7.2
Practise using this technique on tetrahedra, cuboctahedra, etc.

THE CHOICE OF PERSPECTIVE PLANE

Once the position of the eye relative to the object (or space) is fixed, then the
shape of the perspective image of the object is independent of the placing of the
perspective plane (see figure 7.1). All that changes with the position of the plane
(that is, the value of PPD) is the size of the image. So which perspective plane
do we choose? If a series of pictures is to be produced, then for consistency we
naturally keep the same perspective plane, but what is the value of PPD?

Of course we have to consider the practical situation: namely, there is a
person (the observer) sitting in front of a graphics console and one (?) of his
eyes is looking towards the screen origin and is focused on the screen surface.
(Note that with perspective projections the whole of space seems to be in focus.)
The natural perspective plane distance is the distance of the eye from the screen,
measured in screen inches. With this choice of PPD the eye gets a ‘true’ view of
the coordinate space. This distance is usually 4 times the half-depth of the screen
(that is, PPD is approximately equal to 4 x 8.25 = 33 screen inches). If the
perspective plane is placed between the eye and the screen we get a smaller
image, which is then perpendicularly transmitted back on to the screen. If the
plane is beyond the screen then the image appears to be magnified, and we get
a ‘close-up’ effect. See also project 17, p. 137.

CLIPPING

Theoretically, objects may be positioned throughout observer space, even

behind the eye, although we shall only consider points with z-value positive in
respect to the eye. Even so, some of these points will be outside the cone of
vision and therefore invisible. In fact, part of the cone of vision will still be
outside the screen area — we are left with a subset of the cone of vision, the
‘pyramid of vision’. Thus all points outside this pyramid, that is, those whose
perspective transforms lie off the screen, must be ignored, and line segments
outside the screen rectangle must be clipped by the techniques of chapter 4.
Most ’scopes have hardware facilities to do the clipping; however, some microfilm
users may find lines reflected back into view if they do not clip the diagrams.
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STEREOSCOPIC VIEWS

Perspective projections are all very well but unfortunately (or fortunately!) we
have two eyes. Each eye should have its own perspective view, which will differ
slightly from that of the other eye. This is the means by which we appreciate the
three-dimensional quality of our world. And this is exactly what we shall do to
produce a stereoscopic view of space, namely, calculate a perspective view for
each eye. This leads to a problem: we cannot simply draw two such projections,
because the left eye will not only see the view created for it, but also that made
for the right eye. To stop this confusion, we must ensure that each eye sees its
own view, but only its view. There are two methods available: the stereoscope,
and filters. The stereoscope is a device that creates a form of tunnel vision,
ensuring a narrow cone of vision for each eye. The computer must produce a
hard copy that will fit into the stereoscope so that the two images are seen, one
in each cone of vision. Naturally the images must not overlap, and so the images
are necessarily small — a major drawback with the instrument. The other method,
the filter, is a pair of transparent plastics sheets, one red (left eye) and one green
(right eye). In this way the left eye cannot see red lines and the green lines
appear black; the reverse is true for the right eye. So the computer must make a
hard copy of two images, one in green for the left eye and the other in red for
the right eye. The brain then merges the two images to give a three-dimensional
effect.

So we wish to devise a method of producing the stereoscopic transformation
of a general point P =(x, y, z), that is, the two points PL = (x;, y,) for the left
eye and PR = (x,, y;) for the right, in the coordinate system of the perspective
plane. (We sensibly use the same perspective plane for both eyes.) In order to
describe the method, we simplify the coordinate system of space: we assume
that the origin is between the eyes and the direction of view for each eye
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Figure 7.5
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(straight ahead) is parallel to the z-axis. The eyes have coordinates (—e, 0, 0),
left, and (e, 0, 0), right; in the program e is the variable EYDIF and the arrays
holding the stereo points are (XL, YL) and (XR, YR); see figure 7.5. Again the
perspective plane is a distance d from the origin. In order to find PL, we change
the origin to (—e, 0, 0) and so P becomes (x + e, y, z) and the perspective
transform of this point for the left eye is ((x + e)d/z, yd/z), which, when the
coordinate axes are returned to their original position, becomes

((x +e)d/z — e, yd/z). Similarly, the right-eye transformation produces

PR =((x — e)d/z +e, yd/z). The program to produce the stereoscopic picture
of space is very similar to the perspective program, except that, instead of
storing values in the XP and YP arrays, the two sets of values are placed in the
arrays XL, YL, XR, YR.

BB .

Figure 7.6

Example 7.4

Draw figure 7.6, a stereoscopic view of a cube, SETUP as in previous examples
and in an ACTUAL space identified with the SETUP space. The eyes are 8.8
screen inches apart (EYDIF = 4.4); the observer point is (10, 20, 30); and the
perspective plane is a distance of 25 screen inches from the eye.

C PROGRAM TO DRAW STEREOQSCOPIC VIEW OF A CUBE.
COMMON/VERTS /NBV, X (3007 » Y (300 »2 (300 » XL (300> » YL {300 » XR {300) » YR(3
+00>
COMMON/L INES/NOL s L INV (2,400
COMMON DIST,PPD
DIMENSION P (4,4 +Q(4+4) »R(4,4)
C SETUP COORDINATES OF THE CUBE.
CALL SETUP
C CALCULATE ACTUAL TRANSFORMATIGN MATRIX P AND THE OBSERVATION
C MATRIX G» THEN FORM THEIR PRODUCT R.
CALL ACTUAL (P
CALL OBSERVE (@)
CALL MULT(@.PsR)
WRITE(6y 1)
1 FORMAT (X TYPE IN DISTANCE OF EYE FROM PERSPECTIVE PLANEX)
READ (5, %) PPD
C EYDIF IS HALF THE DISTANCE BETWEEN THE EYES s+ IN SCREEN INCHES.
EYDIF=4.4
C TRANSFORM THE CUBE COGRDINATES USING MATRIX R.
DB 2 I=1.NOV
XI=R 1y D EXX(D 4R, XY (D 4R (1, X2 (D +R (1,4
YIZR (25 1) XX (D) 4R (2:2) XY () R (2 3) XZ (D) +R (2D
ZI=R (3 1) XX(D R (3 2) XY (D) 4R (39 X2 (D R (314
X =XI
YN =YI
Zh =21
C DO PERSPECTIVE TRANSFORMS FOR LEFT(L) AND RIGHT(R} EYES.
DD=ZI4DIST
XL (D) = (XI+EYDIF) XPPDDD—EYDIF
XR (D = (XI-EYDIF) *PPD/DD+EYDIF
YL (I) =YI*®PPD,OD
YR(D =YL D
2 CONTINUE
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C NOW PLOT THE L INE SEGMENTS.
CALL START (2>
CALL PLOT<(9.5+7.375,-3)
C ORAW LEFT EYE DIAGRAM.
DG 3 I=1,NOL
I1=LINVL D
I2=LINV, )
CALL PLOTXA (I15 YL (I15,3)
CALL PLOTIXL (I2>sYL (I2),2)
3 CONTINUE
C DRAW RIGHT EYE DIAGRAM.
DB 4 I=1.NOL
I1=LINV, I
I2=LINV2, 1)
CALL PLOTOXRIL s YRIL) 3
CALL PLOTXR{I2: s YRIZ2) +2)
4 CONTINUE

Program 7.2

Even without a stereoscope or filters, it is still possible to appreciate the
three-dimensional effect of this figure by placing a card vertically between the
two cubes and concentrating each eye, one on either side of the card. The scene
should be viewed at a distance of 25 screen inches, that is, just over 6 in.

Exercise 7.3
Practise these techniques on icosahedra and cuboctahedra.



8 Hidden Line Algorithms

All the three-dimensional diagrams drawn so far have been ‘wire figures’, pictures
of objects in which all edges and vertices may be seen. If an object is solid, then
naturally the edges and vertices behind the volume of the object would be
invisible to an observer, for example, the dashed lines in figure 8.1. So we have
to produce a Hidden Line Algorithm that will draw only the visible line segments
on a solid object or set of objects. We shall assume that all vertices are the end
points of line segments.

sy
Figure 8.1

There are a number of such algorithms — some simple, some very sophisticated.
Some only work on special, peculiarly defined objects, whereas others work on
all combinations of objects. These general algorithms are therefore more
complicated; however, they may be limited by time and storage restrictions. We
will give two methods to be used in conjunction with a perspective transforma-
tion: the first is of the simple type, while the second is a slightly restricted form
of a general Hidden Line Algorithm.

Before we can deal with these algorithms it is necessary to consider what
additional information is required regarding objects in SETUP space. So far, we
only store vertex and line information; Hidden Line Algorithms check whether
lines lie behind plane segments (or facets) on the surface of the solid objects.
This required facet information is placed in the COMMON block /FACETS/ and
consists of NOF, the number of facets on the objects in space, and the arrays
INDEXF and LINF. Here LINF(I, J) is the index of the Ith line that bounds
the Jth facet, there being INDEXF(J) such lines defining the Jth facet. The line
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segments are assumed to be in a clockwise (or anticlockwise) order around the
facet, which in turn is assumed to be convex. We allow for 200 facets and a
maximum of six lines bounding each.

COMMON /FACETS/ NOF, INDEXF(200), LINF(6, 200)

If in any diagram non-convex facets appear, or a facet is bounded by more than
six edges, then they may be subdivided into subfacets of the correct form. For
the cube used in the last two chapters, NOF = 6 must be added to the SETUP
routine and the BLOCK DATA routine now takes the following form.

BLBCK DATA BLOCKS

COMMBNA/VERTS NGV, X (3007 » Y <3005 »Z <3005 » XP {300’ » YP {300
COMMOBNAL INES/NOL »L INV (24400’
COMMON/FACE TS /NOF » INDEXF (2005 »L INF (6,2007

DATA X/1.0+1.0,4.0,1.0,-1.0,-1.0+-1.0,-1.0/

DATA Y/1.0,1.0,-1.0,-1.0+1.0+,1.0,-1.0,-1.0~/

DATA 2,/1.0+-1.0,1.0,-1.0+1.0+,-1.0+1.0.-1.0/

DATA LINV/11212+14144313,1115:616:8:8+7:7+51115+2+:6+49:8+3+7/
DATA INDEXF/4:4+14:14:414:414:4:49:4+4/

DATA LINF/112+3+440+0+15+6+7+8+0+0+1+10+5+9+:0+0,

+ 2+11+6+,10+0+0+13+11+7+12+0+,0+4+12+:8,9+0,0/
END

Program 8.1

In the algorithms that follow we assume that the SETUP—ACTUAL-
OBSERVER matrix R has been calculated and each point of SETUP space (the
X, Y and Z arrays) is transformed to its position in OBSERVER space by R. We
differ from our earlier programs by now overwriting these X, Y and Z arrays
with the corresponding coordinates of the transformed points. The perspective
projection of each point is calculated and stored in the XP and YP arrays (as in
chapter 7).

AN ALGORITHM FOR THREE-DIMENSIONAL CONVEX BODIES
CONTAINING THE ORIGIN

The algorithm we give first is elementary, and can only be used on single convex
bodies; a convex body in three dimensions is one where a line joining any two
points in the body lies totally inside the body. The method also requires that the
origin of OBSERVER space lie inside the body. Because of this restriction, we
know that any facet may be seen if and only if the infinite plane containing the
facet cuts the line joining the eye (0, 0, —DIST) to the origin between these two
points. That is, the plane in OBSERVER space cuts the z-axis at a point between
(0, 0, —DIST) and (0, 0, 0). If it cuts beyond the origin — that is, the positive
z-axis or behind the eye at (0, 0, z), where z < —DIST, then if the

object were transparent we would see the underside of the facet. In this case all
points on the facet, except possibly those on the edges of the facet, would be
hidden. The edges may be seen because they may also be in another visible

facet.
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In order to discover whether the Jth facet is visible or not, we take three
points {(x;, yi,z) | i = 1, 2, 3} from the facet. Suppose thatI1 = LINF(1, J) and
12 = LINF(2, J) are the indices of two lines in the facet; then the four vertex
indices LINV(1, I1), LINV(2, I1), LINV(1, I2) and LINV(2, I2) will contain the
indices of three non-collinear points, as required. Using the techniques of chapter 5,
in particular example 5.4, we can use these three vertices to calculate the equation
of the plane containing the facet, ax + by +cz =d. Putting this equation in
functional form, f(x, y, z)=ax + by +cz — d, we can discover if the origin (0, 0,
0) and observer (0, 0, —DIST) lie on the same side of the plane by comparing the
sign of f(0, 0, 0), that is, the sign of —d, with the sign of f(0, 0, —DIST), that is,
the sign of —d —c¢ x DIST. Hence the facet is visible if and only if d + ¢ x DIST
is of opposite sign to d. This calculation can be made for each facet; if the facet
is visible, the indices of all its boundary edges are added to an array LIST.
Naturally, a line that is the boundary between two visible facets will appear
twice in LIST. By putting the array into increasing numerical order and then
deleting duplications, we are left with the indices of all the visible lines in the
object. Using this information, and that stored in LINV, all these lines may be
drawn to complete a hidden-line perspective picture.

Example 8.1
Produce the hidden line picture in figure 8.1 of the cube shown in figure 7.4.

With this simple case, lines are either totally visible or totally invisible. Thus
a line with an index not in LIST is invisible. In the program to solve this exercise
an extra facility is added — if it is required to illustrate the overall shape of the
figure, the hidden lines may be ‘shown’ as dashed lines. The dashes must be
shown in perspective: for the figure to make sense the dashes must appear
smaller as they recede from the eye.

C PROGRAM TO DRAW PERSPECTIVE PROJECTIGN GF A CONVEX BBJECT
C USING A HIDDEN LINE ALGORITHM.
COMMONAVERTS/NOV, X (300) » Y (300) +Z (300 » XP (300 » YP (300>
COMMBNL INES/NOL s L INV (2, 400)
COMMON/FACETS/NOF s INDEXF (200) s L INF (65200)
CGMMBN DIST,PPD
DIMENSIOGN P (4,9 »Q(4,49) sR(4, 9D
C SETUP COBRDINATES OF THE OBJECT.
CALL SETUP
C CALCULATE ACTUAL TRANSFBRMATIGBN MATRIX P AND THE BBSERVATIGN
C MATRIX @, THEN FORM THEIR PRODUCT R.
CALL ACTUAL (P
CALL OBSERVE (@
CALL MULT@,P,R)
WRITE (6, 1)
1 FORMAT (X TYPE IN DISTANCE OF EYE FROM PERSPECTIVE PLANEX)
RERD (5, %) PPD
C TRANSFORM THE GBJECT COORDINATES USING MATRIX R.
DB 2 I=1,NOV
XIZRU s PEXD R ULy XY (D AR Wy FKZ (DR UL+ D
YI=R (25 1) ¥X(I) +R (2+2) XY () +R(2+3) X2 (1) +R(2: D
ZI=R (34 1) kX (I) +R(3+2) XY (I) +R (34 3) *Z (1D +R (3, D
X (I =XI
Y =YI
2D =21
DD=ZI+DIST
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XP (I) =XI*PPD,/DD
YP (I) =YI*PPD,/DD
2 CONTINUE
CALL START (2)
CALL PLOT(9.5,7.375,-3)
CALL HIDDEN
CALL ENPLOT
STOP
END

Program 8.2

SUBROUTINE HIDDEN
SIMPLE HIDDEN LINE ALGBRITHM FOR USE WITH CONVEX BBODIES
CONTAINING THE BRIGIN.
DIMENSION LIST (200
COMMONVERTS/NBV, X (300> 5 Y {300’ sZ {300 » XP {3005 » YP (300>
COMMBN/L INES/NOL s L INV (2,400
COMMBN/FACETS/NOF » INDEXF (200> »L INF (6,200
COMMBN DIST,PPD
IHID=0
IC=0
LISTI) I=1..IC WILL CONTAIN THE INDICES OF THE LINES WHICH ARE
BN PLANES WHICH CUT THE LINE BETWEEN THE BRIGIN AND EYE.
DO 3 I=1,NOF
I1=LINF 1, I
I2=LINF (2, I)
FRBM FIRST TWB LINES IN I'TH PLANE FIND IV1,IV2 AND IV3 ,
THE INDICES OF THREE DIFFERENT POINTS IN THE PLANE.
IVISLINVLID
IV2=LINVE2,I1)
IV3=LINV(1,I2)
IF (IV1.EQ.IV3.0R.IV2.EQ.IV3) IV3=LINV{2,I12)
CALCULATE THE PLANE A.X + B.Y + C.2 = D CONTAINING THESE POINTS.
DX1=X{IV1) =X {IV2)
DY1=Y (IV1) =Y {IV2)
DZ21=2 (IV1) -2 {IV2)
DX3=X(IV3) ~X{IV2)
DY3=Y{IV3) =Y {IV2)
DZ3=2 (IV3) -2 (IV2)
A=DY1*XDZ3-DY3*DZ1
B=D21*¥DX3-D23*DX1
C=DX1*DY3-DX3*%DY1
XUIVL L YIVD 2TV ) LIES IN THIS PLANE THUS
D=AXX{IV1) +BXY (IV1) 4C*Z (IV1)
{0.0,0.0,0.00 AND <0.0,0.0,-DIST» LIE ON OPPOSITE SIDES OF THE
PLANE IF F IS LESS THAN 0.0 .
F=1.0+C*DIST,D
IF(F.GE.0.0> GO 10 3
PUT THE INDEX OF EVERY LINE IN THE I'TH PLANE INTG ARRAY LIST.

THIS WILL NATURALLY LEAD TO DUPLICATION OF LINE INDICES IN ARRAY.

IXX=INDEXF (I
DB 2 J=1,IXX
IC=IC+1
LISTCIC) =LINF s D

2 CONTINUE

3 CONTINUE

PUT ARRAY LIST INTO INCREASING NUMERICAL ORDER.

IC1=IC-1
DB 5 I=1,IC1
II=I+1
LL=LISTD
DO 4 J=II,IC
IFCLL.LE.LIST(S) GO TO 4
LL=LISTD
LIST =LISTD)
LISTI =LL

4 CONTINUE

5 CONTINUE

87
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C NOW GET RID OF DUPLICATIONS IN THE ARRAY LIST.
J=1
DB 6 I=2,1IC
IFLISTAI) LEQ.LIST(J> GB TO 6
J=J+1
LIST (U =LISTD
6 CONTINUE
IC=J
INL=1
L INEQ=LIST {1

C FBR EACH LINE IN THE FIGURE D@ -
C IF LINE INDEX IS IN ARRAY LIST THEN DRAW L INE
C ELSE IF IHID=1 THEN DRAW DASHED L INE
c ELSE IGNGRE THE LINE.

DB 8 I=1,NOL

L2=LINV (2, I)

L1=LINV 1, I

IF ¢(I.NE.LINEQ.GR.INL.GT.IC) GB TG 7

CALL PLOTXP (L1} »YP L1y »3)

CALL PLOT(XPIL2) »YPL2) »2)

INL=INL+1

L INEQ=L IST (INL

GO 1O 8

7 IF{IHID.NE.1) GO TO 8
CALL DASHIL1,L2
8 CONTINUE
RETURN
END
Program 8.3

SUBRBUTINE DASH{L1sL2)
C SUBRBUTINE TO DRAW A DASHED LINE ¢ IN PERSPECTIVE > BETWEEN
C THE PERSPECTIVE POINTS WITH INDICES L1 AND L2.

COMMON/VERTS/NBV, X (2005 » Y <2007 » 2 (2007 » XP (2007 » YP (200>
COMMON L INESNBL » L INV (2, 200)
COMMONFACETS/NOF » INDEXF (200> s L INF (6,200
COMMOBN DIST,PPD
C THE END POINTS BF THE LINE IN 3-D SPACE ARE (X1,Y1,21) AND (X2,Y2»
X1=X({L 1
Y1=YLD
21=2( 1)
xX2=X(L2)
Yo=Y (L2
22=2 (L 2)
C THERE WILL BE (M/2)+1 DASHES, EACH APPRBXIMATELY 0.1 INCHES LONG,
C 3-D SPACE. THESE WILL BE THEN TRANSFORMED INTG PERPSECTIVE SPACE.
DD=SART { {X1-X2) X¥2+4 {(Y1-Y2) ¥*K2+ (Z1—-22) ¥*¥2)
M=IFIX{DD*10.0)
IFMBD My 2) .EQ.O) M=M+1
R=FLBAT (M
Mi=M-1
XBIT=(X2-X1) R
YBIT=(Y2-Y1) R
ZBIT=(2221) R
RX=XP (L 1)
RY=YP (L 1)
CALL PLOT(RXsRY»3)
MBDE=3
C MBVE (X1,Y1,Z21) ALOBNG THE LINE — ALTERNATING MODES BETWEEN 2 AND 3
C THUS PRODUCING THE DASHED L INE.
DB 1 J=1,M1
MBDE=5-MOADE
X1=X1+XBIT
Y1=Y1+YBIT
Z21=21+ZBIT
RZ=PPD/ (DIST+Z1)
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C CALCULATE THE PERSPECTIVE TRANSFBRM BF (X1,Y1,21) - I.E. (RX>RY)
C AND THEN MBVE THE PLOT HEAD TG THIS POINT IN THE PRESENT MODE.

RX=X1*%RZ

RY=Y1*RZ

CALL PLOT(RX,RY,MBDE’

1 CONTINUE

CALL PLOT(XP(L2) s YP(L2) +2)

RETURN

END

Program 8.4

Exercise 8.1
Produce the program for an orthographic Hidden Line Algorithm for use with a

convex body containing the origin.

Now the observer point has no positional meaning: it only gives the normal to

the orthographic plane, and is the means of producing the ACTUAL—
OBSERVER matrix. In this case, a facet is seen if and only if the infinite plane
containing it cuts the negative z-axis. If the plane is given by the function

f(x, y, z2)=ax + by +cz — d, then it cuts the z-axis at (0, 0, z'), where £(0, 0, z') =
cz' —d =0, that is, z' = d/c. Thus the necessary and sufficient condition for a
facet in the plane f(x, y, z) = 0 to be seen is that ¢ and d must have opposite

signs.

Exercise 8.2
Produce a stereoscopic Hidden Line Algorithm for a convex bady containing the
origin.

A GENERAL HIDDEN LINE ALGORITHM

There is a restriction to the use of the algorithm that follows (another
subroutine called HIDDEN): namely, no pair of facets intersect on a line that is
not given in the LINV array. Again the objects are defined in SETUP space and
the vertices transformed by the matrix R to arrays X, Y and Z; the perspective
transformations of these vertices are also placed in the XP and YP arrays.

In order to produce a hidden line picture of OBSERVER space, each line on
the objects must be compared with every facet; now, of course, parts of a line
may be visible and parts invisible (behind a facet). We suppose that a typical line
I'3 in OBSERVER space joins the two points (x;’, y,’, z,") and (x5, y3, z3); thus
a general point on this line is

(1 = 9)x'y, 1, 21) + x2, 2, 23)

And we suppose that these two points are perspectively projected on to the two
points (xy, ;) and (x,, ¥;) on the perspective plane. Thus I'z is projected to the
line Iy in this plane with the general point

(1 =N)(x1,¥1) + Mx2,2)
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Note The point (1 — ¢)(x'y, ¥, 21) + ¢(x2, ¥, z2) does not transform into
(1 —@)(xy1,y1) + d(x2,y2), that is, ¢ is not necessarily equal to A.

We let a typical facet £23 be projected to an area £2, on the perspective plane,
and we assume that the vertices on this projected facet are

v={(G,y)li=1,...,IN}

Thus the ith edge in §2, has a general point (1 — p)(X;, ;) + u(Xi+1, yi+1 ) where
0 < u < 1. Again, the addition of subscripts is modulo IN.

In an ordinary perspective picture every line I'; would be drawn on the
screen; now, however, if a facet 23 lies between the eye and I'3 then part, and
perhaps all, of I'; will be hidden. Most facets do not interfere with the view of
any one line, and so we sift out some of the easily recognisable possibilities.

If '3 lies in the facet §23, then I'; is on the surface of the facet and any view
of this line cannot be obscured by that facet. This is easily checked by comparing
the line index of I3 with the indices of the edges of the facet. If the line is not
an edge of the facet then it has to be considered in detail.

If ©2, is not intersected by I';, then £23 can have no effect on the line. There
are three elementary possibilities given

(1) the vertices V all lie on the same side of ', ;
(2) V all lie on the opposite side of (x;, y;) to (x3,¥2);
(3) Valllie on the opposite side of (x5, y5) to (xq,y).

We check them individually.

(1) f(x,y)=@ - yiXx2 —x1) — (x —x1)(¥2 — y1) is the functional
representation of I'y. If f(X;, ;) has the same sign for all vertices (xX;, y;)
belonging toV, then all the vertices of €2, lie on the same side of I'; and
there is no intersection between I'; and £2,.

() g, )= —yi1Xy2 —y1) +(x —x1)x2 — x1) is the functional
representation of the line through (x,, y,) perpendicular to T, . If the
sign of g(x5, ¥,) is not equal to the sign of g(Xx;, y;) for all (X;, ¥;)
belonging to V, then I', does not intersect £2,.

B) h(x,»)=(@¢ —y2)y2 —y1) + (x — x5 Mx; — x;) is the line through
(x,,¥,) perpendicular to I'y. In a manner similar to (2), a facet is ignored
if the sign of h(x,, y,) is not equal to the sign of h(x;, ;) for all (x;, ;).

Any facet that passes this first hurdle has to be considered in detail. We
assume that I'; cuts the extended ith edge of §2, at the point

(1 - Hi)(’_‘i, ;l) +I1i(fi+1 ) )_;i*'l)
If u; <O or y; > 1 then I'; intersects the ith edge at a point outside the area ,;
if 0 <p; < 1 then I'; crosses the area £, at a point on its ith edge. Since the

perpective projection of a convex facet is a convex area on the perspective plane
(the reader should prove this), then the number of crossing points is either zero
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(and hence there is no intersection, and the facet is ignored) or two. In this latter
case we find the two crossing points on the line I'; given by the values yp,;, and

Hmaxs Emin < Mmax, that is the points are (1 — gmin)(X1,¥1) + Mmin(X2, ¥2)

and (1 — pmax XX 1, Y1) + Mmax(X2,¥2).
It is now necessary to discover whether the subsegment of I'y between these

two points is visible or not. This is checked by finding the mid-point of the
segment (Xmid, Ymid) = (1 — #mia XX 1,¥1) + Umid(x2,2), where gmig = (Umax

+ tmin)/2. We then find the point (X, ¥, Z) on '3 that has (X mid, Ymiq) as its
perspective projection. The line segment is hidden if and only if (X, 3, Z) and the
eye lie on opposite sides of the infinite plane containing §23. The equation of

this plane is found using the technique given in the simple Hidden Line Algorithm,
and its functional representation can be used to check the above requirement.
Note X x PPD/(Z + DIST) = Xniq and § x PPD/(Z + DIST) = 9 iq and (%, 7, 2)

lies on I'3, so for some value of ¢, % = (1 — @)x| +¢x3;9 =(1 — )} + Py
z2=(1 — ¢)z} + ¢z5. Hence

(x1 +¢(x3 — x1))PPD

Xmid = 7 ’ '
mid Zy +¢(22 —Z|)+DIST
and
_ 01 +y2 — y1))PPD
Ymid =7 1 ’
Zy +¢(22 —Zl)+DlST
that is

= _Xmid(@1 +DIST) ~x\PPD _ _ ymia(zy + DIST) -y, PPD
(2 — X1)PPD — xmia(z2 — 21) (%2 — ¥1)PPD — ymia(2> — 2))

This enables us to calculate ¢, and hence (%, 7, Z), which in turn is used to find
whether the subsegment of I'; is visible or not.

In the program that follows each line is compared with every facet; at the
time before comparing the Ith line with the Jth facet, we assume that NRL
visible line segments have been discovered. The u values for the end points of the
Kth visible segment are stored at RM(1, K) and RM(2, K). Initially NRL = 1 and
RM(1, 1) =0 and RM(2, 1) = 1, that is, the complete line is assumed to be visible.
Whenever a new hidden segment is discovered, specified by pmin and gmax
(RMIN and RMAX), the values in the RM array and NRL are adjusted
accordingly.

When all the facets have been compared with the Ith line, we are left with
NRL segments that are drawn on the screen. If at any time NRL becomes zero,
then the Ith line is completely hidden, and no more comparisons are needed.
The programs allow space for a maximum of 50 such subsegments.
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SUBRBUTINE HIDDEN

COMMON/VERTS/NBV, X (300) » Y (300’ »Z (300> s XP (300> » YP (300>
COMMON/L INES/NOL s L INV (2, 400)
COMMON/FACETS /NOGF » INDEXF (200) » L INF (652005

COMMON DISTsPPD

DIMENSION RM(2,50)

F (XX YY) =SIGN (1.0 {YY=Y1) *XD— (XX-X1) *YD)

G {XXs YY) =SIGN (1.0 <YY=Y1) RYD+ (XX-X1) *XD>

H (XX YY> =SIGN (1.0 (YY=-Y2) RYD+ {XX~-X2) *XD)

C LOBK AT EACH LINE.

DB 20 I=1,NOL
L1=LINV(1,I)
L2=LINV2, D)
NRL=1
RM(1,15=0.0
RM{2,15=1.0
X1=xXP L 1
Y1=YP( 1)
Y2=YP (L2}
X2=XP (L2}

C (X1sY1) AND (X2,Y2) ARE THE ENDS OF THE LINE IN 2-D (SCREEN)

XD=X2-X1
YD=Y2~Y1

C COGMPARE I'TH LINE WITH J'TH FACET.

DO 18 J=1,NOF
IN=INDEXF (J)
DO 1 K=1,IN

C IF I'TH LINE LIES IN J'TH FACET THEN EXIT FACET LGOP.

1

IF(LINF (K, J) .EG.I) GO TO 18
CONTINUE

€ CHECK POSSIBILITY A).

2

NN=L INF (150

IVI=LINV (1NN

FVAL=F (XP (IV1) , YP (IV1))

IF (ABSFVAL) .LT.0.000001> GO TO 3

DO 2 K=2,IN

NN=L INF (K J>

IV2=LINV {1,sNN)

IF (ABS (FVAL —F (XP (IV2) » YP (IV2))) .GT.0.000001> GO T0 3
IV2=LINV(2sNN)

IF (ABS (FVAL —F (XP (IV2) » YP (IV2))) .GT.0.000001> GO 1O 3
CONTINUE

GG T0 18

C CHECK POSSIBILITY B).

3

4

GVAL=G (X2, Y2)

IF (ABS (GVAL> .LT.0.000001> GB TO 5

DG 4 K=1,IN

NN=L INF (K s J>

IV2=L INV(1,NN)

IF (ABS (GVAL —G (XP (IV2) , YP(IV2))>) .LT.1.1) GG T8 5
IV2=L INV(2,NN)

IF (ABS (GVAL —G (XP (IV2) , YP(IV2))) .LT.1.1) GO TG 5
CONTINUE

GG TO 18

C CHECK POSSIBILITY O .

5

HVAL=H (X1, Y1)

IF (ABS (HVAL) .LT.0.000001> GB T8 7

DB 6 K=1,IN

NN=L INF (K D)

Iv2=L INV (1sNN)

IF (ABS (HVAL —H (XP (IV2) » YP(IV2))) .LT.1.1> GB T8 7
IV2=L INV (2sNN)

IF (ABS (HVAL—H (XP (IV2) , YP (IV2))) .LT.1.1> GO 70 7
CONTINUE

GO TO 18

HIDDEN LINE ALGBRITHM TO@ TAKE THE 2-D PERSPECTIVE PICTURE OF 3-D
SPACE AND CUT THE LINE SEGMENTS IN THE PICTURE INTO VISIBLE AND
INVISIBLE PARTSs AND THEN DRAW THE VISIBLE PARTS.

SPACE .
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C THE NEXT LBGP FINDS THE TWO@ POINTS OF INTERSECTIGBN GF PROBJECTED
C LINE WITH PRBJECTED FACET. THESE PBINTS ARE SPECIFIED BY MU
C VALUES RMIN AND RMAX.
7 RMAX=0.0
RMIN=1.0
DB 10 K=1,IN
NN=L INF (K, J)
IVI=L INV (1, NN)
IV2=L INV (2, NN)
XE=XP (IV1) -XP (IV2)
YE=YP (IV1) —YP (IV2)
XF=XP (IV1) -X1
YF=YP (IV1) -Y1
DISK=XDXYE—-XEXYD
IF (ABS (DISK) .GT.0.000001> GB TG 9
C IF THE LINE OVERLAPS A LINE ON THE FACET, THEN LEAVE FACET LOOP.
C ANY BTHER FACET EDGE PARALLEL T@ THE LINEs, CANNGT CUT THE LINE.
IF (ABS (XD .GT.0.000001) GB 10 8
IF (ABS (XF) .LT.0.000001> GO TO 18
GG TO 10
8 XSI=XF/XD
IF (ABS (YF-XSIXYD) .LT.0.000001> GG TG 18
GO T@ 10
9 XSI= (XDXYF-YDXXF) /DISK
IF{XSI.LT.-0.000001> GO TG 10
C IF LINE MISSES FACET THEN EXIT FACET LGOP.
IF(XSI.GT. 1.000001> G@ TG 10
RMU= (YEXXF -XEXYF) /DISK
IF (RMAX.LT.RMJ) RMAX=RMU
IF (RMIN.GT.RMU) RMIN=RMU
10 CONTINUE
IF (RMIN.GT.1.0> GO TO 18
IF(RMAX.LT.0.0) GO TO 18
RMAX=AMIN1 (1.0,RMAX
RMIN=AMAX1 ¢0.0sRMIN)
IF (RMAX-RMIN.LT.0.000001> GO TO 18
C FIND XMID AND YMID.
RMID= (RMAX+RMIN) ¥0.5
RXX=1.0-RMID
XMID=RXX*¥X1+HRMID*¥X2
YMID=RXXCKY 14+RMIDXY2
C FIND XHAT:YHAT AND ZHAT FROBM THE VALUE OF PHI.
DENOM=PPD* (X (L2) =X (L 1) ) =XMIDX(Z (L2> -2 (L 1))
IF (ABS (DENGM .LT.0.000001> GB 7O 11
PHI= (XMID* (Z (L 1) +DIST) —PPD*X (L 1) ) /DENGM
GO TO 12
11 DENOM=PPDX(Y(L2) =Y (L 1)) -YMID*¥(Z(L2)-Z (L 1))
PHI= (YMIDX (2 (L 1) +DIST) —PPDXY (L 1)) /DENGM
12 ZHAT=(1.0-PHI) %2 (L 1) +PHIXZ (L2)
DDD= (ZHAT+DIST) /PPD
XHAT=XMID*DDD
YHAT=YMID*DDD
C CALCULATE COEFFICIENTS BF THE PLANE A.X+B.Y+C.Z=D .
T1=LINF (1, D)
I12=LINF (2, D
IVI=LINV, I
IV2=LINV2s I
IV3=LINV (1, I2)
IF (IV1.EQ.IV3.0R.IV2.EQ.IV3) IV3=LINV(2,I2
DX1=X (IV1) =X (IV2)
DY1=Y (IV1) =Y (IV2)
D21=2 (IV1) -2 (IV2)
DZ3=2 (IV3) -2 (IV2)
DY3=Y (IV3) =Y (IVD)
DX3=X (IV3) =X (IV2)
A=DY1*¥DZ23-DY3*DZ1
B=DZ1¥DX3-DZ3*DX1
C=DX1¥DY3-DX3*¥DY1
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D=RXX (IV1) +BXY (IV1) 4C*Z (IV1)
F1=AXXHAT+BXYHAT+CXZHAT-D
F2=—DISTXC-D
IF (ABS (F1) .LT.0.000001> GO TG 18
IF (ABS (SIGN(1.0,F1) -SIGN(1.0,F2)) .LT.1.000001> G@ TO 18
MBRERL =NRL
C PART OF THE LINE IS HIDDEN SO@ ALTER THE ARRAY RL.
DB 16 K=1:NRL
R1=RM(1,K)
R2=RM(2,K)
IF (R1.GT.RMAX.BR.R2.LT.RMIN) G@ TO 16
IF (R1.GE.RMIN.AND.R2.LE.RMAX) GB TO 15
IF (R1.LT.RMIN.AND.R2.GT.RMAX) GO TO 13
IF(R1.LT.RMIN) GO TO 14
RM(1,K) =RMAX
G@ TG 16
13 MORERL =MBRERL +1
RM (1 s MBRERL) =RMAX
RM(2, MBRERL) =R2
14 RM(2,K) =RMIN
GO TG 16
15 RM(1,K)=-1.0
16 CONTINUE
NRL=0
C TIDY UP THE ARRAY RL AFTER IT HAS BEEN ALTERED.
DB 17 K=1,MBRERL
IF (RM(1,K) .LT.-0.000001> GB T8 17
NRL=NRL +1
RM (15 NRL) =RM (1,K)
RM(2,NRL) =RM(2,K)
17 CONTINUE
IF (NRL.EQ.O) G@ T@ 20
18 CONTINUE
C DRAW VISIBLE PARTS BF THE I'TH LINE (IF ANY).
DB 13 J=1,NRL
R1=RM1sJ)
R2=1.0-R1
XP 1=X 1 #R2+X2R 1
YP1=Y IR24+Y2:KR 1
R1=RM (2,
R2=1.0-R1
XP2=X1¥R2+X2KR 1
YP2=Y 1 #R2+Y2HR 1
IF <ABS {XP1-XP2) .LT.0.000001.AND.ABS (YP1-YP2; .L T.0.000001> GB T@ 19
CALL PLOT(XP1,YP1,3)
CALL PLOT(XP2,YP2,2)
18 CONTINUE
20 CONTINUE
RETURN
END
Program 8.5

Figure 8.2



Example 8.2
Draw figure 8.2, an example of an interpenetrant cubic crystal.
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The program to draw this figure uses programs 8.2 and 8.5, together with the
following SETUP routine

SUBROUTINE SETUP
C SUBROUTINE TO SETUP AN INTERPENETRANT CUBIC CRYSTAL. DARTA IS READ
C FROM THE DATA FILE TAPE2 - VERTEX ENTRIES WITH INDICES 15 TO 20 ARE

C THREE TIMES TGO BIG.

[

COMMON/FACETS/NOF s INDEXF (200) »L INF (6, 200)
COMMON DIST,PPD

REARD (2, 1) NOV
FORMAT (I2)
READ €2+ %) (AX(I) » YD) »Z2(I)) » I=1,NOV)
DO 2 KK=15,20

X (KK) =X (KK) /3.0
Y (KK) =Y (KK) /3.0
Z (KK) =2 (KK} /3.0

CONTINUE
REARD (2, 1) NOL
READ (2% (CLINV(1,I)sLINV(2,1)) » I=1,NOL)
REARD (2, 1) NOF
READ (2 %) (CLINF (JsI) sJ=1+3) » I=1,NOF)
08 3 I=1,NOF
INDEXF (I) =3
CONTINUE
RETURN

END

IT IS ERSIER TO DIVIDE BY 3 IN THE PROGRAM
C THAN TG INTRODUCE SUFFICIENT ACCURACY IN THE DATA.
COMMONAVERTS/NBV, X (300) » Y (300) »Z (300 » XP (300) » YP (300)
COMMBNAL INESNOL » L INV (2, 400)

Program 8.6

which reads data from an input file on the data channel TAPE2. Study these
values!
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Exercise 8.3
Produce a general orthographic Hidden Line Algorithm.

Exercise 8.4

Draw a diagram similar to figure 8.3, the SETUP space being two cubes

(#1,%1, #1) and (3, §, 2) + (%1, %1, £1). This was viewed from (5, 10, —15) with
PPD = 33.

Figure 8.3

Exercise 8.5
Produce a general stereoscopic Hidden Line Algorithm.



9 Setup Techniques

Thus far we have concentrated on well-defined and simple individual objects in
three-dimensional space, so as not to confuse the descriptions of transformations
between SETUP, ACTUAL and OBSERVER triads, of orthographic, perspective
and stereoscopic projections, and of the Hidden Line Algorithms. The scope for
these kind of figures is rather limited, and therefore far more complicated
constructions must be considered.

To do this, we totally reorganise the ideas introduced in the earlier chapters.
The OBSERVE routine stays in its original form, but now it is the first routine
called, and as usual it returns the ACTUAL—OBSERVER matrix Q. Since we are
dealing with possibly a large number of objects, each will be given its own unique
SETUP—ACTUAL matrix P and, rather than clutter the program with a number
of ACTUAL subroutines, we will not explicitly create them.

The SETUP routine will have Q as an input parameter, and it will initially set
the values of NOV, NOL and NOF to zero. Then follow a number of sections,
one for each object to be defined. Each section will be in two parts. The first is a
series of statements that are equivalent to the ACTUAL subroutine, producing a
SETUP—ACTUAL matrix P. The second part creates the SETUP—OBSERVER
matrix R = Q x P, and inputs it into a subroutine, together with any other
relevant information. The routine, which is called a ‘building brick’, produces
the SETUP information on the object (vertex, line and facet data), and then
transforms the vertex data using the matrix R so that the object is ‘moved’ to its
required position in OBSERVER space (that is, relative to the OBSERVER triad
of axes). These values are added to the COMMON stores [VERTS/, /LINES/ and
J/FACETS/, the transformed vertices are added to the X, Y and Z arrays, the lines
to the LINV array, and the facets to the INDEXF and LINF arrays. The NOV,
NOL and NOF values are incremented accordingly; also the perspective
projections of the vertices are stored in the XP and YP arrays.

The information on the individual objects is created using methods we have
already seen: reading information from data files, DATA statements and by
direct calculation. The ‘building-brick’ method is illustrated by a ‘brick’
subroutine RECT, which forms a rectangular block of dimension 2A x 2B x 2C
screen inches, placed in OBSERVER space by the matrix R.
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SUBROBUTINE RECT(R»R»B,C)
ROUTINE TO SETUP A RECTANGULAR BLOCK 2A X 2B X 2C IN OBSERVER SPACE.
SETUP TG BBSERVER MATRIX IS R.
COMMON/VERTS NGV, X (300) » Y (300> » Z (300 » XP (3005 s YP (300>
COMMBNL INESNOL » L INV (2, 400)
COMMONFACETS /NOF , INDEXF (2003 » L INF (6,200
COMMBN DIST,PPD
DIMENSION XX(8) »YY(8) 122(8) 1LV(2+12) sLF (4,6) sR(4) D
C XX YY»2ZsLV,LF HOLD SETUP INFORMATION FOBR A SIMPLE CUBE.
C THIS WILL BE EXTENDED TO DRAW A GENERAL RECTANGULAR BLOCK.
DATA XXr1.0,1.0,1.0+1.0,-1.0+,-1.0,-1.0,-1.0/
DATA YY/1.0,-1.0,1.0,-1.0+1.0+-1.0,1.0,-1.0/
DATA 22/1.0,1.0,-1.0,-1.0+1.0+1.0,-1.0,-1.0/
DATA LV/132+:2+1414+131351:51616181817:7+5:1:15:2:6+4+8:3+7/
DATA LF/1+213,4+5+6+7+8+1,10:5+9,2,11,6,10+3,12,7,11,4,9,8,12/
C ADD VERTICES IN BBSERVER SPACE AND PRBJECTIOGNS TO ,VERTS/ LIST.
DB 1 I=1,8
INGV=I+NOV
X (INBV) =AXR (1, 1) XXX (I) HB¥R (15 2) XYY (I) HZ*R (1, 3) %22 (1) +R (1,4
Y (INBV) =A*R (25 1) XXX (I) +B¥R (25 2) XYY {I) 4CHR (25 3) XZZ (I) 4R (2, 4>
Z (INBV) =A¥R (35 1) XXX (I) HB*R (35 2) XYY (I) +C*R (3, 3) ¥ZZ (1) +R (3,4
DD=PPD/ (2 (INBW) +DIST)
XP (INGV) =X (INBV) ¥DD
YP (INGV) =Y (INBV) *¥DD
1 CONTINUE
C ADD LINES TGO A INES/ LIST.
DB 2 I=1,12
INBL=TI+NOL
LINV (1, INBL) =LV (1 ID +NOV
LINV(2, INOL) =LV (25 I) +NBV
2 CONTINUE
C ADD T@ FARCETS/ LIST.
DB 4 I=1,6
INGF=I+NOF
INDEXF (INGF) =4
DO 3 J=1,4
L INF (Js INOF) =LF (Js ID +NOL
3 CONTINUE
4 CONTINUE
C INCREASE THE VERTEX, LINE AND FACET COUNT.
NBV=NOV+8
NOL=NOL+12
NOF =NOF +6
RETURN
END

a0

Program 9.1

Exercise 9.1

Produce a ‘brick’ routine PYRMID, which forms a pyramid with a rectangular
base 2A x 2C and height B in SETUP space and places it in OBSERVER space
using a matrix R.

Example 9.1
Draw figure 9.1, a hidden line picture of two pyramids placed on a rectangular
block, viewed from (15, 20, 25) with PPD = 33.
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1_incH
Figure 9.1

The routines RECT and PYRMID are called from the SETUP routine (program
9.3), which in turn is called from the Main Program 9.2 to draw the figure.

COMMBN DIST,PPD
DIMENSION Q4,4
C CALCULATE THE BBSERVATION MATRIX G
CALL OBSERVE Q>
WRITE (6, 1)
1 FORMAT ¢ TYPE IN DISTANCE OF EYE FROM PERSPECTIVE PLANE:®)
READ (5, %) PPD
CALL START (2>
CALL PLOT(8.5,7.375,-3)
CALL SETUP @)
CALL HIDDEN

Program 9.2

SUBROUTINE SETUP (@

C ROUTINE TO SETUP TWO PYRAMIDS BN A THIN RECTANGULAR 'TABLETOP '.
DIMENSION P (4,4 ,3(4,4) ,R{4,4)
COMMONAVERTS/NOV, X (300> » Y (300> » 2 (<3005 » XP {3005 » YP (300>
COMMON/L INESNOL » L INV (2, 400)

COMMON/FACETS/NOF » INDEXF (200 s L INF {6,200
NOL=0
NOV=0
NGr=0

C PLACE "HE TABLETOP — P IS THE IDENTITY MATRIX, THUS R=Q.
CALL RECT(Q@+4.0,0.2,4.0

C PLACE THE FIRST PYRAMID.

CALL TRAN(2.0+,-0.2:-2.0:P)
CALL MULT(QsPsR)
CALL PYRMID(R+»2.5+4.0+2.5)

C PLACE SECOND PYRAMID.

CALL TRAN(-3.0,-0.2,0.0:P>
CALL MULT(@sPsR)

CALL PYRMID(Rs2.0,4.0,2.0>
RETURN

END

Program 9.3

Sometimes the ‘bricks” are not placed in arbitrary positions and orientations
in space; they may be closely interrelated — as in the next example.
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Example 9.2

Produce the SETUP routine which places twelve rectangular blocks and eight
cubes in the form of a ‘hollowed cube’, shown in figure 9.2. Viewpoint is
(10, 20, 30) and PPD = 25

Figure 9.2

We use the RECT routine of program 9.1 as follows.

SUBROUTINE SETUP (G)
SETUP A HOLLOWED CUBE. @ IS THE ACTUAL TO OGBSERVER MATRIX.
EACH PIECE OF THE FIGURE HAS ITS OWN SETUP TG ACTUAL MATRIX P,
WHICH IS GENERATED IN THIS ROUTINE - NOT IN INDIVIDUAL ACTUAL
RGUTINES. THE SETUP TO OBSERVER MATRIX R IS CALCULATED FBR EACH
PIECE OF THE FINAL FIGURE.
DIMENSION P (454 sQ{4,49 1R (4,4) , XX(B) »YY(B) s22(8)
COMMBN/VERTS/NBV, X (300> » Y (3007 »Z (300> » XP (300 » YP (300>
COMMON/L INES/NGL s L INV (25,4005
COMMBN/FACETS/NOF » INDEXF (2005 »L INF (6, 2005
C XX>YYs22 HOLD INFORMATIOGN TO BE USED IN PLACING THE 20 BLOCKS.
DATAR XxX-1.0,1.0,1.0+1.0,-1.0+-1.0+-1.0,-1.0/
DATA YY,/1.0,1.0,-1.0,-1.0,1.0+,1.0,-1.0,-1.0/
DATA 22,1.0,-1.0,1.0,-1.0,1.0,-1.0,1.0,-1.0/
NOL=9
NOv=0
NOF=0
C SETUP 12 RECTANGULAR BLOCKS WHICH JBIN THE CORNER CUBES.
DO 1 I=1,4
CALL TRAN(0.0s4.0KYYI) +4.0%22 (1) sP)
CALL MULT@sPsR)
CALL RECT(R+3.0,1.0,1.00
CALL TRAN(4.0®%ZZ(I)+0.0,4.0%YYI) 4P
CALL MULT@sPsR)
CALL RECT(R»1.0+,3.0,1.0)
CALL TRAN(4.0%YY(I) »4.0%22(I) +0.0+P>
CALL MULT@sPsR>
CALL RECT(Rs1.051.0,2.05
1 CONTINUE
C SETUP THE 8 COGRNER CUBES.
DB 2 I=1,8
. CALL TRAN (4.0%XX(I) »4.0%YY(I) »4.0%2Z{I) sP)
CALL MULT@QsPsR>
CALL RECT(R,»1.C»1.0+1.0
2 CONTINUE
RETURN
END

lelelelglg)

Program 9.4
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Note how a DATA statement is used to introduce information that can be used
to calculate the positions of the various ‘bricks’. The figure is drawn by using
program 9.2 to call the SETUP routine of program 9.4.

Exercise 9.2

Some of the vertices, lines and facets created in the last SETUP routine are
duplicated. If a facet is common to two separate ‘bricks’, then the vertices and
lines on the facet, as well as the facet itself (which is necessarily hidden), will
each be specified by two different indices. Write a general-purpose CLEANUP
routine that will delete all redundant information from the COMMON stores
/VERTS/, /[LINES/ and /[FACETS/. Note The doubly indicated lines will be
drawn twice; this is why some lines in figure 9.2 appear darker than the rest.

THE USE OF ‘BRICKS’ TO BUILD ‘HOUSING ESTATES’

One of the most important uses of computer graphics is in architectural design
and planning. There are a number of sophisticated (and expensive!) computer
packages commercially available that deal with these problems. However, the
ideas behind these computer libraries are basically those given in this book.
Naturally there is a great deal of specialisation and complexity in the SETUP
of objects, but they nevertheless reduce to the simple ideas we are discussing.

Example 9.3

Use these techniques to create an outline of an idealised and simplified house,
and then produce a hidden line perspective picture of an estate of houses similar
to the four in figure 9.3.

SUBROUTINE SETUP (@)

C ROUTINE TO SET UP A SIMPLE HBUSING ESTATE OF 4 HOUSES.
DIMENSION P (4,4 sG(4:149) 1R (4149 »S (414D
COMMBNVERTS/NBV, X (300) » Y (300> »Z (300> s XP (3005 » YP (300>
COMMBN/L INES/NOL s L INV (2, 400)
COMMON/FACETS /NGF s INDEXF (200) s L INF (6,200)
NOL=0
NOV=0
NOF=0
CALL TRAN(D.0,0.0,12.0,P
CALL MULT(@sP»R)

CALL HOBUSE (R)
PI=3.14159826535

PI2=PIXQ.5

CALL ROT(2,-PI2,R)

CALL TRAN(12.0,0.0,0.0:S)
CALL MULT(S»RsP)

CALL MULT(@,P,R)

CALL HOUSE (R)

CALL ROT2,PI,R)

CALL TRAN(0.0,0.0,-12.0,5)
CALL MULT(SsRsP)

CALL MULT(@sPsR)

CALL HOUSE (R)

CALL ROT(2,PI2,R)

CALL TRAN(-12.0,0.0,0.0:5)
CALL MULT(SsRsP)

CALL MULT(@sPsR)

CALL HBUSE (R)

RETURN

END Program 9.5
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SUBRBUTINE HBUSE (R)

C RBUTINE TO SETUP AN IDEAL ISED HBUSE AND POSITIGN IT IN BBSERVER
C SPACE USING MATRIX R.
COMMBN./VERTS NGBV, X (300) » Y (300) »Z (300> » XP (300 s YP (300>
COMMBNAL INES/NOL s L INV (2, 900)

COMMON.FARCETS NOF » INDEXF (200) s L INF (6,200

F Y7

COMMBN DIST,PPD

DIMENSION IX(59) »IY(59),IZ(59)+LV(2+62)sLF (5:6) sR(4,4)
DATA IX/6+s—61—6+1616+1—6+1—6161—6:61411+1:494:—41-1,-1:—414+1+1,4,

+
+

0500515161616+ —6+151-21-21-515:212+5+:-5+1-21-2+-5
512+2+531+1:0+1-1+1-1:6+6+6+6:6:6+6:6/

DATA IY/0+0+:0+0+8+8+8+8511+511+17+7+5+5+7+7+5+5:3+3+,1+1,0+,3:,3+0

++

515+0+:3:3,0/

7173515375 7+153517+171595+39351+119313+1+1+0+13+4+3+0:7+7»

DATA IZ2/414:—4:—414:4:—4:—4101014141414:41414141494:914:4:4,49:4: 4,

++

=3s=13-1:-31—4) 4,4y 4,4, 4,4, —4,—4) -4, -4, —4, 4, 4, -4,
Q4,4 —4, 4, —4,3+1+1+3+1+1+3,3/

DATA LV/1:2+2+1313+1414+1+15+616+91917+7:8:8+10+1015111512+6+3+7

++++++

4,8+9,10,11,12,12,13+13+14,14,11,15,16+16+17,17,18,18)
15+19+,20+:20+:21+21+22+22519:23+124,24:25+25+126:26+23:27»
28,28,29,298,30,30:,27,31,32,32+,33,33,34,34,31+35,36,36
37+37+38,38,35,38,40,40,41,41,42,42,39,43,44,44,45,495,
46:,46:43,47:498,48,499,49,50,50:51,52,53:53,54,54,55,55,
52+:56157:57,58,58,59/

DATA LF/1+112+5+11+0+2+13+7+6+12+:3,14+8+13+0+:4,11,10+9514,

+

DB 1 I=1,59
INOV=I+NOV

8+9+,15+,7+10+5+6,15,10,0/

X C(INBV) =R (15 1) XIX(I) 4R 1+ 2) XIY (D) +R (1,3 XIZ (D) +R (1,49
Y (INBV) =R (25 1) XIX(I) 4R (2+:2) XIY(I) R (25 3) XIZ (1) +R (2D
Z CINBV) =R (35 1) XIXC(D #R (3, 2) XIY (D) #R (31 3) XIZ(D R (3D

DD=PPD/ (DIST+Z (INBV))

XP (INBV) =X (INBV) XDD

YP (INGV) =Y (INOV) XDD
CONTINUE

DB 2 I=1,62

INOL=I+NOL
LINV(1, INBL) =LV (1 I) +NBV
LINV(2s INBL) =LV (2, I) +NOV
CONTINUE

DO 4 I=1,6

INOF=I+NOF

INDEXF (INOF) =4

DB 3 J=1,5

LINF (Js INOF) =LF (Js I) +NOL
CONTINUE

CONTINUE

INDEXF (NOF +2) =5

INDEXF (NOF +4) =5
NBV=NOV+59

NOL =NOL +62

NOF =NOF +6

RETURN

END

Program 9.6

Program 9.2 may be used to call the SETUP routine, program 9.5, which in
turn uses the ‘brick’ subroutine, program 9.6. As usual, the OBSERVE routine
sets the matrix Q from the ACTUAL coordinates of the observation point
(EX, EY, EZ). Note that some of the lines are not edges of a facet; they simply
lie on the surface of a facet, for example, the outlines of the windows and doors.
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Figure 9.3

Exercise 9.3
Study the way that the coordinates of the vertices, lines and facets of figure 9.3
are generated. Add extra information: put on chimney stacks, curtains in the

windows, etc.

Exercise 9.4
Draw an industrial estate — warehouses, office blocks, etc. Introduce a paved
ground level by adding a flat rectangular grid on which the buildings will stand.

We now introduce a special form of ‘brick’, a ‘body of rotation’. We consider
two types: skeleton bodies and solid bodies.

SKELETON BODIES OF ROTATION

The Hidden Line Algorithms are not used in this type of body, instead we
concentrate on ‘wire skeletons’.

The method requires a sequence of NLVERT lines (called the first vertical
sequence) in the z = 0 plane of SETUP space, that is, relative to the SETUP axes.
These lines are defined by the NLVERT + 1 ( = NOPTS) vertices
{(XLIN(I), YLIN(I), 0) [ I =1, ..., NOPTS and XLIN(I) >0 for all I } . These
are the end points of the lines taken in order, that is, the Ith line joins
(XLIN(I), YLIN(I), 0) to (XLIN(I + 1), YLIN(I + 1), 0). We think of the planes
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parallel to the y = 0 plane as horizontal, and all lines perpendicular to the
horizontal are called vertical — whence the first vertical sequence.

This first vertical sequence is rotated about the y-axis by an angle 2r/NHORIZ
radians. Repeating the rotation NHORIZ times produces a set of NHORIZ
vertical sequences surrounding the vertical axis. Thus the Ith defining point on
the first vertical sequence, (XLIN(I), YLIN(I), 0), is rotated into NHORIZ points
on the horizontal plane y = YLIN(I) (we call this the Ith level), { (XLIN(I) cos 8,
YLIN(I), XLIN(I) sin 6) | 6 = 2n(J — 1)/NHORIZ;J =1, ..., NHORIZ}. These
are joined in order to form a regular polygon with NHORIZ sides on this Ith
horizontal level. We thus have NOPTS horizontal sequences; however, if
XLIN(I) = O for any value of 1, then the regular polygon degenerates to the point
where the y-axis cuts the Ith level. The complete set of vertical and horizontal
lines formed in this way produces the surface of a skeleton body.

Since we are not considering hidden lines there is no need to store facet
information; in fact, if we only wish to draw a single figure there is no need to
store all the lines and vertices! This is the simple case we describe.

We produce consecutive vertical sequences; each point on a sequence,

(XA, YA, ZA) say, is transformed by the SETUP—OBSERVER matrix R to the
point (XB, YB, ZB) in OBSERVER space, which in turn is perspectively projected
into a point on the screen. At any one time, two consecutive vertical sequences
are transformed in this way to produce the (XPRES, YPRES) and
(XNEXT, YNEXT) arrays. The vertical lines of the XPRES, YPRES sequence are
drawn together with the horizontal lines between the two sequences, provided
the line does not degenerate to a point on the vertical axis of SETUP space.
Thus, the complete skeleton body can be drawn inside the subroutine
ROTBOD (program 9.7) and not in the Main Program or in a HIDDEN
routine as in previous programs.

SUBROUTINE ROTBOD (NBPTS,NHORIZ R XL IN, YL IN)
C ROUTINE TG DRAW SKELETGN BGDY OF ROTATIOGN.
C R IS THE SETUP TO BBSERVER MATRIX.

DIMENSIBN R<{4,4) ,XLIN (100> » YL IN 100>

DIMENSIBN XNEXT (1005 » YNEXT (1005 s XPRES <100 s YPRES (100>

COMBN DIST,PPD

THDIF=6.283185307 FLOAT (NHORIZ)

THETA=0.0
C SETUP FIRST VERTICAL SEQUENCE OF VERTICES.

DB 1 I=1,NBPTS

XB=R (15 1) %XL IN (I +R (152 ¥YLINCI) 4R (1,9

YB=R (25 1) XL INCI) +R (2, 2) XYLINCI) 4R (2,4

ZB=R (3, 1) ¥XL IN (I +R (3, 2) ¥YLINCI) +R (3,4 +DIST

XPRES (I) =XB*PPD /28

YPRES (I) =YB*PPD /2B

1 CONTINUE

C PASS THROUGH ALL VERTICAL SEQUENCES.

DB 5 J=1,NHORIZ
C DRAW PRESENT VERTICAL SEQUENCE.

CALL PLOBT (XPRES (1) » YPRES (1) +3)

DB 2 I=2,NE@PTS

CALL PLOT (XPRES (I> s YPRES (D) +2)

2 CONTINUE
THETA=THETA+THD IF

CT=COS (THETR)
ST=SIN(THETR)
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C CALCULATE NEXT VERTICAL SEQUENCE OF VERTICES.
DB 4 I=1,NOPTS
XA=XL IN (I} *CT
YA=YL IN(I)
ZA=XL IN (I) ®ST
XB=R {15 1) XXA+R {1, 2) XKYA+R {1, 3) *2ZA+R {1, 4>
YB=R (24 1) ¥XA+R (21 2) KYA+R (24 3) KZA+R (2, D)
ZB=R (3, 1) ¥XA+R {3+ 2) KYA+R (34 3) *KZA+R (3,4 +DIST
XNEXT (I =XB*PPD./ZB
YNEXT {I) =YB*PPD./2B
C PLOT HORIZONTAL L INES BETWEEN PRESENT AND NEXT SEQUENCES.
IF(ABS (XL IN(I»)> .L T.0.000001> GO 10 3
CALL PLOT {(XPRES (I) » YPRES (I} »3)
CALL PLOTXNEXT(I) s YNEXT I +2)
C RESET PRESENT SEQUENCE TO NEXT SEQUENCE.
3 XPRES (I) =XNEXT (I
YPRES (I, =YNEXT (I
4 CONTINUE
5 CONTINUE
RETURN
END

Program 9.7

Example 9.4
Draw the skeleton spheroid shown in figure 9.4, The observation point is
(15, 20, 25) and PPD = 33; the radius of the spheroid is 4 screen inches.

Figure 9.4

In fact the program we give generates a skeleton ellipsoid; the major and
minor axes of the figure, A and B, are read in from the keyboard. A SETUP
routine (program 9.8) generates a semi-ellipse in the XLIN and YLIN arrays,
before calling the ROTBOD routine. Since there is only one figure, and the
COMMON stores [VERTS/, etc., are not required, the NOV, NOL and NOF
values are not initialised. The figure is drawn by a Main Program similar to
program 9.2; however, the call to HIDDEN is deleted.
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SUBROUTINE SETUP Q)
C ROUTINE TO SETUP FIRST VERTICAL SEQUENCE GF AN ELLIPSGID.
DIMENSION Q4,45 ,» XL IN (1005 » YL IN100)

WRITE (65 1)
1 FBRMAT (¢ TYPE IN N@. OF LINES IN VERTICAL AND HORIZONTAL SEGUENCES
3

READ (5, NLVERT,NHORIZ

NOPTS=NLVERT+1

PI=3.1415826535

PH=—PIX*0.5

PHDIF=PI/FLOBAT (NLVERT)

WRITE (6+2)

2 FORMAT kK TYPE MAJOR AND MINBR AXES %)

READ (5,%) A,B
C CREATE FIRST VERTICAL SEQUENCE.

DB 3 I=1,NBPTS

XL IN(I) =RKCOS (PH)

YL INCI) =B*SIN (PH)

PH=PH+PHDIF

3 CONTINUE

C ACTUAL SPACE IS IDENTIFIED WITH SETUP SPACE THEREFORE THE
C SETUP TO ACTUAL MATRIX R IS IDENTICAL TO MATRIX Q.
C DRAW THE SKELETON BODY OF ROTATIGN IN OBSERVER SPACE.

CALL ROTBOD (NOPTSsNHORIZ Qs XL INs YL IN)

RETURN

END

Program 9.8
Exercise 9.5

Practise this technique by drawing the washer, cap and spring shown in figure
9.5. (Note that these are orthographic views.)

Figure 9.5

Note that the coiled spring of figure 9.5¢ is a variation on the above technique.
The first vertical sequence completes more than one rotation around the vertical
axis, and with each small rotation the y-values of the sequence are altered; they
do not stay fixed at the YLIN(I) values as they did in the ROTBOD subroutine.

Usually we require that the hidden lines in an object are not seen, and this
leads us to the second ‘body of rotation’ method.

SOLID BODIES OF ROTATION

We proceed in the same way as with the skeleton body, using the same
terminology. Now the surface of the body must be stored as facets, and of
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course lines and vertices, in order to use our Hidden Line Algorithms. We
initially rotate the first vertex of the first vertical sequence about the y-axis to

produce the lines and vertices on the first horizontal level. If the vertex is on the
central axis, then the lines degenerate. We then pass through the horizontal
levels, storing the lines (if any) and vertices as they are created, as well as the
vertical lines between the present and preceding levels. The facets are calculated
as being quadrilateral or triangular areas lying on the surface of the body
between the present and preceding levels. They are quadrilateral when the
vertices on the two levels are not on the central axis. If the preceding vertices lie
on the axis, we get an ‘upward’ triangular facet; if the present level degenerates,
we get a ‘downward’ triangular facet. This simple approach enables us to define
the order of the indices of the vertices in an elementary way, and thence the
indices of the lines and facets. The method is given in the listing of the
subroutine ROTSOL (program 9.9), which can use either of the HIDDEN
routines (programs 8.3 and 8.5) if the final object is convex; program 8.5 must
be used with non-convex bodies.

SUBRGUTINE ROTSOL (NLVERTsNHORIZ»R» XL IN, YL IN)
ROUTINE TG SETUP A SOLID BBDY OF RATATION AND PLACE IT IN BGBSERVER
SPACE USING MATRIX R. XLIN, YLIN HOLD THE COGRDINATES OF THE FIRST
VERTICAL SEQUENCE. NLVERT LINES PER VERTICAL SEQUENCE AND NHORIZ
LINES PER HBRIZONTAL SEQUENCE MAKE UP THE SOLID BODY SURFACE.
COMMON/VERTS NGBV, X (300) » Y (3003 s Z (3005 » XP (300) » YP (300>
COMMBNAL INES/NOL » L INV (2, 400>
COMMBNFACETSNGF , INDEXF (200) » L INF (65 200>
COMMBN DIST,PPD
DIMENSION R(4:4) » XL IN(50) s YL IN (50)
NVBPL = NUMBER OF VERTICES STORED BEFGRE THOSE OGN PRECEDING LEVEL.
NLUIPL = NUMBER OF LINES STBRED UP T@ AND INCLUDING PRECEDING LEVEL.
LASTV = NUMBER GF VERTICES ON PRECEDING LEVEL.
NBWV = NUMBER OF VERTICES ON PRESENT LEVEL.
IF NBWV = 1, THE HORIZONTAL LINES OGN PRESENT LEVEL DEGENERATE.
TDIF=3.1415826535%2.0/FLBAT (NHBRI2)
NOWvV=1
IF (ABS (XL IN(1)) .GT.0.000001) NBWV=NHORIZ
NVBPL=NGV
NLUIPL=NOL
THETA=0.0
C ROBTATE ARBUND FIRST HORIZOGNTAL LEVEL.
DO 1 I=1,NBWV
XX=XL IN (1) XCOS (THETA)
YY=YLIN (1)
22=X1IN (1) XSIN (THETA)
NOV=NBV+1
C SETUP VERTICES ON FIRST LEVEL.
X (NBV) =XOCKR (15 1) +YYXR(1+2) +ZZXR (1,3) 4R (1,9
Y (NBV) =X0CKR (25 1) +YYRR (2, 2) +ZZ¥R (2, 3) +R (2, D
Z (NBV) =XOCKR (35 1) +YYHR (3,2) +Z2ZXR (3,3) +R (3,9
DD=PPD/ (DIST+Z (NOV) )
XP (NBV) =X (NGV) *¥DD
YP (NOV) =Y (NBV) XDOD
THETA=THETA+TDIF
C SETUP HORIZONTAL LINES ON THIS LEVEL.
NOL =NGL +1
LINV(1,NOL) =NVBPL +1
L INV (2,NBL) =NVBPL +MBD (I NOWV) +1
1 CONTINUE
C IF LINES DEGENERATE, DELETE FRGM LIST BY RESETING LINE COUNT.
IF (NOWV.EG. 1> NOL=NOL-1

o000

00000
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C PASS THRBUGH HORIZONTAL LEVELS.
DB 7 I=1,NLVERT
LASTV=NOWV
YY=YLINCI+1)
XXX=XL IN (I+1)
NOWv=1
IF (ABS OOOG .GT.0.000001> NOWV=NHORIZ
THETAR=0.0
C ROTATE ARBUND PRESENT HORIZONTAL LEVEL AND SETUP VERTICES.
DO 2 J=1,NOWV
XX=XXX*COS (THETA)
ZZ=XXX*SIN (THETA)
NBV=NOV+1
X(NOVI =XX*#R (1915 +YYHR (1+2) +22Z*¥R {11 +R {1+
YINOV) =XX*RR (24 1) +YYHR (24 2) +ZZ*R (2:13) +R (2, D
2 (NOV) =XO0CKR (34 1) +YYKR (35 2) +2Z*R (3, 3) 4R (3, 4)
DD=PPD/ (DIST+2 (NBV) )
XP (NBV) =X (NBV) XDD
YP (NGW) =Y (NBV) XDD
THETA=THETA+TDIF
2 CONTINUE
DO 3 J=1,NHORIZ
NOL=NOL +1
C SETUP VERTICAL LINES BETWEEN PRECEDING AND PRESENT LEVELS.
LINV(1,NOL) =NVBPL +MBD (J-1sLASTV) +1
L INV(2,NOL) =NVBPL + ASTVHMBD (J-1 5 NOWV) +1
C SETUP HORIZONTAL LINES ON PRESENT LEVEL.
L INV (15 NOL +NHORIZ) =NVBPL H ASTVHOD (J-1,NOWV) +1
L INV (2, NOL +NHORIZ) =NVBPL H ASTV+MOD (Js» NOWV) +1
3 CONTINUE
C IF THE HORIZONTAL LINES DO NOT DEGENERATE ADD THEIR NUMBER TO LINE COUNT.
IF (NOWV.EQ.NHORIZ) NOL=NOL+NHORIZ
C SETUP FACETS BETWEEN PRECEDING AND PRESENT LEVELS.
DO 6 J=1,NHORIZ
NOF=NOF +1
INDEXF (NOF) =3
L INF (1,NOF) =NLUIPL +J
L INF (2, NOF) =NLUIPL +NHORIZ+J
IF(LASTV.EQ.1) GO TO 4
IF (NBWV.EQG.1) GO TG 5
C QUADRILATERAL FACET.
INDEXF (NOF) =4
L INF (3, NOF) =NLUIPL +NHBRIZ+MBD (JsNHORID +1
L INF (4,NOF) =NLUIPL +2XNHORIZ+J
GO 10 6
C UPWARD TRIANGULAR FACET.
4 L INF (3,NOF) =NLUIPL +M0D (JsNHORIZ) +1
GO TO 6
C DOWNWARD TRIANGULAR FACET.
5 L INF (3,NOF) =NLUIPL +NHORIZ+MBD (JsNHERID) +1
6 CONTINUE
C RESET NVBPL AND NLUIPL FBR NEXT PASS.
NVBPL=NVBPL +H ASTV
NLUIPL=NOL-NHORIZ
IF (NBWV.EG. 1) NLUIPL=NBL
7 CONTINUE
RETURN
END

Program 9.9

Example 9.5
Draw the ‘solid’ body of figure 9.6. The viewpoint is (15, 20, 25) for figure 9.6a
and (2, —35, 5) for figure 9.6b; in both cases, PPD = 33.
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Figure 9.6

These are two views of the same object; note that, despite the name, the
object is not solid — it is only a thin opaque surface layer. The second figure,
figure 9.6b, shows the view of the underside, where we can see inside the body
to the undersurface of the cone that forms the top of the object. This is because
the first vertical sequence, created in program 9.10, only touches the central
axis at one point, the vertex of the upper cone, and so from underneath we can
see up ‘inside’ the object. It is drawn by the Main Program 9.2 calling the
following SETUP subroutine.

SUBROUTINE SETUP (@)

C SETUP AN ELEMENTARY EXAMPLE BF A SGLID BBDY OF ROTATION.
DIMENSION Q(4,4) » XL IN(S0) » YL IN (505
COMMON/VERTS /NBV, X (300 » Y (300> + Z (300 s XP (300> » YP (300>
COMMON/L INES/NOL s L INV (2,400
COMMBN/FACETS /NGF » INDEXF (200) »L INF (6, 200)

C DATA FBR THE FIRST VERTICAL SEQUENCE.

DATA XL IN0.0,1.0,2.0+3.0,4.0,3.0,2.0,1.0/

DATA YLIN/5.0,1.0,2.0,2.0,0.0,-3.0,-3.0:-1.0/

NOv=0

NOL=0

NOF=0
C ACTUAL SPACE IS IDENTIFIED WITH SETUP SPACEs HENCE THE SETUP TO
C OBSERVER MATRIX R IS EQUAL TO Q.

CALL ROTSOL (7+20,Q@s XL INs YLIN)

RETURN

END

Program 9.10

Exercise 9.6
Draw the ‘space rocket’ of figure 9.7.

In this figure, a hybrid, the ‘body of rotation’ method is used in conjunction
with a subroutine that creates the ‘fins’ of the rocket.
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Figure 9.7

EXTENSIONS TO PROGRAMS

It is becoming increasingly obvious that the storage space for our figures is
quickly filled when using these methods; the storage ‘housekeeping’ is in turn
quite time-consuming. We can increase the size of the COMMON store, but
even this is limited, and it makes the time problem more acute.

The vertex—line—facet description of objects contains redundant information
— we need only define facets in terms of vertices, and then calculate (rather than
store) the lines from the facet information when they are required. This object
description, though perhaps more efficient, was rejected for this book in the
interest of continuity between ‘wire figures’ and the Hidden Line Algorithm,
and also for clarity of description. For the same reasons, other more efficient
Hidden Line Algorithms using involved programming techniques (such as
recursive routines using stacks, tree structures, linked lists, etc.) were overlooked
in favour of the more straightforward approach.

In order to draw involved scenes it is necessary to use these other methods in
complicated variations on the ideas given in this book. The over-all view of space
needs to be divided into sections and the information on these sections efficiently
placed in ‘backing store’, so that individual sections can be quickly recalled from
store to be dealt with in the usual way. Since these ideas are outside the scope of
this book, this is the obvious point to end our introductory discussion of three-
dimensional graphics.

Readers who have successfully reached this stage should be ready to tackle
and program the highly sophisticated algorithms necessary to deal with these
complicated diagrams.
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The basic idea behind making computer movies is quite straightforward. Using
the methods developed in previous chapters, the programmer produces sequences
of 16 mm film; each frame from a sequence will differ slightly from the preceding
and succeeding frames. The sequences can then be spliced together as is usual
with movie films. When a film is projected, normally at 24 frames per second,
the scenes on successive frames merge to give the effect of movement in a
computer-produced ‘cartoon’.

Each frame of the film is assumed to have a drawing area of 11.84 by 9.0
screen inches — these dimensions vary between packages, so check as usual.
With the 16 mm film the shorter sides of the frame rectangle are parallel with
the two lines of sprocket holes (our usual x-direction), and so it is necessary to
rotate the frame through 90° before printing it on the film. Again the ways of
achieving this will depend on the implementation of the graphics package; we
give a typical example. The routines used are the PLOT subroutine already
described in chapter 1, and four others: STARTF, FINISHF, CALCMP and
NEWPAGE.

CALL STARTF(3.0, 31.25)

replaces the call to START; the 3.0 parameter specifies the use of 16 mm film,
and the 31.25 is a scaling factor that defines the frame size to be 11.84 by
9.0 ‘inches’.

CALL FINISHF
replaces the call to ENPLOT. The general call to CALCMP is of the form
CALL CALCMP(P1, P2, N, INDEX)

where INDEX specifies one of maybe 20 or more uses of the routine; we only
consider three.

(a) CALL CALCMP(XDUM, YDUM, 1, 9)

Here XDUM and YDUM are irrelevant dummy arguments (usually set to
99); the last two parameters represent a rotation (the parameter 9) through
90° (the parameter 1).
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(b) CALL CALCMP(11.84, 9.0, IDUM, 13)

IDUM is another dummy argument, and the call centres the frame (the
entry 13) within a rectangle 11.84 by 9.0 formed by the centres of the
sprocket holes. Note that, although the frame is ‘centred’, the origin is the
bottom left-hand corner’ of the frame until it is changed by a call to
PLOT.

() CALL CALCMP(0, IREP, IDUM, 14)

repeats the previously drawn frame (specified by the 0 entry) IREP times,
inclusive of the first time the frame was drawn.

CALL NEWPAGE

is the frame advance facility, without which it is impossible to produce a
sequence of frames. In each new frame the scale, rotation and centring is
maintained, unless they are changed by further calls to CALCMP; however,
the origin, wherever it was in the last frame, is returned to the bottom
left-hand corner of the new frame.

Before making the first complete print of a movie (perhaps one of the later
examples) it is essential that readers compare these routines against their own
implementations by running (say) 10 trial frames. Also, before a production run
of any size, it is sensible to check the contents of the film on a ’scope. To do
this you may have to write dummy routines for CALCMP, etc. In the interest of
efficiency and expenditure (!) it is best to draw every 20th frame, and thence
correct any errors before a wasteful and expensive production of film.

The effect of movement may naturally be achieved by painstakingly
calculating the scenes in consecutive frames, and laboriously typing in the data
for each frame; this is not recommended! We resort to a few simple but nonethe-
less useful ‘tricks of the trade’. We consider five from two-dimensional space
(rotation of planar objects, transforming between planar objects, movement of a
reference point and/or change of size, ‘growing’ and variable clipping and/or
covering) and discuss two methods in three-dimensional space (movement of the
observer, and rotation about an axis), in order to introduce the flavour of movie
making.

All these methods have the same central theme. The program will contain a
large outer loop; each pass through this loop draws a new frame, and also makes
small changes in the parameters required for drawing the frame, thus producing
small subtle changes between consecutive frames.

ROTATION OF PLANAR OBIJECTS

A planar object is defined by K vertices { XM, Yya)ir=1,..., K} , which
defines K — 1 lines. The Jth line joins (X(J), Y(J)) to (X(J + 1), Y(J + 1)), and
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the object is ‘closed’ if (X(1), Y(1)) = (X(K), Y(K)). The object may be drawn
by joining these points in order, using the general subroutine JOINUP, which can
join up to 100 vertices in this way.

%UBROUTINE  JBINUP (K s X, Y5
“ RPRUTINE TO JBIN CONSECUTIVE POINTS <X{IbaYil''y I le.... N
. TwE MAXIMUM VALUE OF K = 100.

DIMENSIGN X {1007 »Y {100’

CALL PLOT X1 » Y1) 35

DB 1 I=2,K

CALL PLOT XDy »YiIs,2)

1 CONTINUE
RE TURN
END

Program 10.1

An object defined in this way can be rotated in three-dimensional space about
an arbitrary axis to produce a new array of K elements (a new object), which can
be drawn using the same JOINUP routine. If the rotation is made by small
amounts — the same fixed angle per change of frame — then the effect of rotating
in three-dimensional space is obtained.

Example 10.1

Draw the block letters ‘I’, ‘A’ and ‘N’ in a movie film of at least M frames (the
value of M is input). The ‘I’ is to rotate about an axis through its centre parallel
to the z-direction (into the screen) with a period M/3 frames. The outside of the
‘A’ is to rotate about the x-direction through its centre (horizontal) with period
M/2 frames; the inside of the ‘A’ stays fixed. Finally ‘N’ rotates about an axis
parallel to the y-axis (vertical) through its centre with period M.

This is where we observe the thorny problem of ‘telegraph poles and gaps’;

that is, are the objects that we are counting the telegraph poles or the gaps
between, them? If there are N poles (not in a closed circle) then there are N — 1

=
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Figure 10.1
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gaps. A rotation of period M means that after M changes of frame (that is, gaps)
the scene on the film returns to its original form — the frames are the telegraph
poles, whence M + 1 frames. Thus the ‘I’ is in its original form in frames 1,

M/3 +1,2M/3 and 1 and M + 1, and the ‘A’ in frames 1, M/2 +1 and M + 1.

Figure 10.1 shows eight (non-consecutive) frames from the film, that is,

(I —1)M/7 where =1, 2, ..., 8. This method will prove useful for drawing
unusual lettering in the advertisements of project 12, chapter 11.

The planar objects ‘I, outside of ‘A’ inside of ‘A’ and ‘N’ are stored as
vertices in the arrays (X1, YI), (XAOQ, YAO), (XAl, YAI) and (XN, YN),
respectively. Within the outer loop, the objects stored in these arrays are rotated
through angles THETA, PH], (no rotation) and PSI respectively, these angles are
incremented by 27 x 3/M, 27 x 2/M, zero and 2n/M radians with each pass.

C PROGRAM TO DEMANSTRATE THE ROTATION OF PLANAK Ubutc. ..
DIMENSIOGN XI<135,YI{13),XAB{8)sYAB{D) s XARI{4) »YAI {4 »XN{115,YNIIL)
DIMENSION X({13),Y{13)

C SETUP ARRAYS FOBR CHARACTERS "I",»"A" AND "N".

DATA XI/2%—1.6,2%-2.25,2%~1.61,2%-3.4,2%-2.75,2%-3.4,-1.6/
DATA YI/1.0,2%0.5,2%-0.5,2%-1.0,2%-0.5,2%0.5,2%1.0/
DATA XAB,0.25,1.0,0.5,0.375,-0.375,-0.5,-1.0,-0.25,0.25/
DATA YARB/1.0,2%~1.0,2%-0.666666652%-1.0,2*1.0/
DATA XAI/0.0,0.25,-0.25,0.0/
DATA YARI/0.333333,-0.333333,-0.333333,0.333333/
DATA XN/1.5,2.0,2%3.0,2%3.5,3.0,2%2.0,2%1.5/
DATA YN/2%1.0,-0.3,2%1.0,2%-1.0,0.3,2%-1.0,1.0/
PI=3.1415926535
C READ IN M, THE TOTAL PERIOD OF ROTATION.
READ (5, ™
MPLUS1=M+1
OBVERM=1.0/FLBAT M

C CALCULATE THE INCREMENTS AND INITIAL VALUES OF THE ROTATION ANGLES.
TI=0.0
TIB=PI*6*QVERM
TA=PI*0.5
TAB=P I’*K4*QVERM
TN=0.0
TNB=P I’k2*BVERM
CALL STARTF (3.0,31.25)

CALL CALCMP (89,39,1,9)
CALL CALCMP(11.84,9.0,99,13)
C DRAKW 10 BLANK FRAMES ( A LEADER .
CALL NEWPAGE
CALL CALCMP(0,10,99,14

C BUTER LOBP WHICH GENERATES INDIVIDUAL FRAMES.
DO 4 I=1,MPLUSI
CALL NEWPAGE
CALL PLBT(5.92+4.5,-3)

C SETUP + DRAW "I" ROTATED ABBUT Z DIRECTION THROUGH ¢(-2.5,0.0’.

C COMPARE WITH ROTATION IN 2-D SPACE.

DO 1 J=1,13
X () = (XTI <) 42.5) ¥COSKTI) +YI U XSINCTI) 2.5
Y (D ==(XI (J) +2.5) *SINKTI) +YI{J) ®COS T
1 CONTINUE
CALL JBINUP(13:XsY)
C SETUP AND DRAW BUTSIDE OF "A" ROBTATED ABBUT X DIRECTIBN THRBUGH ORIGIN
pe 2 J=1,9
Y (D) =YAQ (J) kS INLTAR)
2 CONTINUE
CALL JBINUP(3,XA0,»Y)
DRAW INSIDE BF “A" » NG ROTATIOGN.
CALL JBINUP(4,XAI»YARID

O
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C SETUP + DRAW "N" ROTATED ABBUT Y DIRECTION THROUGH (2.5,3.0>.
DO 3 J=1,11
Xy = XNy —2.5) KCOS (TN +2.5
3 CONTINUE
CALL JOINUP{11:sXs YN
C CHANGE ANGLE OF ROTATION VALUES FOBR “I" "A" "N".
TI=TI+TIB
TA=TA+TAB
TN=TN+TNB
4 CONTINUE
C REPEAT THE LAST FRAME 24 TIMES ( A TRAILER J.
CALL CALCMP{0+24,99,14
CALL FINISHF
STBP
END

Program 10.2

Exercise 10.1

It is said that the human race is divided into three categories: those who don’t
watch movies; those who wonder why, in Westerns, the stagecoach wheels seem
to rotate the wrong way; and the rest who simply haven’t noticed. Write a
program that draws the side view of a stagecoach (that is, two wheels are visible),
and then simulates the movement of the wheels.

Figure 10.2 shows two consecutive frames, each showing an idealised wheel
with six spokes. Figure 10.2b is figure 10.2a rotated anticlockwise about the
axle by 45° — or is it 69° +45°, 120° + 45° or even 180° +45°, etc.? Or perhaps
the rotation is clockwise through 60° — 45° = 15°, or even clockwise through
60° +15°, or 120° + 15°, etc.? It is this uncertainty that is the reason for the
stagecoach wheels moving the wrong way. The brain must make one choice from
all the possible angles; if it happens to be the wrong one, then our perception is at
odds with reality. The usual subconscious choice is the smallest angle, clockwise
or anticlockwise. So in our example, although we intend the wheels to turn
through 45° anticlockwise, we perceive a rotation of 15° clockwise (the wrong
way). Naturally if we intend a rotation of 60° between consecutive frames then
the wheel will appear to stand still. A rotation of 30° will cause the wheel to
flicker between two positions, and so on. In the problem, let the wheel rotate
through an angle 0, anticlockwise, the coach is moving from right to left! The
value of @ may be varied (accelerate or decelerate) in order to experiment with
the problem of mistaken perception.

Figure 10.2
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TRANSFORMATION BETWEEN PLANAR OBJECTS

Two planar objects are defined by the two sets of vertices {(X1(K), Y1(K)) |
K=1,...,N}and {(X2(K), Y2(K)) [ K =1,..., N}. The first figure is drawn
in frame 1, and the second in frame M + 1; the intermediate M frame changes
cause the objects gradually to transform from one into the other. We look at one
simple way of describing these intermediate figures — a method which, although
elementary, greatly impresses the uninitiated. We assume that corresponding
pairs of defining vertices transform from one to the other along a straight line —
the Kth vertex of object 1 into the Kth vertex of object 2(K =1, ..., N). After
the Ith change of frame, the vertices will have travelled I/Mth of their allotted
line. Again note that there are M changes, so M + 1 frames. Thus the intermediate
figure is defined by {(X(K), Y(K)) | K=1,...,N } where int the Ith frame

(X(K), Y(K)) = (1 — m)(X1(K), Y1(K)) + u(X2(K), Y2(K)) and p = (I — 1)/M

In each frame the object is drawn by linking the defining vertices with the
JOINUP routine of program 10.1.

Example 10.2
Transform between a square and a star in 101 frames.

Since the star has eight points (it will be stored as nine vertices — vertex 1 is
the same as vertex 9, and so the figure is closed) the square must also be
considered to have eight vertices; we take the corners and midpoints of the sides.
Note that the orientation of the vertices in both figures need not be the same, in
program 10.3 the square is defined clockwise and the star anticlockwise. Nor do
the corresponding vertices have to be in the same part of the frame, however, for
simplicity in the example, we take both the square and star centred about the
origin. By having different orientations another optical illusion is produced by
misleading the brain: as the film progresses the objects as well as transforming
between one another, also seem to be rotating in three-dimensional space — a
very effective device for project 12.

Figure 10.3 shows frames 1, 11, ..., 91 and 101 of the film produced by the
following program.

C PROGRAM TO DEMBNSTRATE TRANSFORMATIBN BETWEEN PLANAR FIGURES.
JMENSION X(9) »Y(9) s X1(9) »Y1(9) »X2(9) » Y2(9)
C (X1)YD s (XsYD AND (X2:Y2) ARE ARRAYS DEFINING INITIAL
C INTERMEDIATE AND FINAL FIGURES.
DATA X1,0.0,3%3.0,0.0,3%-3.0,0.0/
DATA Y1,2%3.0,0.0+3%-3.0,0.0,2%3.0/
DATA X23.0,1.0,0.0+,-1.0,-3.0,-1.0,0.0,1.0,3.0/
DATA Y2,0.0,1.0,3.0,1.0,0.0,-1.0,-3.0,-1.0,0.0/
CALL STARTF ¢3.0+31.25)
CALL CALCMP(99,98+1,9)
CALL CALCMP(11.84,9.0,99,13
CALL NEWPAGE
CALL CALCMP(0»10+99,149
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C START AT VERTICES IN THE INITIAL FIGURE.
RMU=0.0
C BGUTER LBOP WHICH GENERATES THE FRAMES.
DB 2 I=1,101
CALL NEWPAGE
CALL PLOT(5.92,4.5,-3)
UMR=1.0RMJ
C CALCULATE INTERMEDIATE FIGURE.
Do 1 J=1,9
X () =X1 (D) UMR+X2 (J) RMU
Y (D) =Y1 () RUMR+Y2 (J) RMU
1 CONTINUE
CALL JOINUP (s X>Y)
C MOVE ALGNG THE LINE BETWEEN VERTICES IN INITIAL AND FINAL FIGURES.
RMU=RMU+0.01
2 CONTINUE
CALL CALCMP (0,24,99,149
CALL FINISHF
STOP
END

Program 10.3

HiEpnge
SN
<>

Figure 10.3

Naturally, the more steps used, the smoother the transformation. But beware:
it is all too easy for the motion to appear slow and tedious.

MOVEMENT IN SPACE

It is required to_move a figure about the screen, and perhaps at the same time to
change the size of the figure, and even rotate it. The figure is usually drawn by a
subroutine with parameters that specify a reference point for the figure together
with information regarding size and rotation. These values can be changed in the
outer loop of a movie program to produce the required effect.
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Example 10.3

Produce a ‘hypnotising’ movie, using the subroutine TWIST of exercise 1.4
(figure 1.5). The centre of the figure moves on a circle of radius 0.25 inches and
completes its path every 120 frames. The radius of the circle containing the
spirals varies between 3.5 and 1.5 inches in a simple harmonic motion of period
80 frames. The spirals also rotate completely once every 60 frames.

Suppose that in the Ith frame, the containing circle has radius R, one of the
spirals has initial angle 8 and the centre of the figure is the point (X, Y). Then

R =2.5+cos[2n(I — 1)/80]
0 =2n(1— 1)/60

X =0.25 cos[2n(I — 1)/120]
Y =0.25 sin[2n(I — 1)/120]

C PROGRAM TG DEMONSTRATE MOVEMENT OF REFERENCE POINT AND
C CHANGE OF SIZE BF A FIGURE.
CALL STARTF(3.0,31.25;
CALL CALCMP (89,99,1+9)
CALL CALCMP(11.84,9.0,99,13)
CALL NEWPAGE
CALL CALCMP (0,10,99,14)
PI1=3.1415926535
C SETUP THE ANGLES THETAR,PHI AND PSI
C AND THEIR INCREMENTS THEB,PHIB AND PSIB.
THEB=PI/30.0
PHIB=PI/40.0
PSIB=PI/60.0
THETA=0.0
PHI=0.0
PSI=0.0
C OUTER.LOOP WHICH GENERATES INDIVIDUAL FRAMES.
DO 1 I=1,121
CALL NEWPAGE
CALL PLOT(5.92:4.5,-3)
C CALCULATE THE CENTR™ OF THE FIGURE (X,Y) - THE REFERENCE POINT,
C BUTER RADIUS R AND .NITIAL ANGLE OF A SPIRAL ARM THETA.
X=0.25%C0OS (PSI)
Y=0.25*%SIN(PSI>
R=3.0+C0OS (PHI)
C DRAW FIGURE
CALL TWIST(XsYsR» THETA)
C INCREMENT ANGLES.
THETA=THETA+THEB
PHI=PHI+PHIB
PSI=PSI+PSIB
1 CONTINUS
CALL CALCMP(0:24,99,19
CALL FINISHF
STOP
END

Program 10.4

GROWING

We start with a blank frame, and as the film progresses extra lines appear until
finally a complete figure is drawn. The technique used is to produce a film
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sequence in which each frame contains exactly the same figure as its predecessor.
plus a few extra lines. This may be achieved in a number of ways. For example,
part of a spiral could be drawn: in the Ith frame of M + 1 frames the spiral
rotates through an angle 2nm(I — 1)/M, so that on completion of the alloted

M + 1 frames a spiral of n turns is projected.

A more general way is to use the definition of a planar object in terms of N
vertices. If there are M + 1 frames between the blank and completed pictures we
must discover how much of the diagram is drawn in the Ith frame. We divide the
N — 1 lines of the complete picture into subsegments, the total number of
subsegments being M. The Kth line, joining vertex K to vertex K + 1, is divided
into NOSEG(K) sections, and so

NOSEG(1) + NOSEG(2) + - - - + NOSEG(N — 1)= M

For smooth drawing, it is best to make the values of NOSEG proportional to the
length of their corresponding lines. Thus, in the Ith frame we draw the first I — 1
subsegments: frame 1 is empty and frame M + 1 contains M subsegments — in
other words the N lines are drawn and the figure is complete. There is no need to
store the coordinates of the end points of the subsegments; these can be
calculated when they are required.

Example 10.4
Grow the stylised tree of figure 10.4 in 151 frames.

W 3

Figure 10.4
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The tree is divided into two halves; one half is defined by 10 lines (11 vertices)
and the other is calculated as the mirror image of the first in the vertical y-axis.

C PROGRAM TG DEMONSTRATE "GROWING" IN A COMPUTER MOVIE.
COMMON/TREE /X115 s Y {11) »NOSEGS <10
CALL STARTF (3.0,31.25)
CALL CALCMP(99,88,1,9)
CALL CALCMP(11.84,9.0,99,13)
CALL NEWPAGE
CALL CALCMP (0+10,99+14)
C THERE ARE 150 FRAMES IN THE GROWING SEQUENCE.
C EARCH TRAVERSAL OF THE LOBOBP PRODUCES ONE FRAME.
DO 1 I=1,150
CALL NEWPAGE
CALL PLOT{5.92:1.3,-35
C DRAW THE LEFT HAND AND RIGHT HAND SIDES BF THE PARTIALLY GROWN “TREE™.
CALL DSIDE (1,1
CALL DSIDE(-1,1I)
1 CONTINUE
CALL CALCMP(0,24,99:14
CALL FINISHF
STOP
END

SUBROBUTINE DSIDE <IS»sI)
C ROUTINE TO DRAW PART BGF BNE SIDE OF THE "TREE".
C IS=1 FOR RIGHT SIDE , IS=—-1 FBR LEFT SIDE.
COMMBN/TREE /X (11 »Y(11) sNBSEGS (10>
CALL PLOT(0.0,0.0+3>
ITAL=I
C DRAW ALL THE LINES GROWN SO FAR » AND PART BF THE GROWING L INE.
DB 2 J=2,11
NN=NBSEGS (J-1)
ITAL=ITAL-NN
IFAITAL.GT.0) GB TO 1
C DRAW GROBWN PART OF THE LINE WHICH IS GROWING.
XB= (—ITALXX(J—1) +X () X (NN+ITAL> > /NN
YB= (—ITALXY (J—1) +Y (J) X (NN+ITAL) > /NN
CALL PLOT (XBXIS»YB»2)
C IGNBRE THE LINES WHICH ARE STILL TG GROMW.
RETURN
C DRAW COMPLETELY THE LINES WHICH ARE FULLY GROWN.
1 CALL PLOBT(X(D XIS, Y (S »2)
2 CONTINUE
RETURN
END

BLOCK DATA

C DATA FBR THE IDEALISED "TREE" USED TO DEMONSTRATE GROWING.
COMMBN/TREE /X (11} » Y (115 »NOSEGS <10
DATA X0.0,2%0.2,3.2,0.2,2.495,0.2,1.7+,0.2,0.95,0.0/
DATA Y,/2%0.0,1.0,0.5,2.5+,2.0,4.0,3.5,5.5,5.0+6.9/
DATA NOSEGS/2:8,22:27,18,21,12,18,7,15/
END

Program 10.5
Figure 10.4 shows frames 30, 75, 120 and 151.

VARIABLE CLIPPING AND/OR COVERING

The techniques of chapter 4 are used to clip and/or cover a two-dimensional
figure. However, the size of the clipping rectangle (the DX and DY values) is
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changed by the outer loop of a movie program. If the values of DX and DY are
changed in a linear fashion, then the rectangle size appears to accelerate or
decelerate — another perception problem that can be used to advantage.
Naturally, we do not have to change DX and DY in this way; we could vary the
rate of change instead, but the linear change is the most commonly used method.

Example 10.5

A ‘tree’ of the shape given in example 10.4 is clipped by a rectangle that starts
as a point (DX = DY = 0) and changes linearly to a 10 x 8 rectangle, centred on
the origin, in the 101st frame. Naturally, the clipping rectangle is drawn on each
frame.

The pass of the outer loop with index I(I varies from two to M + 1 = 101; the
first (empty) frame is drawn outside the loop) has DX = 5.0(1 — 1)/M and
DY =4.0(1- 1)/M.

C PROGRAM TO DEMOBNSTRATE VARIABLE CL IPPING.
COMMON/BUTER/DX,DY
COMMON/TREE /X {115 ,Y 115
CALL STARTF (3.0,31.25)
CALL CALCMP {98,99,1,9)
CALL CALCMP(11.84,9.0,99,13)
CALL NEWPAGE
CALL CALCMP(D0,»10,99,14)
C THE FIRST RECTANGLE IS NON-EXISTANT SO NOVHING IS DRAWN.
DX=0.0
DY=0.0
b3 1 I=2,101
C INCREMENT THE CLIPPING RECTANGLE VALUES DX AND DY.
DX=DX+0.05
DY=DY+0.04
CALL NEWPAGE
CALL PLOT<5.92+4.5,-3)
C DRAW THE RECTANGLE AND THE VISIBLE PARTS OF THE "TREE".
CALL BOX<{DX,DY»
CALL DSIDE
1 CONTINUVE
CALL CALCMP (0,24,99,14)
CALL FINISHF
STOP
END

SUBRBUTINE DSIDE
ROUTINE TO DRAW PART OBF TREE VISIBLE THROUGH CL IPPING RECTANGLE.
NOTE THE "CENTRE" OF THE TREE IS (0.0:3.2)> . SO THIS PBINT HAS TO
BE MBVED TO THE CENTRE OF THE CLIPPING RECTANGLE VIZ. SUBTRACT
3.2 FRBM EACH Y-COBRDINATE VALUE.

COMMBN/TREE/X{11),Y{11)
CLIP THE 10 LINE SEGMENTS ON THE RIGHT AND LEFT OF THE TREE.

DB 1 I=1,10

CALL CLIP{XII) s Y(I) =3.2:X{I+1) 5 Y{I+1)-3.2)

CALL CLIP(=XII) s YT =3.2,=X(I+1) s Y{I+1)-3.2)

1 CONTINUE
RETURN
END

O 0000

Program 10.6

BOX is a routine that draws the clipping rectangle, 2DX by 2DY, around the
origin. The BLOCK DATA for the tree is the same as in program 10.5. Figure
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Figure 10.5

10.5 shows frames 26, 51, 76 and 101 of the movie. We could make the variation
of DX and DY non-linear; one simple variation would be to set
DX = 5.0 sin(m(I — 1)/2M) and DY = 4.0 sin(n(1 — 1)/2M) in the Ith pass.

Exercise 10.2
Draw the same figure in a movie that varies DX from 5.0 to 3.0 and DY from 1.0
to 4.0. Also make the variation of these values non-linear.

We now demonstrate films of three-dimensional space by returning to the
simplified ideas of chapters 6 and 7, so as not to obscure the issues. If films of
more complicated spaces are required, for example, using Hidden Line
Algorithms, etc., then the following programs should be adjusted accordingly.

MOVEMENT OF THE OBSERVER

So far, we have assumed that the observer is placed at some arbitrary, but fixed,
point (EX, EY, EZ) relative to the ACTUAL triad. The ACTUAL system is
transformed to the OBSERVER system by the matrix Q, the product of three
matrices, @ = ¥ x E x D, all dependent on EX, EY and EZ (see chapter 6).
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If EX, EY and EZ were to change systematically inside the outer loop of a
movie program, ACTUAL space remaining fixed, it would have the effect of the
observer moving through space while observing some fixed object. Thus the
OBSERVE routine of program 6.9 must be slightly altered so that the values of
EX, EY and EZ are not read into the routine but instead are input parameters to it.

Example 10.6

A cube is SETUP as in program 6.5; ACTUAL space is identified with SETUP
space (that is, matrix P = I, the identity matrix). Write a movie program to
produce 101 frames in which the observer moves between the points

(EX1, EY1, EZ1) and (EX2, EY2, EZ2) — these values are read by the program
— and film follows the change in the observer’s view along this path.

COMMBN/VERTS./NBV, X (3005 » Y {300’ »Z (3005 » XP {3005 » YP (300>
COMMON/L INES/NOL s L INV (2,400
DIMENSION P(4,4),3{4,49) yR{4,4
READ (5,°%) PPD
READ (5,3 EX1,EY1,EZ21,EX2,EY2,E22
CALL STARTF(3.0,31.25)
CALL CALCMP (98,99,1,9)
CALL CALCMP(11.84,9.0,99,13)
C FIX THE SETUP COORDINATES OF THE OBJECT AND ALSO
C CALCULATE THE SETUP TO ACTUAL MATRIX P.
CALL SETUP
CALL ACTUAL Py
RMU=0.0
DO 3 J=1,101
CALL NEWPAGE
CALL PLOT(5.92,4.5,-3)
UMR=1.0RMU
C MOVE OBSERVATIOBN POINT EX,EY,EZ) ALONG THE L INE BETWEEN
C POINTS (EX1,EY1,EZ1) AND (EX2,EY2,EZ2) OF ACTUAL SPACE.
EX=EX1*UMR+EX2*RMU
EY=EY1XUMR+EY2XRMU
EZ2=EZ 1 UMR+EZ2*RM
DIST=SART (EXREXHEYREY+EZHREZ)
CALL OBSERVE (EXSEY,EZ,Q@>
CALL MULT@sPsR)
R IS THE SETUP TO BBSERVER MATRIX FBR EACH NEW OBSERVATION POINT.
FIND (XX»YYs22) » THE COORDINARTES OF THE O3BJECT IN THE NEW
BBSERVATIBN SPACE. ALSO CALCULATE (XP (IS »YP(Iy>» I=1...,NOV,
THEIR PERSPECTIVE TRANSFORMS.
DB 1 I=1,NOV
XX=R (1515 XX {I) +R{1:2) XY #R (1, 3) XZ (1) 4R 1,4
YY=R (25 15 XX (I) +R(2:2) XY ) HR (2,3 X2 (1) R 2D
Z2=R (33 1) XX #R (3, 2) XY (I} 4R (3,3 XZ{[) R (3,49 +DIST
XP {I) =XX*PPD/22Z
YP (I} =YY*PPD /22
1 CONTINUE
C PLOT THE LINE SEGMENTS IN THE GBJECT.
00 2 I=1,NOL
I1=LINVU, D
I2=LINVE2, )
CALL PLOT(XPI1) »YP(IL1)»3)
CALL PLOT(XPI2) »YP(I2) 2
2 CONTINUE
C GET THE NEXT "MU" VALUE.
RMU=RMU+0.01
3 CONTINUE
CALL FINISHF
STOP
END

eXelsle]

Program 10.7
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ROTATION OF AN OBJECT ABOUT A GIVEN AXIS

Again in chapter 6 we saw that the SETUP—ACTUAL matrix P of an object
rotated by an angle ¢ about the line p + ud is given by the product of seven
matrices, thus

P=F ' xG 'xH 'xWxHxGxF

where F, G, H, F~' G™' H™! relate to moving the axis of rotation on to the
positive z-axis, and back again. Matrix W effects the rotation of the object (that
is, space) through the angle  about the new z-axis created by H x G x F.

In a movie program that produces one complete rotation of an object, P has
to be recalculated inside the outer loop. We assume that the observer stays fixed,
and so the OBSERVER matrix Q is created once only — outside the loop.
Similarly F, G, H, F -1 , G~ ! and H™! are constant throughout the program, and
these also are calculated once only outside the loop; in fact, their values are
stored as two product matrices P1 =Q x F ! xG ' xH ' and P2=H xG x F
for efficiency.

Suppose that after each frame the object is rotated by a further angle ¢ ; then
we calculate the SETUP—OBSERVER matrix R as follows. In the first frame

R=0xF ' xG 'xH ' xIxHxGxF
=P1xP2=Q (R=P1 xP2;P1=P1 xW)

After one frame

R=PlxWxP2 (R=PlxP2;Pl=Pl xW)
After two frames

R=P1xW?xP2 (R=Pl xP2;P1=P1 x W)
Correspondingly, after I frames

R=PlxW' xP2 (R=P1xP2;P1=Pl xW)

The large number of matrix products required as / increases can be greatly
simplified by the fixed pair of matrix products shown inside the brackets above.
All these ideas are incorporated in the next example.

Example 10.7
Write a movie program that demonstrates the rotation of a cube about the axis
(1,1,1) +u(1, -1, —1). The movie is to complete the rotation after 101 frames.

COMMBNVERTS NGV, X (300> » Y (3007 »Z {300 » XP (300> » YP (300>
COMMBN/L INES/NOL s L INV (2, 400)
COMMBN DIST,PPD
DIMENSION F (4,4 ,FM(4,4) 1G (4,4 sGM{4,4) +H{4,4) sHM {4, 4) s W49, 4)
DIMENSION P{4,4) ,Q0¢4,4)sR (4,4 yP1(4+4) ;P2 (4,4
READ (5:%) PPD

C FIX THE SETUP COORDINATES OF THE OGBJECT AND CREATE THE
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C ACTUAL TB OGBSERVER MATRIX Q.
CALL SETUP
CALL OBBSERVE (@)
CALL STARTF (3.0,31.25)
CALL CALCMP (99,99,1,9)
CALL CALCMP(11.84,9.0,99,13)
C CALCULATE MATRICES FsGsHsFMsGMsHMs W,
CALL TRAN{1.051.051.0,F>
CALL TRAN(-1.0,-1.0+-1.0:FM
CALL ANGLE(-1.0,1.0,THETA)
CALL ROT (3, THETA,G)
CALL ROT(3,-THETA,GM
DD=SQRT 2.0’
CALL ANGLEDDs-1.0, THETA)
CALL ROT 2 THETAH)
CALL ROT (2,-THETAsHM
PSI=3.1415926535%0.02
CALL ROT(3+—PSIsk>
C P1 =Q XFMXGM X HM AND P2 = HXG XF
CALL MULTQsFM,P)
CALL MULT(GMsHMsR)>
CALL-MULTP,R,P1)
CALL MULTH,GsP>
CALL MULTP,F,P2)
DO 5 J=1,101
CALL NEWPAGE
CALL PLOT<{5.82+4.5,-3)
C THE SETUP TGO OBSERVER MATRIX R = P1 X P2
CALL MULTP1,P25R)
C RESET P1 = P1 * W
CALL MULTP1,UWsP)
DB 2 L=1,4
DB 1 M=1,4
P1LsM =P ™M
1 CONTINUE
2 CONTINUE
FIND (XX»YY,2ZZ) » THE COORDINATES OF THE OBJECT IN THE NEW
OBSERVATION SPACE. ALSO CALCULATE (XPI>sYPI)) s I=1,..,NOV,
THEIR PERSPECTIVE TRANSFORMS.
DO 3 I=1,NOV
XX=R {1 15 KX +R (15 2) MY (I +R (15 3) K2 D R 1D
YY=R (21 1) KX +R (2, 2) KXY () +R (21 3) K2 (1) 4R (2, D
22=R (3, 15 KX +R (3, 2) XY (D) +R (35 ) KZ D) +R (3,4 +DIST
XP {I) =XX*PPD 22
YP (1) =YYHPPD 22
3 CONTINUE
C PLOT THE LINE SEGMENTS IN THE OBJECT.
DO 4 I=1,NOL
T1=LINVLL DD
I2=LINV 2, I)
CALL PLOTI(XP{I1)sYPIL)»3)
CALL PLOTI(XP{I2)YPI2)+2)
4 CONTINUE
S CONTINUE
CALL FINISHF
STOP
END

o000

Program 10.8

This program uses the SETUP of program 6.5, and the OBSERVE routine of
program 6.9. No ACTUAL routine is explicitly given; the implicit SETUP—
ACTUAL matrix P is calculated in the movie loop.

These are just a few ideas (there are many many more) for using the medium
of movie film, which are presented in order to give a taste of its potential. The
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subject matter of the films has been deliberately kept trivial; it is the ideas behind
the films that are important, and they have wide-ranging applications in
educational films, television presentation and advertisements.

The programs have, to a great extent, been kept in modular form, so that
individual modules (subroutines) can be treated in isolation. We have seen that
this may lead to inefficiency (the reason that we do not use an ACTUAL routine
in program 10.8). So when it comes to producing large production run programs,
be prepared to ‘cannibalise’ any or all of the programs given in this book! Readers
should also be aware of problems implicit in the production of three-dimensional
films. The combination of large numbers of arithmetic operations (as in the
repeated recalculation of W in example 10.8) may lead to rounding errors
when using computers with limited word length. Know your machine! Also note
that in the hidden line algorithms, the vertex data generated in SETUP routines
is overwritten in the X, Y and Z arrays during the transformation between
SETUP and OBSERVER spaces. If only one picture is drawn this is not a
problem, but in movies, changes in ACTUAL or OBSERVER space necessitate
new transformations of the original SETUP data. Hence the SETUP vertices
must be stored elsewhere for this repeated use.
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Up to this point the exercises, although intellectually stretching, have been
limited and have not varied greatly from the ideas in the accompanying text. In
order to gain confidence in computer graphics it is essential to tackle a number
of major projects; and if the programs are open ended then so much the better.
Although it is hoped that readers will devise their own set of projects, there is
also a list of suitable programming tasks, together with hints and explanatory
diagrams where necessary.

PROJECT 1

Study the graphics packages available to you. There will be routines for drawing
not only SYMBOLs (see chapter 4), but also NUMBERs (decimal digits), AXIS
(labelled coordinate axes), etc. (Capital letters are used here because these are
three routines available in the Calcomp library.)

Use these subroutines to create data graphs similar to figure 11.1, which was
produced by one of my students. Any data base will do for practice! Write your
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own routines to produce coordinate axes for use with discrete data — the
packages never give you exactly what is required. Devise a package that draws
pie charts, histograms and other forms of pictorial data description.

PROJECT 2

Suppose we are given two coplanar convex bodies, each containing a common
point ¢, and defined by the sequence of vector points { P1,P2,-..,Pn=D1 }

and { q1,92,-..,qm = ql} . Find the new body, not necessarily convex,
containing ¢ and defined by the vectors {ry,r,, ..., rx =ry}, which is the union
of the two bodies, that is, the smallest figure to contain all the lines and points
of the first two figures. Hint: uge the ‘inside’ and ‘outside’ techniques of example

2.6.
Figure 11.2 shows a slice through an ‘interpenetrant cubic onion’, that is, an

object that is composed of a series of concentric surfaces (or “‘skins’), each skin
being similar to figure 8.2. The complete slice is the combination of slices
through individual surfaces; each single slice is the union of the slices through
the two cubes that form the skin. Thus the above technique can be used. Note
that the slice may be such that the two convex bodies (that is, the slices through
the two cubes of each skin) do not intersect; furthermore, the slicing plane may
miss one or both of the cubes.

Figure 11.2

This is an example from crystallography; it shows the idealised X-ray
topograph of a perfect interpenetrant (or twinned) cubic crystal, such as fluorite.

The union of convex planar bodies is a very useful concept in computer
graphics; variations on this idea are essential in the study of general Hidden
Surface Algorithms (see chapter 12).
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PROJECT 3

Draw the outline of the ground-floor plan of a house, adding windows, doors
which may rotate on hinges, interior walls, etc. Then produce subroutines that
draw diagrammatic representations of tables, chairs, a television set and all forms
of household furniture, viewed from above. Use the D—D—D (draw—drag—delete)
method of chapter 4 to move the furniture about the house. The program should
give information about whether the articles ‘overlap’, and it must also create a
measure for the utilisation of space and thus find the ‘best position’ for the
furniture.

PROJECT 4

Write an interactive program that enables the user to draw diagrams composed of
straight lines and curves (for example, quarter and semicircular arcs) on the
graphics console using the cursor and grid methods described in Chapter 4.

A straight line is drawn by a subroutine which recognises the cursor-specified
end points of the line. Similarly, the circular arcs are drawn by a routine that is
given the centre and start point of the arc, specified by the cursor, whence the
radius can be calculated. The angular size of the arc can be read from the
keyboard, or it too can be obtained from cursor values.

Then use the program to design patterns for wallpapers and fabrics.

PROJECT 5

Produce general pattern-making programs. In recent years computer-drawn
patterns have proved very popular for illustrating books, pamphlets and
advertising literature.

For example, the movie program (program 10.8) for rotating a cube about a
given axis can be used to draw diagrams like figure 11.3: simply take the calls to
NEWPAGE out of the code. By changing the axis of rotation, observation point,
etc., a whole series of similar pictures can be developed. We could smooth out
the jagged edges surrounding the figure by joining the corresponding vertices of
the cube as it is rotated, and there are many other variations on this theme that
can be used to make new series of shapes.

Another method would be to set the vertices of a triangle to be points on
three different Spirographs (program 1.7). If N is the lowest common multiple
(L.c.m.) of the three path sizes, then a balanced diagram can be drawn by joining
N successive points on the paths — perhaps joining the corresponding vertices of
each triangle as they are calculated.

The latter two ideas are simple variations on the ‘pin-and-cotton’ diagrams of
chapter 1; however, far more involved and sophisticated patterns may be drawn.
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Figure 11.3

Figure 11.4 shows the orthographic projection of the solid body that is common
to 24 equiradial cyclinders whose axes meet at the origin. All the facets have
elliptical edges and, unlike the planar objects seen so far, these are sections cut
from the surface of a cylinder. This is another example taken from
crystallography — a treasure trove of patterns! It is the idealised form of a crystal
with cubic symmetry that has partially dissolved.

Figure 11.4

PROJECT 6

Use the techniques of chapter 9 to produce skeleton pictures of technical
equipment, for example, parts of car engines — pistons, camshafts, etc. — in
orthographic or perspective views. Figure 11.5 shows a skeleton picture of an
aerosol cap, incorporating the washer, spring and casing of figure 9.5. The
individual items may be drawn on different parts of the screen, exploding the
figure; thus the interference caused by overdrawing can be eliminated.
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Figure 11.5

PROJECT 7

Use the green and red pens of a paper plotter to produce stereoscopic views of
‘ball and spoke’ chemical molecular models.

PROJECT 8

Experiment with optical illusions and ‘impossible figures’; we have already seen
some movie examples in chapter 10. Get ideas from the many books on the
subject and produce diagrams like figure 11.6.
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S

S

Figure 11.6
PROJECT 9

Spiders use algorithms to fashion their webs! Simulate the construction of the
orb web of the common garden spider, in an educational movie demonstrating
web building. Also include an idealised spider moving about the web. It can be
simply a circle with eight moveable jointed legs, or a much more sophisticated
hairy beast.

PROJECT 10

Construct a wide range of Moiré patterns (sometimes these are called net-curtain
patterns) on microfilm. Such patterns are made by drawing a large number of
lines (and curves); the variety of small areas created by the intersections are
perceived as a cloudy effect, such as that in the middle of figure 11.7, which is
formed by four sets of 80 concentric circles. The density of lines must be
carefully chosen: if there are too many lines then the Moiré pattern is blurred
through overexposure; if there are too few, the pattern is not discernible.

Figure 11.7
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Then use the clipping routines of chapter 4 to isolate areas of the pattern
with the most outstanding Moiré effect; for example, delete the outer sections of
figure 11.7 where there are relatively few intersections.

PROJECT 11

Produce an interactive crossword puzzle maker. The program should draw a
variable M by N crossword grid; some of these squares are ‘blacked out’ after
indicating them with a pen sensor or cursor. Clues must be numbered and
written below and alongside the puzzle. The solutions to the puzzle, and the
numbers of special squares, must be added to the diagram by a combination of
keyboard and pen sensor. Black squares, clues, sclutions and numbers must be
capable of deletion whenever the compiler of the crossword changes his mind
about a clue during the creation of the puzzle.

PROJECT 12

Write programs to produce 20- or 30-second advertisement movie films; any
product will do for the subject of the film. All the methods described in
chapter 10 may be used, as well as bodies of rotation, Hidden Line Algorithms,
etc. Figure 11.8 shows one frame of a Land Rover® advertisement produced by
another of my students.

NORKHOROSE

Jr THE WORLD

Figure 11.8
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PROJECT 13

Construct a variety of mazes (rectangular or circular) on an interactive graphics
console. Incorporate into it a facility that enables users to try and find their way
through the maze, using a cursor to plot the path. Also program the ‘best path’
through each maze.

PROJECT 14

Write a program that draws orthographic projections of simple three-dimensional
surfaces, similar to that in figure 11.9. The simple surfaces are defined by the
‘y-value’, which is a single-valued function of x and z. Figure 11.9 shows

¥ =3sin\/(x* +2?%), that is, f(x, y, 2) =y — 3sin/(x? +z* ).

We may approach the problem by calculating NOX by NOZ points on the
surface and assuming that the x-values vary from XBOT to XTOP and the z-
values from ZBOT to ZTOP (XBOT < XTOP and ZBOT < ZTOP). The (I, J)th
point (x, y, z) on the surface is given by

x = XTOP + (XBOT — XTOP) (I — 1)/NOX — 1)
z=ZTOP + (ZBOT — ZTOP) (J — 1) /NOZ — 1)

and y is a simple function of these x and z-values.

An x-sequence of lines is one where the NOZ points with the same x-value are
joined in order, to form NOZ — 1 line segments. A z-sequence of NOX — 1 line
segments is defined in a similar manner.

The whole surface is to be orthographically projected from the observation
point (EX, EY, EZ), where both EX and EZ are positive; this may be done in
three ways.

(1)  Every x-sequence is orthographically projected together with the z = ZTOP
and z = ZBOT sequences. Naturally some of these lines may be hidden
from view, and so it is necessary to develop a special Hidden Line
Algorithm; we could use the general Algorithm, but this would require
enormous store and time usage! The x = XTOP and z = ZTOP sequences
are joined to form the Upper Visible Boundary (UVB); they simultaneously
form the Lower Visible Boundary (LVB). By passing through the remaining
NOX — 1 x-sequences, from x = XTOP — (XTOP — XBOT)/(NOX — 1) to
x = XBOT, in order, we draw the surface thus. With each new x-sequence,
some parts will be below the UVB and some above. If they are above then
they are visible and so are drawn; these visible parts are then used to alter
the UVB. Similarly if part of an x-sequence is below the LVB, it is drawn
and the LVB altered. Note that the lines of a new sequence need not cross
the UVB or LVB at one of the NOX x NOZ surface projected points; this
must be allowed for in the calculation of the new UVBs and LVBs. Figure
11.9a was drawn in this way.
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Figure 11.9

(2) Repeat the above process, with the same initial UVB and LVB, but instead
move through the z-sequences.

(3) The third way is to superimpose methods (1) and (2), which results in a
picture similar to figure 11.9b. If this method is used, then some anomalous
triangular facets will appear; these are parts of the surface that are visible
on only one of the two superimposed pictures. Strictly speaking
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these facets should be invisible, but they do not detract from the visual
quality of the surface drawing. Nevertheless, experiment with ways of
deleting these visible—invisible facets.

PROIJECT 15

Construct a program that draws musical notation — bar lines, staves, quavers,
rests, etc. — on a graphics screen or microfilm. Incorporate it in another program
that composes music. Figure 11.10 shows the result of one such program
developed by another of my students.

D MINOR BLUES 25: 52)

Figure 11.10

PROJECT 16

Write a program that draws a hemispherical ‘wooden’ bowl, similar to the one
shown in figure 11.11. The bowl is carved from a tree composed of a number of
co-axial cylinders; the surfaces of the cylinders (the tree rings) form the patterns
on the base of the bowl; that is, they are the curves of intersection of the
hemisphere with the cylinders. The parameters that uniquely define one bowl
are the equitorial plane of the bowl, the radii of the bowl and cylinders and the
position of the centre of the bowl relative to the axis of the cylinders. Hint:
imagine that the axis of the cylinders is the x-axis, and that the y—z plane

(x =0) is one of the cross-sections through the cylinders, and the centre of the
bowl is on the y-axis. Then vary the most suitable of the coordinates (x, say)
between its calculable limits, find the y-values (we can ignore the z by taking an
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Figure 11.11

orthographic projection) and join them in sequence. But be careful: for any
value of x, there may be more than one value of y.

PROJECT 17

The coordinate values used in this book are system dependent, that is,
dependent on the screen inch and initial position of the origin. All commercial
software define such systems but they will differ from one another. There are
many three-dimensional graphics applications where we wish to use programs
which are independent of such systems. In the real world objects are measured
in miles or millimetres, etc., so it is sensible to store coordinates in such units.
Hence it is necessary to scale a picture from the real to screen coordinates. To
do this the program must first be given the size of the screen and position of
the origin.

For an orthographic picture the program should calculate the coordinates of
every vertex (in the real units of OBSERVER space), and scale them so they
just fit on the screen. There is no need to multiply the x- and y-coordinates of
every vertex by the scaling factor SC (say), because most packages have a
subroutine similar to

CALL FACTOR(SC)

which automatically scales the PLOT, SYMBOL, etc., calls about the origin by
the amount SC. Naturally if a series of orthographic plots is planned, SC
should be kept fixed for all the diagrams.

As for perspective views, the machine is given PRAT, the ratio of the
distance of the eye from the screen, to the half depth of the screen (usually 4).
Then the value of PPD is set to PRAT and the point (XI, YI, ZI) is transformed
to (XI*PRAT/(ZI+DIST), YI*PRAT/(ZI+DIST)) whose values are dimensionless;
both must be less than unity in absolute value for (XI, YI, ZI) to be in the
pyramid of vision. The origin is centred on the screen and SC set to the half
screen depth (in screen inches) to get a system-independent perspective picture.
Try these ideas on the given programs.
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Although this book is only an introduction to computer graphics, we have
nevertheless studied some sophisticated programs and ideas. These programs
should be studied thoroughly and completely understood, and perhaps
reorganised to make them more efficient in particular special cases. The methods
implemented in them are more than adequate for the majority of graphics
problems; any complexity will be implicit in the underlying mathematics of the
problem, rather than in the graphics. It is evidently impossible to separate
computer graphics from coordinate geometry; a complete understanding of two
and three-dimensional objects in the theories of euclidean and cartesian
coordinate geometry and trigonometry is essential. Similarly, a good knowledge
of efficient programming techniques (of coding and storage manipulation) is
necessary in order to cope with the drawing of large complicated scenes. In fact,
Fortran may not be the best language for some involved pictorial problems;
languages with the facility of implicit data structures, such as Pascal or Algol 68,
may be more suitable for computer graphics at the research level. However, for
most commercial and scientific uses, Fortran is the most widely used and suitable
programming language; that is why it was chosen for this book. Even so, the
algorithms have been written in such a way that they can be easily translated
into these other languages with a minimum of effort. Also most structures, such
as linear lists and trees, and the use of a ‘garbage collector’, can be implemented
by competent Fortran programmers using arrays with the SHIFT and .AND.
operators. Even recursive calls can be incorporated into Fortran programs by
writing small linking subprograms in machine code.

What next? There is one obvious answer — colour graphics. We have
concentrated on line drawing thus far; there has been no means of filling in areas
other than by shading with lines. Raster scan devices, similar to 625 line television
sets, have the capacity to colour in areas of the screen. There is, however, a loss
of accuracy in line definition; when a line runs almost parallel to a ‘scan line’ it
will appear very jagged. The screen is a matrix of coloured dots (pixels), and this
means that the resolution of lines is not as good as in ‘storage tubes’, ‘refresh
devices’ and microfilm.

Colours are usually specified by an integer code that can be redefined from
the keyboard, before or after the picture is drawn. Depending on the sophistica-
tion (that is, cost!) of the raster *scope, the colours can be manipulated in a
variety of ways: perhaps changing the mix of the red—blue—green combination
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that is the basis of all colour television pictures; or combining groups of coloured
dots into patterns, and filling areas with these patterns; or other much more
involved manipulations.

Because the screen is a matrix of discrete points (the coloured dots), the
picture-generating code of the processor for the device will refer to a point on
the screen by its absolute position in the dot matrix — usually relative to the
bottom left-hand corner (b.l.c.) dot, which has coordinates (0, 0), that is, by
the pair of integers (i, j), where the required point is i dots beyond and to the
right of the b.l.c. dot, and j dots above it. For example, the Tektronix 4027, a
typical middle-range device, has a dot matrix where / varies from 0 to 639 and
j from 0 to 405; at any one time there are eight basic colours C0, C1, ..., C7,
which are chosen from a possible 64 colours, and these eight colours may be
combined in pairs to form patterns of 8 by 14 dots.

Rather than work with the awkward integer positional values, the available
software normally translates the integer pairs into real-number pairs which lie in
arbitrarily predefined ranges, by dividing by a fixed scaling factor. Thus, we are
left with real x—y-values, the coordinate form we have used throughout this
book. In fact, the same process occurs in refresh tubes, and in storage tubes (like
the Tektronix 4010) — something we have conveniently ignored until now. The
call to START translates from integer screen coordinates into real pairs; the
parameter of the routine, 2 in our case, is a code that defines the range of values
and a new screen origin.

The translation between integer and real interpretations of the screen leads to
another form of the ‘telegraph poles and gaps’ problem mentioned in chapter 10.
Suppose that we scale the picture (by dividing by 40), so that (0.0, 0.0) = (0, 0),
and (1.0, 0.0) = (40, 0). How many dots make up a horizontal line of length 1.0:
39, 40 or 417 In other words, does the line contain neither, one or both of the
end points (dots)? How many make up a horizontal line of length 2.0: 79, 80 or
81; and for such a line of length 3.0, is it 119, 120 or 121? For consistency, we
would expect the answers to be 40, 80 and 120, respectively. However, this is
not normally the case; the answer depends on how a line is defined. Usually a
line is specified by its end points, and thus includes them, and so 41, 81 and 121
are the usual respective solutions. This leads to an apparent paradox: a horizontal
line of length 2.0 is shorter (by one dot) than the combined length of two
horizontal lines, both of length 1.0. The problem is further complicated in the
case of non-horizontal and non-vertical lines, because of the jaggedness caused
when the lines cross the ‘scan lines’ of the raster screen. This problem can be
ignored in line drawings, but it leads to very real difficulties when it comes to
colouring in areas (see later).

With these limitations understood, it is possible to implement all the Calcomp
library routines, so that the raster screen can be used simply as another line-
drawing ’scope — coloured lines, of course! But this would be a dreadful waste
of resources. Colouring in areas is no more difficult than drawing lines, after all;
the techniques of manipulating two and three-dimensional space are the same
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whether drawing lines or filling in areas. Naturally there must be further routines
for colouring in specified areas; if there are not, it is a simple job to write Fortran
subroutines, composed mostly of WRITE and FORMAT statements, that return
series of picture-generating code instructions to do the required tasks. Different
devices will have different generating codes, but they are all very similar.

Two typical subroutines would be

SUBROUTINE DISC(IC, X, Y, R, ANG1, ANG2)

which draws that part of a disc of radius R, centred at (X, Y), and formed by the
radius sweeping between angles ANG1 and ANG?2, in a colour with code IC; and

SUBROUTINE POLY(IC, N, X, Y)

probably a more useful routine, which uses colour IC to fill in the facet bounded
by the first N points defined by arrays X and Y. Thence, colouring in facets is as
simple as drawing lines; just call the above routine with the correct parameters.
But remember that if two facets have a common boundary, then their areas
overlap in a finite non-zero area, which is the aggregation of the dots that define
the line. Thus, the order in which facets are drawn is important. Nevertheless, the
real problem still lies in setting up objects in space and projecting their vertices
into points on the screen — and this has already been dealt with. There is one
major exception to this rather sweeping statement: the console builds up a
picture, coloured layer on coloured layer, and hence some areas may be initially
filled in with one colour and later covered by another. Thus the order in which
facets are coloured is very important, in order to cope with this hidden surface
problem.

For most elementary purposes, this order will be specified absolutely by the
programmer; however, in more complex pictures such as a colour version of the
housing estate of figure 9.3, the relative positions of the facets (that is, the walls
and roofs) are unknown until the observer point (EX, EY, EZ) is input. So a
Hidden Surface (or Hidden Facet) Algorithm is necessary; some facets will be
drawn completely, others will be partially or totally obscured.

The easiest way to achieve this is to ‘cheat’! Add an extra facility to the
Hidden Line Program, so that figures are subdivided and drawn as a patchwork
scene. Then the keyboard can be used to fill in the facets, exactly like a colouring
book. But beware: it may happen that facet A is in front of (>) facet B, facet B
> facet C and facet C > facet A; so which order do we choose? The answer is
none of them: the facets have to be subdivided so that such unordered
configurations do not occur.

Such cheating is not satisfactory; a proper Hidden Surface Algorithm is the
only sensible solution. Again the data for the scene are stored in the COMMON
blocks /[VERTS/, /LINES/ and /[FACETS/, but now we also need information
about the colour of the facets. This can be defined absolutely and stored in
/FACETS/ as the array ICOL, which is generated by the SETUP and ‘brick’
routines, or it can be generated when required. For example, an object may be
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all one general colour but, depending on the position of a bright light source, the
facets will be a variety of shades of this basic colour, a shade being a function of
the angle at which the light strikes the facet.

As with Hidden Line Algorithms, there are many types of Hidden Surface
Algorithm — both special-purpose and general. For example, it is easy to change
program 8.3, the special Hidden Line Algorithm for a convex body containing
the origin, into a Hidden Surface Algorithm for use with the same type of object
(program 12.1).

SUBROUTINE HIDSURF
C SIMPLE HIDDEN SURFACE ALGBRITHM FOR USE WITH CONVEX BODIES
C CONTAINING THE OBRIGIN.
DIMENSIGN IND(B) s XC (6) » YC (6)
COMMBN/VERTS/NBV X (300) » Y (300> » £ <300 » XP (300 » YP (300>
COMMBN/L INES/NOL » L INV (2, 400)
COMMBNFACETS/NOF » INDEXF <2005 sL INF (6,200 » ICOL (200>
COMMBN DIST,PPD
C CHECK EACH FACET.
DB 3 I=1.,NOF
I1=LINF U, D
I2=LINF (2, D
C FROGM FIRST TWO LINES IN I'TH FARCET FIND IV1,IV2 AND IV3 ,
C THE INDICES OF THREE DIFFERENT POINTS IN THE FACET.
IVI=LINVLLID
IV2=LINV@,ID
IV3=LINV, I2)
IF (IV1.EQ.IV3.0R.IV2.EQ.IV3) IV3=LINV(2,I2)
C CALCULATE THE PLANE A.X + B.Y + C.Z = D CONTAINING THESE POINTS.
DX1=X(IV1) =X (IV2)
DY1=Y(IV]) =Y (IV2)
D21=2(IV1) -Z(IV2)
DX3=X(IV3) =X (IV2)
DY3=Y (IV3) =Y (IV2)
DZ3=Z (IV3) —Z (IV2D)
A=DY1XDZ3-DY3*DZ1
B=DZ1*XDX3-DZ3*DX1
C=DX1*DY3-DX3*DY1
C (XCIVD »Y(IVD »Z(IVD)) LIES IN THIS PLANE THUS ....
D=AXX(IV1) +BXY (IV1) +CRZ (IVD)
<(0.0,0.0,0.00 AND ¢0.0,0.0,-DIST LIE ON OPPOSITE SIDES OF THE
FACET IF F IS LESS THAN 0.0 .
F=1.0+#CXOIST/D
IF(F.GE.0.0> GO T0 3
THE FACET IS VISIBLE SO COLBUR IT IN.
ARRAY IND HOLDS THE IXX VERTEX INDICES @F THE VISIBLE FACET.
IND TAKES ONE INDEX FRGM EACH LINE IN THE FRCET - THAT VERTEX ON
BOTH THE PRESENT AND NEXT LINES.
IND (1) =LINV (1, I
IF CIND (1) .NE.LINV(1,I2) .AND.IND (1) .NE.LINV(2,I2)) INDC1) =LINV (2,11
IXX=INDEXF ¢(I)
DO 1 J=2,IXX
JJ=LINF (U D
IND (D) =LINV1+sJD
IF CIND (J) .EQ. IND (J-1)) IND (D) =L INV (2, JD)
1 CONTINUE
C PLACE THE COOGRDINATES OF THE VISIBLE FACET IN THE XC AND YC ARRAYS.
DB 2 J=1,IXX
XC () =XP (IND (D)
YC () =YPC(IND (D))
2 CONTINUE
C COLOUR IN THE POLYGON DEFINED BY THE XC AND YC ARRAYS.
CALL POLY(ICOL <I) +» IXXsXCs YC)
3 CONTINUE
RETURN

END Program 12.1
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This subroutine would be called from a Main Program which has one change
from program 9.2: the call to HIDDEN is replaced by one to HIDSURF; all
other routines stay the same. Inherent in the simple HIDDEN routine is the need
to find whether a facet is visible or not; hence the Hidden Surface Algorithm for
this simple case is not as complicated as the Hidden Line Algorithm. This is not
generally true! When the reader can produce such a general subroutine, then he
or she can claim to be a ‘computer graphics expert’. It goes without saying that an
efficient general Hidden Surface Algorithm is a valuable commercial asset. The
main purpose of this book is to lead the reader to this final major project. All the
programming tools have been given: space manipulation, object definition,
‘inside and outside’ of planar convex bodies, etc. It is up to the reader to combine
all the pieces into the final program. Good luck!

The study of computer graphics is still at an early stage in its development. In
the next-few years there will be many new discoveries and unusual applications
of the subject, all generated by the steady decrease in the price of graphics
devices. The drop in costs is leading to a rapid growth of commerical applications:
a picture is far more acceptable than a massive table of numbers. New design
fields are opening up; technological and architectural design, pictorial representa-
tion of large numerical data bases, visual simulation models, television advertising
— the list goes on and on. Soon the computer graphics console and
accompanying hard copy devices will be as common a tool as the visual display
unit is today. The future of computer graphics looks very bright indeed.
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42-55
axis of rotation 57-9

backing store 110

ball and spoke 131

base vector 15,17, 18, 43, 44, 46,
52,77
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blank COMMON 78

BLOCK DATA 62,71--3, 85,121

body of rotation 103—10

bottom left hand corner 112

boundary of convex body 21, 22

boundary rectangle 32

bowl 136

brick 97,101, 140

CALCMP
Calcomp
cap 106
Cartesian 11, 42
cartoon 111

centre of frame 112
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change of scale 23,57
change of space 30, 61

111,112
1,2,127,139
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circle 3,4,6,19, 20, 21
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clipping 32-—-41, 80, 120-2
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column fill 31
column vector 26, 50, 64
combination (of matrices) 26, 60
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105,110, 140
commutative (non-) 61
cone of vision 74, 77, 80, 81
convex body 21, 22, 85, 89, 107,
128
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coordinate geometry 11-22,42-55
coordinate origin see origin
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cosine (COS) 17
inverse (ACOS) 17,18
covering 32—41,120-2
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cube 56-96,124,128,129
cuboctahedron 62, 71, 72, 80, 83
cursor 38-40, 129,133,134
curve 3,4,19,20
cylinders, co-axial 136
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data channel 3, 31,95
data file 39, 97

data graph 127

degrees 4,40

depth of screen 80, 137
determinant 48, 51, 53, 54

14, 15, 86
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diagonal 77

diamond 36

digitising 39

dimensionless pictures 137

direction cosine 17, 18,43-5, 54

direction(al) vector 15,17, 18,43,
44,46,48, 52

disc 8-10, 140

distance 12, 43,46

distortion 40

dot product 44-6

downward triangular facet 107

draw—drag—delete 40, 129

dummy arguments 111

dummy routines 112

ellipse 5,19,29

ellipsoid 105

ENPLOT 2,111

equations (independent) 48
Euclid’s algorithm 9

facet 76, 84, 85, 135,

FACETS 84, 85,97,101, 140

FACTOR 137

Fibonacci 8

filters 81, 83

FINISHF 111

first vertical sequence 101

fluorite 128

FORMAT 140

Fortran IV  viii, 1, 4, 138

frame 111

frame advance 112

functional representation
54, 55,90

20, 21, 29,

garbage collector 138
general point 11,13,15,17,19, 21,

42,43, 89
graphics pad 39
grid 39
growing 118-20

hard copy 40

head (plot head) 2.8,15

hexagon 3,14

Hidden Line Algorithm 54, 84-96,
97,133,134, 141

Hidden Surface Algorithm
138—42

highest common factor 9

histogram 128

128,
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Hollerith string 41
hollowed cube 100
house, simple 101
housekeeping 110
housing estate 101
hybrid 109
hypnosis 118

icosahedron 72, 83
identity matrix 63, 66, 123
impossible figure 131
INPUT 3,31
inside (of body)
integer 8
intercept 11
interpenetrant cubes 95, 128
inverse of matrix 50, 53, 60
inverse transformation 60

21,122,128

labelled COMMON see COMMON
left handed axes 42, 58

library of procedures 11

light pen 38

line 4,11,21,52,53,62

linear change of parameter 121
linear list 110, 138

linear polynomial 54

linear transformation 30, 61
LINES 62,97,101, 140

lower visible boundary 134
lowest common multiple 129

maintaining the vertical
major axis 5,29, 105
matrix operator 26
matrix representation
matrix transformation
maze 134
menu 40
microfilm
minor axis 5,29, 105
mirror image 68,120
modular program 126
modulo 8,13,21,90
modulus 43

Moire pattern 132
movement of observer
movies 111-26
multiplication of matrices
musical notation 136

70, 78

23,56
26,56

1, 32,61

1224

28, 60

net curtain patterns 132
Newman, W. M. viii
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NEWPAGE 112
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non-convex body 22
normal 45-54,77
NUMBER 127

OBSERVE, OBSERVER 56-110,
122—-6

observer 25,29, 32,78

observer point 68, 69, 78, 79, 82,
85,98, 100, 102, 105, 108, 122

optical illusion §, 116, 131

origin 2, 5,6, 23, 30, 33, 36, 39, 46,

54, 56, 61, 66, 68, 69, 74, 81, 82,
86,112,137

orthographic hidden line algorithm
84, 96

orthographic projection 61-73,78,
97,130, 137

OUTPUT 3

outside (of body) 21, 22, 128

package
128

parameter 5, 10

parametric form 29, 30

parallel lines 16, 47, 49

parallel planes 51, 52,78

parallelogram 54

Pascal viii, 138

pattern 129

pen sensor 38—40, 133

pentagon 3, 14

perception 115

perpendicular distance 21

perspective 74, 76—9, 97, 137

perspective plane 74, 78, 80, 81

pie chart 128

pin-and-cotton pattern 8§, 129

pixel 138

planar object 112,116

Platonic solid 71

PLOT 2,111,137

point of intersection
47-51

polygon 4,39,104

premultiplication 26, 27, 36, 56, 64

principal range 17

projection (perpendicular)

pyramid 98, 99

pyramid of vision 80, 137

viii, 11, 40, 50, 101, 111,

15, 16, 45,

11,42

quadrilateral 39

quadrilateral facet 197

radian 4,13, 67

radius 4-7

raster scan 138

READ 3,31

rectangle 33, 36, 37
rectangular block 97, 98, 100
recursion 110, 138
redundant information
reference point 21,117
refresh tube 138,139
right handed axes 42
rotation 13,66,112,124

rotation of axes 23, 24, 29, 57, 64
rotation of space 30, 61, 66, 124

101,110

rounding errors 47, 126
scalar 45

scalar product 44-—-6
scaling factor 10, 137

scan line 138
screeninch 1,5,9,79,137
screen rectangle 32
screen system 25, 33, 62
semicircle 19
sense of vector 43
SETUP 56-110,123-6
setup techniques 97-110
SHIFT 138
side (of curve) 21
side (of plane) 54, 86
sign (of function) 21, 22, 86, 90
simple harmonic motion 118
simple surface 134
sine (SIN) 17

inverse (ASIN) 17
skeleton 103-—-6, 130
slice 128
solid object 84,109
space rocket 109
spheroid 105
spider’s web 132
spiral 5,6,118,119
Spirograph 8,9, 129
spring (coiled) 106, 130
Sproull, R. F. viii

square 2,3,8,12,13,38,116
square root 19

stack 110

stage coach wheels 115

star 116

START 2,111,139
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STARTF 111
stereoscope 81, 83, 131
stereoscopic 74—83,97

stereoscopic hidden line algorithm
89, 96

storage tube 138,139

straight ahead ray 74

stretching space 30, 61

surface 54

SYMBOL 40, 64,127,137

system independence 137
tangent (TAN) 11,17
inverse (ATAN) 12-14,17

Tektronix viii, 1, 139

telegraph poles and gaps

tetrahedron 62, 71, 78, 80

transforming between objects
117

transforming space 61

translation (of origin) 23, 29, 56, 57

tree (idealised) 119-21
tree structure 110, 138
triad of axes 42-73

triangle 3, 14
trigonometric function 17
tunnel vision 81

113,139

116,

Index
union (of bodies) 128
upper visible boundary 134
upward triangular facet 107

vanishing point 77,78

vector combination 11

vector (dual interpretation) 43
vector modulus 43

vector notation 11

vector pair 2,4, 5,11

vector point 128

vector product 48-54

vector (sense of) 43

vector triple 42

vertex 62

VERTS 62,79,97,101, 105, 140
viewpoint see observer point
vision 74

106, 130
64, 65

washer
wire cube
wire figure 63, 84
wire skeleton 103-—8
WRITE 3,140

X-ray topograph 128
X-Y plotter 1

x—y rectangular coordinates 11





